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PREFACE 


Crystal physics is the study of the relationships between the composition, the atomic 
and electron structure and the various physical properties (electric, magnetic, mecha- 
nical, thermal etc.) of solids and in particular of crystals. The task of crystal physics 
includes the examination of such problems as how crystals are formed and grow 
(crystallization) and how they are broken down under the influence of various factors 
(melting, the effect of radiation etc.). It also includes the study of the behaviour of 
matter over a wide range of temperatures and pressures. 

Crystal physics is at present one of the most important branches of science, 
and is of great practical utility. Modern technology is constantly posing problems 
concerning the creation of new materials with given properties. A short list of 
these might include materials possessing special mechanical (elasticity, solidity, 
rigidity, heat-resistance), electrical (semiconductors, superconductors, piezoelectrics, 
ferro- and antiferroelectrics), magnetic (ferro- and antiferromagnetics), optical 
(luminescence, crystals for optics in the infrared and ultraviolet) and other properties. 
In a number of cases materials are needed which possess a definite combination of 
properties, and this presents special difficulties. Together with engineers and tech- 
nologists, physicists have an important part to play in the solution of these problems. 
The physicist has not only to work out physical methods for investigating and syn- 
thesising materials, but also to build up a logical microscopic theory of the crystalline 
state. A physicist who specialises in the solid state must have a wide-ranging mental 
outlook, so that he can work successfully not only in the established branches of 
physics but also in the new branches which are now just developing. 

Crystal physics makes wide use of data on the atomic and electron structure 
of matter and the forces of interatomic and intermolecular interaction. These data 
are obtained with the aid of a number of important physical methods of investigation 
including structural (e.g. neutron diffraction), spectroscopic (e.g. radiospectroscopy, 
electron and nuclear resonance), radioactive tracers etc. Great interest has lately been 
centred on the use of strong nuclear radiations to produce structural damage in 
crystals and its application to the theory of real crystals, the class which comprises 
virtually all crystals with which one has to deal in practice. Even classical methods 
of physical and chemical analysis have not lost their importance, but have received 
further development and supplementation (electron microscope, ion projector etc.). 

These methods together with quantum mechanics yield rich material to help with 
understanding the structure and properties of matter and the appreciation of the 
atomic and electron processes which take place in solids. 

One of the purposes of writing this book was to make a more comprehensive 
collection of data on the atomic and electron structure of matter and the forces of 
interatomic and intermolecular interaction than is available in most textbooks and 
monographs on solid state physics. In this the author was helped by having been for 
a long time in charge of the crystal structure laboratory at the Karpov Physico- 
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chemical Institute. Undoubtedly the attitude to scientific enquiry of this laboratory 
has left its stamp on the book as a whole. 

The nucleus of the book consisted of notes for lectures on solid state physics 
given by the author from 1948 onwards, at the Moscow Engineering Physics Institute 
to students specialising in the physics of metals, and from 1954 onwards in Moscow 
University to students in the Solid State Department of the Physics Faculty. Some 
chapters have problems appended, and in the appendix specimen seminar questions 
are given with the object of drawing the attention of students to individual problems 
in the course. As regards the great volume of material embraced by solid state physics, 
not all its divisions could be adequately treated. The book is provided with a biblio- 
graphy of monographs, and also a partial bibliography of recent articles, with the 
aim of enabling anyone to broaden his knowledge if he becomes interested in questions 
which are treated in a very condensed manner in the book. 

The manuscript has been revised by Academician N. V. Belov, Prof. V. I. 
Arkharov, Prof. K. P. Belov, and Prof. M. I. Zakharov; in addition, Prof. V. A. 
Fabrikant made a number of valuable observations, most of which the author has 
used. Considerable help in the preparation of the manuscript was given by the 
following research workers and postgraduate students: V. V. Zubyenko, V. Ya. 
Dudarev, S. P. Solovyev, N. V. Rannyev; also by laboratory workers S. Flyeyer, P. F. 
Kirsanova, L. D. Osipova, and by the Press editor, G. S. Goldenberg. To all the 
above-named persons, and also to his colleagues in the Crystal Structure Laboratory 
and Solid State Physics Department, with whom he had over a long period scientific 
discussions on a number of topics touched on in the book, the author wishes to 
express his thanks. 


G. S. ZHDANOV 
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Chapter 1 


INTRODUCTION TO QUANTUM MECHANICS 


1. Schrédinger’s Equation for Particles with one 
Degree of Freedom 


Schrodinger’s Equation. The Hamiltonian 


Atoms, molecules and crystals are systems consisting of atomic nuclei and 
electrons. The motion of the electrons and atomic nuclei, and their interactions with 
one another, are subject to quantum laws. Therefore a concise account will first be 
given of some aspects of quantum mechanics which are essential for understanding 
those problems to be dealt with in later sections. 

Mathematically, the behaviour of quantum systems is described by Schrédinger’s 
equation 


HY = ———. (LJ 


Here /: is Planck’s constant; 
Y = VP 1,1, 243 Xo. Y20 Z23---5 8) 


is the wave function, depending on the coordinates of the particles x,, y,, 2; 
X55 V25 Zo5+++Xzs Vy» Zp, and on the time t; H is the Hamiltonian operator, which is 
obtained from the Hamiltonian of classical mechanics by the following rules: The 
Hamiltonian is equal to the sum of the kinetic (J) and potential (U) energies: 


H =T+U=E, ... [12] 


that is, to the total energy (E) of the system. For conservative systems formula [2] 
which can be written in the form 


H=E, ... [1.3] 


expresses the law of conservation of energy. The kinetic energy of the particles in 
the system may be expressed in terms of the momenta p,. In this case the Hamiltonian 
appears as a function of the coordinates and momenta of the particles. For a system 
with one degree of freedom (a particle of mass m, moving along the x-axis), 


1 
H(p,,x) = 3p, Pet U(x) = E. ... [14] 
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To obtain the Hamiltonian operator, the momenta p, in the classical Hamiltonian 
must be replaced by the differential operators 


Pram a ... [1.5] 
Consequently, 


H=H(2 2, m5...) ... [1.6] 


The squares of the momenta pj are correspondingly replaced by operators involving 
second partial derivatives: 


2 A2 2 92 
pz = A Lk ... [1.7] 
2ni} Odxz An? dx? 
The total energy in [2] must be replaced by a differential operator of the form 
h o 
E> -— ~. ... {18 
” Oni Ot [7.5] 


Schrédinger’s equation is obtained from the equation [3] of classical mechanics by 
replacing the Hamiltonian and the total energy by the differential operators [6] and 
[8] and applying these operators to the wave function ¥ of the system. In operator 
form Schrédinger’s equation takes the form 


HY = EY. 12. [19] 


Equation [9], equivalent to equation [/], is called Schrédinger’s time-dependent 
equation. For a particle with one degree of freedom this equation, when written out 
in full, takes the form 

h? 0?'P(x,2) 


~ 4 U(x) P(x, 2) = 


Ah oY (x, t) 
822m 0x? 


oo. 11.10 
2ni— Ot [7.10] 

In mathematical physics we meet three fundamental types of linear 
differential equations involving partial derivatives of the second order: 
Poisson’s equation 


Vv = Aap, Jee (LIT) 
of which a particular case is Laplace’s equation 
Vv = 0; ve. [1.12] 
the equation of the form 
1 dv 
2, —_°". 
V*v at o.. [1.13] 


and, finally, the equation 


1 
VW? 0 = C2 Of ene [1.14] 
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In these equations \7? is Laplace’s differential operator, which in Cartesian 
coordinates takes the form 


v is some function of the coordinates and the time. Equations [//] and 
[12] describe equilibrium states (potential of a gravitational field or 
potentials of electric and magnetic fields with or without sources of density 
p). Equation [/3] describes processes leading to equilibrium: heat con- 
duction (trend to thermal equilibrium), diffusion (which evens out the 
density of matter), internal friction (which evens out momenta) and so 
forth. Equation [/4] describes oscillatory and wave processes, and is the 
fundamental differential equation of acoustics, optics and the electro- 
dynamics of variable fields. The identity of the left hand sides of equations 
[11]-[/4], which describe different physical phenomena, stems from the 
symmetry properties of a homogeneous isotropic medium. These 
require that the equations be invariant with respect to translation and 
rotation of the coordinate axes, and are seen, in particular, in the sym- 
metrical form of Laplace’s operator. The differential form of the equations 
follows from the concept of near neighbour interaction, the main point of 
which is that only neighbouring elements of the medium can exert any 
influence on one another. 


Schrédinger’s equation is also a linear differential equation containing partial 
derivatives of the second order; using Laplace’s operator we can write it in the form 


UY = —— —_. 12. (L035) 


Comparison with equations [//]-[/4] shows that Schrédinger’s equation can be 
regarded as a generalised equation describing the trend to equilibrium. The difference 
between it and equation [/3] lies in the fact that Schrédinger’s equation has an 
imaginary factor on its right hand side. This leads to the essential difference in the 
nature of solutions of equations [73] and [/5]: the usual diffusion equation does not 
have solutions which are periodic in time, whereas Schrédinger’s equation does have 
periodic solutions. Moreover the left hand side of [ /5] contains a second term which 
vanishes in the absence of external fields, when U = 0. 


Separation of the Variables 


Suppose that the solution of equation [/5] can be represented as the produce of 
two functions, one of which depends only on the coordinates, and the other only 
on the time: 


Y (x, = W(x) o (2). .. [1.16] 
Substituting [16] in [10], we obtain 
1 f__m ay) __ fh 1 al 
w(x) | - sr dx? + vC)| (Omi P(t) dt U7] 
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The left hand side of [/7] is a function of x only, and the right hand of t only. The 
variables x and ¢ being independent, the only possible conclusion is that both sides 
of equation [/7] are equal to a constant, which we shall call E. This quantity has the 
dimensions of energy. Equation [/7] breaks down into two equations, one of which 
depends only on the time, and the other only on the coordinates. 


20) 2 Eg, oe (18) 
2 \ Sx? 
eo [E—-U(x)] u(x) = 0. oo. [119] 


Equation [/8] is easily integrated, and its solution is of the form 


¢,, (t) — Ae 28 _ A,e7 2%i¥nt _ A,e7 int, .. [7.20] 


Here E, denotes one of the possible values of the parameter E, for, as will be shown 
later, equation [19] has acceptable solutions only for strictly determined values of 
this parameter: E,, E,,...£,, called the eigenvalues. The ratio 
- =v, = = (@, = 2nVv,) ... [1.27] 
has the dimensions of frequency. Formula [20] shows that when E = const, the 
solutions of Schrédinger’s equation are sinusoidal oscillations periodic in time. 
Schrédinger’s equation, unlike the classical wave equation, is unsymmetrical with 
respect to the variables x and ¢. So functions like the travelling waves F(x, t) = F(x+ct), 
which are solutions of the wave equation, will not in general be solutions of Schré- 
dinger’s equation. 
In what follows our main interest will centre on equation [/9], which is known 
as Schrodinger’s time-independent equation. This equation determines the space 
distribution of the wave function amplitude. Its solutions are the set of eigenfunctions 


Vi), V2 Os 0- 0 Vn. 2. [1.22] 


[79] is a linear equation. The sum of any set of particular solutions of it is also a 
solution of this equation. The general solution is the sum of all the particular solutions 


¥(x,1) = ¥a,¥,(x,t) = Ya, ¥, (xen es, oe. [1.23] 


where the a, are constant coefficients whose values are determined from the initial 
and boundary conditions of the problem. If the spectrum of frequencies v,, v),.. 
is continuous, then the summation sign in equation [ 23] is replaced by an integral sign. 


Initial and Boundary Conditions 


Initial conditions can be given in quantum mechanics in exactly the same way as 
is usual in the solution of classical problems expressible in the form of differential 
equations, that 1s, the value of the required function is given at a certain moment of 
time, for example 


=0: Wo = V(x,0). ... [1.24] 


This function gives the amplitude distribution in space at the initial instant of time. 
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In the investigation of stationary states of quantum systems (which will be our first 
interest) the nature of the solution does not depend on the initial conditions. 

As regards boundary conditions, problems in quantum mechanics differ funda- 
mentally from the majority of classical problems, since quantum systems, for example 
atoms, do not have boundaries in the ordinary sense. In such systems the wave 
functions have non-zero values in a bounded region of space beyond which they 
gradually fade away. The wave functions wy, are subject to the general limitations 
stemming from the physical conditions which are satisfied not only by wave functions, 
but also by functions of mathematical physics in general. These conditions are three 
in number: the function must be continuous, single-valued and bounded in every 
region of space. These conditions turn out to be sufficient for the solution of quantum- 
mechanical problems. This means that from among the multiplicity of mathematically 
possible solutions they enable us to choose those functions which describe the be- 
haviour of the given quantum system. 


The Physical Meaning of the Wave Function 


The product of the wave function and its complex conjugate, w = PY*, gives a 
real function defined for every region of variation of the variables. This function is 
proportional to the probability that at time ¢ the system has the configuration des- 
cribed by the corresponding values of the arguments of the wave function. For a 
system with one degree of freedom the product 


w(x, t) = VY (x, t) ‘P* (x, t) ».. [1.25] 


is equal to the probability that at time ¢ the particle lies in the region between x and 
x+dx. For the problems considered earlier, the number of particles in the system 
does not vary, and as a result the normalisation condition for the wave functions is 


+ 
8 


W (x,t) ¥*(x, dx =1, .. [1.26] 


| 
8 


since the total probability that the particle will be somewhere in the interval 
—o<x<+00 is unity. The normalisation condition is applicable also to the 
amplitude part of the wave function: 


“++ 00 

| W(x) w*(x)dx = 1. ... [1.27] 
Wave functions describing different states y* and wW* satisfy the orthogonality 
condition 

+ 00 

| y* (x) W,(x)dx = 0, ... [1.28] 
which stems from the properties of the solution of Schrédinger’s equation. The 


proof of the orthogonality of the wave functions for the general case of a system of 
particles is given in § 2. 
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Degenerate States of Quantum Systems. Hybrid Wave Functions 
and their Orthogonalisation 


If E, = E,, and the corresponding wave functions wy, and y,, are different and 
linearly independent, then to one and the same value of the energy E,, there correspond, 
not one, but several different states of the system, 


Wats Wn see Wks eee Waks . ee [7.29] 


which are called degenerate states. The number of different states, k,,,, = K, be- 
longing to a single energy level is called the multiplicity of the degeneracy. Degenerate 
states of quantum systems are frequently encountered. For example, all excited states 
of the hydrogen atom for a given n> 1 are degenerate. Another example of degeneracy 
is a system consisting of identical free atoms. Since any linear combination of solu- 
tions of a linear differential equation is also a solution of that equation, degenerate 
states can be described by different equivalent systems of wave functions. For 
instance, from two degenerate functions y,, and w,, we can form two new wave 
functions 


Wi = AyWn + OW ns and Wns = bw, + b2W n> ose [1.30] 


where a,, @>, b,, b, are arbitrary constants which determine the degree of participation 
of each of the initial wave functions in the formation of mixed or, as they are often 
called, hybrid wave functions. If all the coefficients in [30] except one, say a,, are 
zero, then out of all the possible degenerate states, the quantum system is in one 
particular state, the one described by the function y,,. If the initial system [29] of 
degenerate wave functions is not orthogonal, then by a suitable choice of hybrid 
functions it is always possible to reduce it to an orthogonal system. Thus for the 
functions [30] the orthogonality condition will take the form 


| Yada = a,b, {I Was |? dt+(a,b,+4a,b2) [ Yad 


+a,b, {1 Wa, |? dt = 0; 


there are many methods of satisfying this condition by a suitable choice of the co- 
efficients a,, a,, b,, bo. 

For the system of standardised and normalised functions expressed in formulae 
[23] and [25], the coefficients satisfy the relationship 


yi a,a* =1. .. [1.32] 


Stationary States 


The probability distribution function ¥* of a system in the state described by 
the wave functions [23] and [25] has the form 


Y* (x,t) P (x,t) = )) aka, we (x) Wy, (x) + 


(Em— En) 


+) LanaaWn(X) Wn (xe... . [1.32] 


In the double summation the prime denotes that the summation is carried out only 
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for values of the indices such that n+m. In general, the probability function and 
consequently the properties of the system depend on the time, since the time enters 
into the second summation, which contains terms corresponding to transitions be- 
tween states with different energy levels. If the system is in one of the states with 
energy E,,, then all the coefficients in [23] vanish except one: a,+0. In this case the 
double sum in [30] becomes zero and the probability function ¥*'Y becomes inde- 
pendent of the time and describes the stationary states of the system. 

The mean value of any quantity which is a function F(x) of the coordinates of 
the system 1s given by the formula 


>) 
I 


W* (x, t) (x, t) F (x) dx. ... [1.33] 


The mean value of dynamical quantities described by functions of the type 
g(p,, x), depending only on the momenta p,, is given by the formula 


j= | Y* (x, De (s = *) Y (x, t) dx, ... [1.34] 


in which the dynamical function g(p,, x) is replaced by the corresponding operator g, 
which operates on the wave function ‘P(x, #). 


2. Schrodinger’s Equation for a System of Particles 


The Time-dependent Equation 


Let us consider a system of N particles with masses m,, m,,...m,,... My, 
moving in three-dimensional space. The potential energy U of the system depends in 
the general case on the 3N Cartesian coordinates of the particles, x,, y;, Z;,.. 
X jp Vis Zjo +++ Xn» Vy» Zy and the time t: U = U(x,,..., Zy, t). 

We shall consider conservative systems, for which the potential energy depends 
only on the configuration of the system and not on the time: U = U(x,,..., Zy). 
The behaviour of such a system is described by Schrédinger’s equation [/], in which 
the wave function ¥ = V (x,,..., Zy, f) is a function of the 3N coordinates of the 
system and the time. The operator H is the total Hamiltonian of the system [6], 
which is obtained from the Hamiltonian function by the rule given in formula [7]. 
In expanded form for a system of particles, equation | 7] becomes 


h> N 1 Ow OY Oe LU (x 2) Y = Ah ow 
8x? jm; \Ox? dy; Oz5 pe ON Oni Ot’ 
Using the symbol for Laplace’s operator, we can write this equation in the form 
neNX1_, h ov 
—-—,) — Vi v+UY = -— —. oe 11.35 
ant m; Vi + 2ni ot L ] 
The Equation for the Amplitudes 
As in the case of one particle, by putting 
WY (x1,---Zy, 0) = V(x%,.--52Zy) PO) ... [1.36] 


CP B 
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we can separate the variables and obtain two equations: 


Op() _ _2ni 
AF E¢(p), ... [1.37] 


N 1 g 2 
yg VIN Des zn) +o [E—U (x4,---5 2n)]WOqs -- +5 Zy) = 0, - [1.38] 
J= j 


where Eis a constant parameter. For a single particle, equation [37] is the same as 
equation [18] for one particle, and its solution is [20]. The amplitude part of the 
wave function, W (x,,..., Xy), Satisfies the general conditions of continuity, single- 
valuedness and finiteness in every region of variation, from —0o to +00, of each of 
the 3N Cartesian coordinates. Under these conditions, as in the one-dimensional case, 
equation [38] is soluble only for strictly defined values of the parameter EF (the energy 
of the system), which may form either a discrete or a continuous spectrum or a 
combination of both forms of spectra. 

Corresponding to the total number of degrees of freedom, the state of the system 
is characterised by 3N integral quantum numbers 7,,...,%3,y. These numbers 
uniquely determine both the wave function ¥,, ...,n,;y and the energy of the 
system E,, ...,n3y- For brevity the set of quantum numbers will be denoted by a 
single symbol n and wW, and E, used as abbreviations. As in the one-dimensional case, 
the system may be degenerate, that is, to a single energy value E, there may correspond 
a set of different states described by functions y,, W,,.... 

A particular solution of equation [35] has the form 

—2ni En 


WY (X15 6 65 ZN> t) = W,(X1,..+5 Zy)e h ee . [7.39] 


The general solution is the sum of all the particular solutions 


En 
Y(x1,-..52y, 0) = >} a, (%4,--., Ze a’, =... [1.40] 


where the constants a, are determined by the conditions of the problem. 


The Physical Meaning of the Wave Function. Normalisation and 
Orthogonality 


Besides the function ’, the state of the system is also described by its complex 
conjugate function ‘¥*, which is the solution of the equation conjugate to [35]. The real 
function ‘Y‘Y* is a measure of the probability of the system being in a particular 
configuration. The quantity 


WF (Xt, +++ 5 Zu f) VY, (X1,..-,5 Zy, £) ax, dy, dz... dx; dy;dz;..., dxn dyn dzy 


expresses the probability that at time ¢ the particle j is in the volume element 
bounded by the coordinate values x,, x jtdx;; Vy yjyt+dyj; 2;,2;+dz;, where j 
takes the values 1, 2,..., N, corresponding to the various particles. The wave 
functions must be normalised to unity for each particle: 


| WW de =1, ... [147] 
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where dt is the volume element in the configuration space. For a normalised system 
of functions the coefficients a, in [40] satisfy the relationship 


> ana, = 1. 


The normalisation condition holds also for the amplitude parts of the wave functions: 


[vt ~ +5 Zy)W,(X1,---5 Zyl dt = I. ... [1.42] 


The wave functions also satisfy the orthogonality conditions 
| vavad =0 (m #n). ... [1.43] 


To prove [43] we substitute into equation [38] its solutions w* and 
y, obtaining 


| Sayey 
py m; Vj Wnt aT “(Ey —U) Win = 
and 
N 1 > R72 
X mn, ViWatsa (En—U) by = 0. 


j= 


Multiplying the first of these equations by w, and the second by w;, and 
then subtracting the second from the first, we obtain 


» — (Wn Vi Wa— —W, Vi bet (E,— — En) WiWin = 


t=1 


Integrate both terms of this equation throughout the whole of the con- 
figuration space: 


8x7 N 1 5 5 
A (E,—E,,) | Yaad = 7 2X mM. | avi Vn WV i Wat. cee [1.44] 


The R.H.S. of the equation obtained is then written in the coordinate form 


oO 


3N 1 + +0 ay ay 
> — | oe | (vm Sa . —W,, ur) dq,dqz...dqsn. 
mM; 0q7 


= 


The expression under the integral sign may be represented in the form 


Un ate Sit = (tm gta Go") 


0q; = 04; 0q; 


Integrating both sides of this identity with respect to the coordinate 
concerned, we find: 


+ 
on ay, uu, =| ow, ay, el 7 
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since W,,, W, + 0 at infinity. Consequently, we have from [44] 


x (E,,— Em) | von = 0. 


Provided (E,—£,,) + 0, this gives us the orthogonality condition [43]. 


3. Particle in Fields of Constant Potential 


The Free Particle 


Let a particle of mass m move along the x-axis in a field of constant potential 
U = const. Schrédinger’s equation in this case will be written in the form 


w" (x) +k? (x) = 0, ... [1.45] 


where k is a constant parameter: 


20 
k =— —U). » 2 [1.46 
, V2m(E-U) [1.46] 
Particular solutions of equation [45] are functions of the type 
w(x) = Ae*™, ... [1.47] 


where A is aconstant coefficient. The general solution is the sum of the two particular 
solutions: 


w(x) = Ae™*+ Be“ ™*. ... [1.48] 
For a free particle the kinetic energy is 
T = E-U = 5mv’, 


making the sign of the expression under the square-root sign in [46] positive, and so 
the parameter k real. Equation [45] in this case is the same as the equation for 
harmonic oscillations, and its solution [48] is the superposition of two sinusoidal 
waves. Multiplying both sides of [48] by the time factor [20], we obtain the wave 
function for the particle as a function of the coordinate and the time: 


Y (x, 1) = Ael@*— 9 4 Bem ix ton, ... [1.49] 


The general solution of [49] is a superposition of two running waves with the same 
frequency w and the same wavelength J, moving in opposite directions. For a particle 
moving in the direction of the positive x-axis, we must put B = 0, and for a particle 
moving in the opposite direction A = 0. The quantity k, which in the general case 
is vectorial, is called the wave vector, and its direction is parallel to the velocity v of 
the particle and coincides with the direction of the normal to the wave front. The 
length of the wave vector is inversely proportional to the de Broglie wavelength: 


me: 


k =~ ... [1.50] 
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and, as can easily be seen from [46], directly proportional to the momentum p = mv 
of the particle: 


2np 
k — he 


[50] and [5/] imply de Broglie’s law 4 = h/p (this should not be regarded as a proof 
of de Broglie’s law, as the latter is the basis of Schrédinger’s equation). From [46] we 
obtain the connection between the particle energy and the length of the wave vector 
(for simplicity we assume U = 0): 


J. [LST] 


h2 
827m 


k?, ... [1.52] 


This function represents a parabola (Fig. 1). If the condition k?>0 is observed, 
equation [46] has solutions for any value of the parameter k. This means that the 
energy spectrum of a free particle is continuous and 

the energy E can take any value. The probability { 

of finding the particle in the section of its trajectory e(k) 

from x to x+ dx is given by the square of the mod- 

ulus of the wave function [47]: 


dw = wwW*dx = A’dx. 


Fic. 1. Dependence of the energy E of a 
free particle on the length & of the wave 
vector. _ k- 


This probability is proportional to the length of the relevant section of the trajectory 
and has a constant value along the whole trajectory. 


Phase and Group Velocities of de Broglie Waves 


From the equation [49] for the de Broglie wave we shall determine its velocity 

of propagation, which we shall call u. We shall find the velocity of translation of a 

section of the wave with uniform phase from the condition kx—q@t = const. The 

latter gives 

dx @o 

=—=—, .../ 1.53 

eat k [1.53] 

The frequency w and the modulus k of the wave vector are connected, as formulae 

[2/] and [52] show, with the particle energy. This enables us to express the phase 

velocity purely in terms of the wave vector, or by formula [50], of the de Broglie 
wavelength: 

h 1 
2m 2A 
Formula [54] shows that the velocity of propagation of de Broglie waves depends on 
the wavelength, and consequently these waves experience dispersion. The concept 
of a strictly monochromatic wave is an abstraction in physics. The monochromatic 


“u= . ».. [1.54] 
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waves which we encounter under real conditions represent groups of waves with 
slightly differing wave vectors k+Ak, that is, with almost identical wavelengths and 
directions of propagation and occupying a bounded region in space. Because of dis- 
persion and interference the group propagation velocity V (for example, the trans- 
lation velocity of the intensity maximum) is different from the phase velocities of the 
component waves. 

We shall find the group velocity V for the simplest group, which is formed by 
superposing two waves with neighbouring frequencies w and w’, wave vectors k and 
k’ and identical amplitudes. The resulting wave is described by the equation 


w (x, t) = cos (kx—wt) + cos (k'x—@'t) = 


(“3 w—w’ (= wo+a’ ) 
= 2cos x— 5 t } cos x- t 


2 2 2 


and represents beats. The first trigonometrical factor varies slowly as compared with 
the second and can be regarded as the amplitude of the wave. The second factor 
describes the phase of the wave. The phase velocity is 


, 


u=lim Oto @ 
 @tsaktk' — k’ 
which is the same as [53]. The group velocity, which gives the translation velocity 
of the maximum of the beat, is 


a-w’ dw 


V = li = 7, @ eee ° 
owk—k dk [1.55] 
, . do @ 
In the case of dispersion ak = k and V + u. Formula [55] is also true in the gen- 


eral case, when the group is a superposition of a large number of sinusoidal waves 
and is described by a Fourier integral. 
For de Broglie waves 


v 
@ =n, k=2n—. ... [1.56] 
Hence 
dw 
yu2_% _, [1.57 
dk dk” s+ L157] 
dv 


Thus the group velocity of de Broglie waves is equal to the mechanical velocity of 
the corresponding particle. 


Passage of a Particle across a Potential Step 


Let a particle be moving through a region in which the potential U varies. We 
shall consider the simplest case of the motion of a particle in two constant fields 
meeting one another at the point x = a and having different potentials U, and U,. 
These fields form a potential step of height U = U,—-—U,. 


According as the particle energy is greater or less than the height of the step, 
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we must distinguish between low (E> U) and high (E< U) potential steps (Fig. 2). In 
each of the fields the particle moves freely and its motion is described by Schrédinger’s 
equation [45] with the parameter k constant for each field. At the boundary where 


Fic. 2. (a) Passage of a particle across a low potential step; (5) reflection 
at the boundary of a high step. 


the step occurs the value of k changes discontinuously, and so the wave function 
w(x) changes. We first write down Schrédinger’s equation for both fields: 


((x)+kis (x) = 0; W2(%)+k2y2(x) = 0, . ++ [1.58] 


where w, and yw, are the wave functions of the particle in fields I and II, and the para- 
meters k, and k, are given by the expressions 


2 2 ————_ + 
k, = = J2m(E—U): kp = + J2m(E—U,). 2 [59] 
The general solutions of equations [58] have the form 


Ws (x) = Aol + Bye" (x S a) [1.60] 
Wo (x) = Aze"**+Bre""* (x 2 a). vee Lt 
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For arbitrary values of the coefficients A;, B;, the branches y, and W, do not, in 
general, form a single continuous curve (x) (Fig. 3a). For continuity (Fig. 35) we 
require that the values of the wave function and its derivative at the interface between 
the fields should satisfy: 


W, (a) = W2(a) and Wi (a) = W2 (a). ... [1.61] 
These impose limitations on the coefficients A;, B;, which must satisfy 


A,e44 Bye 4 —_— A,e'"+ Bre | r 62) 
k,A,e#4—k,B,e7 4 _ k,A,e**—k,B,e~ "4 ~ etd. 


value E of the particle energy in comparison with the height U of the step. Mathe- 
matically, the nature of the solution of 

[60] is determined by whether the coeffi- 

cients k, and k, are real or imaginary. 

If the particle energy E is less than the 

value of the smaller of the potentials, riz 


Fic. 3. ‘Fitting together’ of wave 
functions: (a) ¥, +42; (6) a continuous 
function @. 


then energy considerations show that the particle cannot penetrate into the fields in 
question, since in that case its kinetic energy would be negative, k, and k; would be 
imaginary and the solutions of [60] would be sums of two exponential functions, such 
as W(x) = Ae™+ Be~**, where k is real. Then the condition that the function be 
everywhere finite can only be satisfied if A = B = 0. 

At the boundary of the step the de Broglie waves undergo reflection and refraction 
analogous to the reflection and refraction of light at a boundary separating two 
optically different media. Depending on the conditions of the problem, reflection 
may be partial or total; this is determined by the value of the reflection coefficient R, 
which is equal to the ratio between the intensities of the reflected and incident waves: 


pr el 


(A, [2 ... [1.63] 


When the reflection is incomplete there is a probability that the particle may penetrate 
into the second medium; this is given by the transmission coefficient D of the boundary 
of separation. We shall find the expression giving the transmission coefficient for 
a stream of particles moving normally to the surface of separation and with a change 
of velocity at it. Let v, and v, be the velocities of the particles and p, and p, the 
densities of the streams in the two media. The number of particles crossing 1 cm.” 
of the surface of separation per sec. is equal to the number of particles in cylinders 
of height equal to the velocities of the particles. Hence 


n Uv 
D = 22 — 2202 
Ny pyr, 
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Since the densities of the streams are proportional to the squares of the amplitudes 
of the wave functions, the transmission coefficient for a de Broglie wave will be 


| A, (2) | A, (2) 
D= —)= — }, ... 11.6: 
VA Fo) PA, PNK, L/.64] 


The total probability that a particle be either transmitted or reflected is unity, so 

_ ky |B ?-+k, | A? | =| 
k,| A, |? 

On crossing a low step a particle is slowéd down and its kinetic energy diminished. 


The particle velocity and the de Broglie wavelength are inversely proportional (see 
[50] and [5/]). Consequently the refractive index of de Broglie waves is 


R+D wo. [1.65] 


Setting U, = 0, we obtain 


n= /i-¥. ... [1.66] 


The refractive index is determined by the ratio of the height of the step to the 
particle energy. 

Refraction of de Broglie waves is observed during electron diffraction in crystals 
and is used to measure the internal potential of crystals (Ch. 8, §1). The magnitude 
of this internal potential amounts to 15-20 V, so refraction can be readily observed 
only in diffraction of slow electrons with energies of the order of 100-300 eV. 

Let us consider the reflection and transmission coefficients for a particle passing 
a low, and then a high, step. 

1. Low step (E>U). The wave numbers of a particle in fields I and II are 
respectively 


2% =. — \ 
ky =" J2mE; kz =~ J2m(E—0). ... [1.67] 


The wave functions take the form 
Ww, = Aye *+Bye"™*; , = Aze™*, ... [1.68] 


In field II only the transmitted wave is propagated, so B, = 0. The wave functions 
Ww, and w, represent travelling waves. The passage of a particle across a step is 
accompanied by a change in the wavelength, as shown in Fig. 2a. The continuity 
conditions for the function w(x) and its derivative at the boundary of the jump give 
two equations for the coefficients: 


A, +B, = A); k,A,—k,B, = k,A,; eee [1.69] 


a third equation is obtained from the normalisation condition. The elimination of 
A, from equation [69] enables us to find the ratio of the amplitudes B,/A, and the 
reflection coefficient 


_ | Bi > k,-k, an viet h _U 1.70 
R= Nek, “(iG fig , where q E ... [1.70] 
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A calculation using this formula gives the following values for R: 


q=7 1-00 111 1:25 2 10 
R 1 0:2700 01459  0:0296  0-0007 


and shows that even when the particle energy is much greater than the height of the 
step the reflection coefficient is appreciably different from zero. Thus, for q = 2, 
R = 3°%. A quantum particle differs in principle from a classical particle, which must 
without fail pass across a step if its energy exceeds the height of the step. 
2. High step (E<U). One of the wave numbers in this case is imaginary: 
am j 2 im(O—E). 1.71 
Ky => V2mE; k, = ik; where k = h J2m(U—E). ... [1.71] 


The wave functions take the form 
Ww, = A,e*t*4+Bye~*; Wy, = Ane *+B,e™ = A,e™™. =... [1.72] 


In field I the wave function represents the superposition of an incident and a reflected 
wave, and in field II the sum of two exponential functions. From the condition that 
w remain finite it follows that B, = 0. The continuity conditions for w(x) and its 
derivative lead to equations of the type [69]. The reflection coefficient is found from 
[70] on putting k, = ik: 


| ky —ik |? 
R= ... | 1.73 
ey +ik | L.73 
R being a complex quantity, we take its modulus | R : 

| R |? = RR* = 1, whence D = 0. ..« [1.74] 


Formula [74] shows that at the boundary of the step total reflection is observed, 
and the particle cannot move into field II. 

However, in distinction to the classical case, the particle does penetrate into a 
narrow border region of field II, the probability of penetration being proportional to 
the square of the modulus of the corresponding wave function: 


4x ~—; -=_ 
w(x) = |W |? = 43072 = Ade VIM UE 2. [75] 


A calculation using this formula, with an excess of step over particle energy of 
U—E = 1 eV, gives the following values for the probability: 


x 1 5 10A 
w (x) 0-29 0-005 45x 1078. 


The exponential function [75] produces a sharp drop in w with increasing depth of 
penetration. However, within a narrow boundary layer, the probability of the 
particle penetrating has a reasonably large value. This is analogous to the penetration 


of an electromagnetic field into a second medium during total internal reflection 
of light. 
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4. Passage of a Particle through a Potential Barrier 


Let us consider the passage of a particle through a potential barrier (Fig. 4) consisting 
of a potential step of finite width a. The barrier divides space into three regions: 


I x0; U, = 0; 
Hl. OSxsa; U,=U0U; 
Il. asx; U; = 0. 


Depending on the ratio of the particle energy to the barrier height, we must distin- 
guish: (a) low (E> U) and (6) high (E< U) barriers. A high barrier of sufficient width 
iS aS Opaque as a potential step. However a narrow barrier can be penetrated if its 
width is comparable with the dimensions of the region within which the wave function 


&£u 
, EY 7 
FE Gi 4 
Z w/f if 
Hy , z= 
0 a 
a b 


Fic. 4. Passage of a particle through a potential barrier: (a) low, (6) high. 


is appreciably non-zero. The transmission coefficient D increases rapidly as barrier 
width and height are diminished. 

1. Low Barrier (E>U). A low barrier (Fig. 4a) may be looked upon as a region 
of perturbation, in passing across which a particle is slowed down at first, and then 
regains its original velocity. We shall find the reflection (scattering) coefficient for the 
particle. The wave numbers for the particle are respectively: 
for regions I and III: 


2 


for region II: 


k, = = ./2m(E—U). _ [1.76] 


The wave functions represent travelling waves; in region III there is only a forward 
wave: 


Ww, = A,e*4 Be; Ww, = Anel*+Bie7*; sy = Ase™*. —... [1.77] 


The continuity conditions for y and its derivative give four relationships between the 
amplitudes: 
A, +B, = A,+Bz; kyA,—k,By = k,A.—k2B, 
A,e'44 Boe? = Ase; | | ... [1.78] 
k,A,e"24 — k,B,e7 "4 = k,A3e™*" 
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a fifth relationship can be obtained from the normalisation condition. Eliminating 
A, from the last two equations, we obtain 


“f= wee | 1.79 
From the first two equations we find 
B, _ (k,—k,) A +(ke + ki) By [7.80] 
A, (ky, +k,)Ai+(k2—k,) By 
From [79] and [80] we have 
-(E2_ [2 
By hy) [1.87] 
A,  i(ky+kz)+2k,k, cot k,a 
The scattering coefficient is 
np Bil? _ BiBT _ (k} 13)" 87] 


~ | Ay |? AAS (k2-+K3)?+4k?K3 cot? ka’ 
The scattering coefficient takes especially high values when 
k,a=nn (n=1,2,3...), ... [1.83] 


which corresponds to certain definite values of the particle energy. In this case the 
de Broglie wavelength satisfies the relationship 


nd = 2a, ... [1.84] 


which shows that within the width of the barrier there must be an integral number of 
half wavelengths. 


2. High Barrier (E<U). In this case (Fig. 45) the wave numbers have the 
following values: 


for regions I, III 
k, = v2mE; ... [1.85] 


for region II 


where 


2n 
In the first two regions the wave functions represent travelling waves. In region II 
k, 3s imaginary and here the wave function is the sum of two exponential functions: 
1 = A,e™'*+4 BieW ih: 2 A,e *+ Be": 3 = A,el**, eee [1.86] 
The continuity conditions give 
A, +B, = A,+B,; ik, A, —ik,B, = —kA,+kB,; 


A,e ** +B e* = Ayes; ee [1.87] 
—kA,e~"*+kB,e* = ik, Ae", 
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Solving this system enables us to find the ratio of the amplitudes: 


A, 4ik, ke 


A,” Gi HE =e oes 
Introducing hyperbolic functions: 
sinh x = 4 (e*—e™*), cosh x = } (e*+e7*), ... [1.89] 
we obtain 
A; Qik, kei 
... [1.90] 


A,  (k?—k?) sinh? ka+2ik,k cosh ka 


Multiplying by the complex conjugate quantity, we obtain the transmission coefficient 
of the barrier: 


A,A* 4k 2k? 
D = — = > SS 22 {L9] 
A? (ki —k*)? sinh? ka+4k?k? cosh? ka 1.91] 
Since cosh? x—sinh? x = 1, 
2,2 
D akik 2. [1.92] 


~ (k?-+k?)? sinh? ka +4k2k? 


For sufficiently large x, as can be seen from [89], sinh x = }$e*; and using in addition 
the approximation k, ~ k, we obtain 


4 
Dx—-—. 
ere 4 


Neglecting the second term in the denominator, we find for the transmission co- 
efficient: 


4n 


D w e774 = Aen VME a ... [1.93] 


which is the same as the expression [75] which gave the probability of a particle pene- 
trating into the region beyond a high step. Formula [93] shows that a particle can 
pass across a barrier even when its energy is less than the height of the barrier. The 
energy of a particle after crossing a barrier 

is equal to its original energy (Fig. 5). This fu W/Z) 


Fic. 5. The tunnel effect. Passage 
of a particle through a barrier of 
arbitrary shape. 


passage through a potential barrier is sometimes called the tunnel effect. The pene- 
trability of a barrier depends to a great extent on its height and especially on its width. 
Thus for an energy difference U-E = 5 eV the transmission varies with width in 
the following manner: 

a 1-0 1:5 2:0 50A 

D 0-10 0-03 0-008 55x 1077. 
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Thus where the width of the barrier is of the order of atomic radii, 1-2 A, the pene- 
trability is appreciable. Passage through a potential barrier is essential for an under- 
standing of such phenomena as contact potential difference and the extraction of 
electrons from a metal by an electric field. The «-decay of heavy nuclei is explained 
by leakage of a-particles through the potential barrier of the nucleus. The trans- 
parency of a barrier of arbitrary shape is given by the formula: 


D = Ae~ wv J MUGI= EIA [1.94] 
x1 


which is a generalisation of formula [93]. 


5, Particle in a Rectangular Potential Well 


Formulation of the Problem. Weak and Strong Binding 


Let us consider a potential well (Fig. 6) with cross-section U = U(x), maximum 
depth U, and width a. We shall regard the horizontal sections of the potential curve 
outside the well as extending to infinity. Depend- 
ing on the relationship between the particle 
energy E and the depth of the well, we must 
distinguish two cases: the particle energy either: 
(1) exceeds the well depth (E> Up), or (2) is less 
than it (E<U,). The cases correspond to the 
weak and strong binding respectively. 

With weak binding, the potential well can 
be looked on as a negative barrier, across which 
the particle passes with energy greater than its 
height. The particle then moves like a free par- 

Fic. 6. Particle in a potential ticle everywhere except in a region of potential 
well. perturbation where its motion is at first acceler- 
ated, then retarded. Variations in the kinetic 
energy and velocity of the particle are accompanied by variations in the de Broglie wave 
length and in the amplitude of the wave function. After passage across the region of 
perturbation, the original velocity of motion is restored. The perturbation effect 
increases with diminution of the total particle energy. If the particle energy becomes 
less than the well depth, then the particle is trapped by the well and remains firmly 
bound to it (strong binding). 

With strong binding the particle has its motion fundamentally altered in char- 
acter: its motion in space is limited to the region of the potential well. The range of 
variation of the coordinates of the particle is determined by the dimensions of the 
well. Reflection from the walls of the well leads to the particle’s motion being periodic 
in time, thus imposing quantisation conditions on the particle energy and momentum. 
The problem of the motion of a particle in a potential well has many applications in 
various branches of solid state, atomic and nuclear physics. 


Strong Binding. One-dimensional Potential Box of Infinite Depth 


The simplest well is one with plane sides, separating fields of constant potential 
(potential box). Fig. 7 shows the cross-section of a potential box of width a with 
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walls of infinite height. A particle in such a box will be perpetually bound to it. 
The potential box divides space into two regions: region I—the space inside the box, 
and region I]—the rest of space outside the box. In region I O<Sx<a, U, = 0; in 
region II x<0 or xZa, U, = «©. The wave numbers are given by formulae [7/]. 
When U = U, = © we have k = o. The solutions are the wave functions [72]. 
When k = o, wW, = 0 everywhere, in this case 
on the walls of the box, w, (0) = W, (a) = 0. EU 

From the continuity of the wave function it 
follows that 


WW, (0) = (2) = 0. a 


From these boundary conditions we obtain the 
equations for the coefficients: oF g 
Ie 
A,+B, =0 I &Vys gr 
A,e*144 B, e714 — 0) \ ewe [1.95] I 
Ey 


The system of homogeneous equations [95] is com- 
patible provided the determinant formed from the 


coefficients in the equations vanishes: l Lp ° Z 
ihe a =0,  ... [1.96]  fieiyhighwetle e D 
which leads to an equation for k, and, consequently, for the particle energy 
erika — 1, ... [1.97] 
The roots of this equation satisfy the relationship 
kya = nn. ».. [1.98] 


Substituting in this the value of k, from [72], we find that equations [95] are 
solvable if 
nih” 1, 2,3 1.99] 
E, = ——s, (n = 1,2, 3,...), wee |Z. 
showing that inside the potential box the particle energy is quantised. The energy 
spectrum of the particle is discrete (Fig. 7). The distances between levels increase with 
increasing quantum numbers and are proportional to the differences of their squares: 


2 


h 
E,—E, = 8ma2 (nj —n3). 


If the dimensions of the potential box are considerable and amount to macro- 
scopic magnitudes, for example a = 1 cm, then even for the lightest particles— 
electrons—we obtain 


= 5:4x10727 n? erg = 3:37x 1071? =n? eV. 
Hence the distances between neighbouring levels are 


AE, = 67x 107!5 neV. 


The levels are very close to one another and form a quasi-continuous band. The 
discrete nature of the spectrum of a microparticle in a box is apparent only in the 
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case when the dimensions of the box are comparable with atomic dimensions. For 
a box with a = 5 A, we obtain 


E,, = 0°68n? eV, 


whence 
AE,, = 1:36n eV. 


We obtain the wave functions for a particle in a box from [72] by calculating 
the relationship between the coefficients, [95]: 


| W(x) | = 2A, sin —. ... [1.100] 


The wave functions of the particle represent standing waves. It can easily be proved 
that the functions yw, are all mutually orthogonal. 
From the normalisation condition 


+ 0 _ 
2 
| | w,|?dx = 1 we obtain 2A, = Je 


w,(2) ax4 Consequently the normalised functions will be 


/ \ / \ /\ [\ W,(x) = J sin. =... [1.107] 
a a 
The probability density distribution for a particle 
/\ /\ / \ in a box is 
2 
NY wal) = | Wa) [? = = sin? 


The corresponding curves w, are shown in Fig. 8. 


OO Fic. 8. Probability density distribution for a 


—— £ particle in a potential box. 


2. [1.102] 


Generalisation to a Three-dimensional Box 


Let us suppose that the potential box has the shape of a rectangular parallel- 
epiped with sides a, b, c. The potential energy of the particle is U, = 0 inside the 
box and U, = oo outside it. Schrédinger’s equation for the three-dimensional case is 


2 
V7 wx y, ym (E—U) w(x, y,z) = 0. ... [1.103] 


The components of motion of a free particle along the XY, Y, and Z axes are inde- 
pendent. So we shall seek a solution of equation [103] in the form of a function 
with separated variables: 


W (x,y,z) = X(x) ¥(y)Z(z), . «+ [1.104] 


which corresponds to the expression for the probability of a compound event. Sub- 
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stituting [/04] into [/03] and dividing both sides of the equation obtained by 
Ww = XYZ, we then have 


1@x 8x*m A 1@y 8x*m 1 d’Z 8n*m 8x°m 
Xadxr Ww -*)"\¥ay w ON Za? ot) = : 


os [1.105] 


Starting from the equivalence of the three coordinate axes, we have here separated 
the magnitude of the potential U into three components U,, U,, U,, which may be 
chosen arbitrarily, provided the relationship 


U,+U,+U,=U ... [1.106] 
is maintained. 

The L.H.S. of [705] has broken down into the sum of three terms, each of which 
separately depends only on a single variable. The R.H.S. of [105] is constant. The 
equality expressed by [105] is possible only if each of the terms on the L.H.S. is a 
constant. Thus equation [/05] breaks down into three independent equations, which 
we Shall write in the form: 


1X 8n'm , _ _8n’m , 

X dx? h? ~“* — — f2 

1 a7Y 8nx?m 8x72m 

Yar e =e ... [1.107] 
1 @Z 8x7m _ Sx2m E 

Zdz* hh? “7 fpr 


Equation [/03] for a three-dimensional box has thus broken down into three equa- 
tions, corresponding to three one-dimensional boxes. Using the solution found 
earlier (see [99] and [/0/]), we obtain for the present case: 


21,2 2L,2 212 
nx — neh ny — myn Ez = nen eee [7.108] 
8ma? > — &mb 8mc 
= Je sin; Y, = J sin, Z = iE nen? [1.109] 
a a b b c hC 
where Nx, Ny, Nz = 1,2,3... 


The resulting wave function for the particle follows from [/04] and [108]: 


Wretyng (Xs Vo Z) = J sin sin sin =, (v = abc). ... [1.110] 
xehylz v 


From [1/06] and [/08] we obtain the expression for the particle energy: 


h? (nz n2 nz 

E,,, nysts = 8m (SB e . wo. (L117) 
The wave function and the particle energy in the three-dimensional potential box are 

determined by three quantum numbers (n,, 7,, n,), which correspond to the three 

degrees of freedom possessed by the particle. The wave function has the form of a 
CPC 
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three-dimensional standing wave. The particle energy forms a discrete spectrum. In 
order to give a graphic representation of the spectrum, we shall construct a three- 
dimensional model having the form of a space lattice (Fig. 9), with periods a*, b*, c* 
which are the reciprocals of the lengths of the sides of the potential box: 


=-. ... (1.12] 


Fic. 9. Representation of the energy spectrum of a particle in a three- 
dimensional potential box. 


Each node in this lattice is specified by three integral coordinates n,, n,,n, and 
corresponds to one of the possible quantised states of the particle. The square of 
the length of the radius vector r in this lattice, 


nz n? n? 
r? = n2a**+n2b** +n2c*? = a2 t pet ca ».. [1.113] 
is proportional to the particle energy: 
h? 
En. nn = OT? . wo. [l. 
‘ace My, Mz 8m Ry, Ny, Nz [J 114] 


Potential Box of Finite Height 


For a potential box of finite height there can be either weak or strong binding, 
depending on the particle energy (Fig. 10). 


1. Weak Binding (E> U). The wave numbers of the particle have the following 
values: 


for regions I and III 


x50 and x2a, kao /2m(E—U)); 


for region II 


O<x<a, ky = J2m—E. ... [1.5] 
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Apart from the transposition of the indices, these are the same as the wave numbers 
[76] for a low potential barrier, so the solutions of the problems of a weakly bound 
potential well, and of a low barrier, are analogous. The wave functions take the form 
of travelling waves as in [77], and the continuity conditions lead to the same equations 
as in [78]. Solving these equations enables us to find the scattering coefficient R. As 
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Fic. 10. Potential box of finite height: (a) weak binding, (5) strong 
binding. 


can be seen from formula [82], R does not alter when the indices 1] and 2 are trans- 
posed. So positive and negative perturbations of the potential lead to the same 
value for the scattering coefficient. 

2. Strong Binding (E<U). The wave numbers have the following values: 


for regions I and III 


x<0 and x2a, k, = ik, 

where k = = 2m (UB); ... [1.116] 
while for region II O<xsa, kk, = a Ime. 
In contradistinction to the case of a high barrier, the wave function for a deep poten- 


tial well is represented by travelling waves only in region II, that is, inside the well, 
while in regions I and III the wave function is represented by the exponential functions 


Ww, = A,e™: 2= A,e!** 4. Boe” **; W, = Be" *. eee [7.117] 
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The finiteness condition for the wave function imposes two limitations on the values 
of the amplitudes: 


B,=0 and A,=0. .. [1.118] 


The continuity conditions for w and its derivative yield the four following additional 
relationships between the amplitudes: 


A, = A,+B,; kA, = ik,A,—ik,B,; 
A,e!*4 Boe #24 = Bie: ik, A,e*?*—ik,B,e 4 = —kBye~**. 


2. [L119] 


Equations [//9] represent a system of four homogeneous equations in four unknowns 
A,, A,, B, and B,. This system is soluble if the determinant formed from the co- 
efficients of the equations vanishes: 


1 —1 —1 0 

k —ik ik 0 

0 vitae anitsa — eka = 0. cee [7.120] 
0 ike _ ik,e~ #2 ke~*2 


Formula [120], like formula [96] for the infinitely deep box, imposes limitations on 
the particle energy and contains within itself the quantisation conditions. Multiplying 
the first row by & and subtracting it from the second, we lower the rank of the deter- 
minant by one: 


k-ik,  k+ik, 0 
efk20 ew thea —e~** | =O, J. [1.127] 
ik,e?4 —ik,e 2" ke" ™ 


Multiplying the second row by k and adding to it the third, we again lower the rank 
of the determinant: 


(k+ik,)e"* (k—ik,)e7 i 
Expanding this determinant, we obtain after some reduction an equation of the form 


2kk, 
k?—k} 
For an infinitely deep box k = o, and equation [/23] simplifies to tan k,a = 0. 


The solution in this case will be k,a = nz, which, allowing for the transposition of 
indices, is the same as [98]. 


Putting the values of k, and k, from [//6] into [/23], we obtain the equation 
for the particle energy: 


tan (F Jka = ae ... [1.124] 


This can be written in the form 


= 0. 2. [L122] 


tank,a = 


2. [1.123] 


where 
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In order to analyse equation [/25] we shall repre- 
sent it in graphical form (Fig. 11). The curves P(x) rep- 
resent the R.H.S. of the equation, while its L.H.S. 
for C21 is a family of tangent curves whose inter- 
sections with the curve P(x) determine the possible 
values of x, and give the sequence of quantised energy 
values E,, E,,..., £,,... for the particle. Equation 
[125] enables us to establish the particle’s energy 
spectrum as a function of the parameters of the poten- 
tial well; its depth, width, and also the mass of the 
particle. Variation of these parameters enables us to 
change the ‘strength’ of the bond. 


Fic. 11. Graphical solution of equation /./25, 


6. The Harmonic Oscillator 


The Classical Oscillator 


Atoms in molecules and crystals are in a bound state. When the atoms are 
displaced from their equilibrium positions forces act on them which tend to restore 
them to these positions. For small displacements r the restoring force F may be 
regarded as proportional to the displacement: 


F(r) = —fr, ... [1.127] 


where f is the coefficient of the restoring force. The potential energy of the quasi- 
elastic oscillator, 


U = i fr’, ... [1.128] 
varies parabolically (Fig. 12). The present problem is that of the motion of a particle 


in a parabolic potential well. In this case the classical particle performs harmonic 
oscillations: 


r = Acos 2nyt, ... [1.129] 


where A is the amplitude, and v the frequency of vibration, 


1 ff 


~.. | 1.130 
21nNm [ | 


y= 


The kinetic and potential energies of the oscillator vary according to the laws: 


T = 4m? = 4f/ A? sin? 2nvt, 
U=4fr? = 4f A? cos? 2nv0. ... [L137] 
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The mean values of these energies over the period of a single oscillation are equal: 
T = U. The total energy of the oscillator, 


E=T+U=4fA’, ... [1.132] 
is proportional to the square of the amplitude of oscillation; its values are not subject 
to any special limitations. The classical oscillator has a continuous energy spectrum. 
The Quantum Oscillator. Hermite’s Equation 


Schrédinger’s equation for the harmonic oscillator has the form 


dy 8nx?m 
qe t Re (z —tfr ‘Jy =o ... [1.133] 


We write 


gz h2 : p= h ... [1.134] 


and introduce the new variable 


E = ,/Br. ... [1.135] 
Equation [133] now takes the form 
TV (4_@ y= [1.136] 
7 qe t 5 ... Ll. 


For large displacements, when «/f can be ignored in comparison with €7, equation 
{ 136] simplifies to 


—, = yp, ... [1.137] 
We considered earlier the simpler equation [45] with a constant coefficient, giving a 


wave function whose solutions are exponential. By analogy, we shall take as an 
approximate solution of equation [137] the function: 


62 
W(Q) = Ce*?, ... [1.138] 
where C is a constant. The second derivative of this Hunetion, 
d? 
a C(é?+1)e* 7 ... [1.139] 


satisfies equation [137] in the case when unity can be neglected in comparison with 
€?. Thus, [/38] can be looked on as an asymptotic solution of [137] for large dis- 
placements. We shall try to improve this solution by replacing the constant coefficient 
C in [138] by a function: 


w(é) = U(e)e"*™. ... [1.140] 


Substitution of [/40] into [136] shows that the function [140] is a solution of the 
initial equation [/36] provided U(£) in its turn satisfies the following equation: 


d?U o 
ae ~2¢ zz 7+(5- 1)U =0. os [1147] 
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E, y We introduce the notation 
OL 
gl = 2n, ... [1.142] 
E; by means of which equation [141] can be written 


in the form 
U"—2¢U'+2nU =0..... [1.143] 
Equation [/43] is Hermite’s equation, which 
E can have solutions only for integral values of 

é the parameter n: 

n=0,1,2,... ... [1.144] 
Since @ involves the energy £, formula [142] 
contains the quantisation condition for the total 


energy of the oscillator. Substituting into [142] 
the values of « and B from [134] and the value 
for the frequency of oscillation from [130], we 


a yw. r obtain 


a E,, = (n+4) hy. ... [1.145] 


Fic. 12. Energy spectrum of a quan. Formula [145] shows that the energy of a quan- 

tised harmonic oscillator. tum oscillator varies discontinuously. The 

energy spectrum is equally spaced (Fig. 12). The 

distances between neighbouring levels are the same and are equal to the energy of a 
single quantum: 

& = hy. ... [1.146] 


Formula [1/46] expresses the principle contained in Planck’s quantum postulate. 
The novelty in formula [/45] is the half quantum number, which determines the 
ground-state energy of the oscillator: 


Eo = 4h. ... [1.147] 


This energy is conserved even at the absolute zero of temperature. 

The existence in the oscillator of ‘zero point’ energy and of the corresponding 
amplitude of the residual ‘zero point’ oscillations is a consequence of the principle of 
indeterminacy. If at absolute zero the vibrations of the oscillator ceased completely, 
then it would be possible to make a simultaneous accurate determination both of the 
coordinate (x = 0) and of the momentum (p = 0). The existence of ‘zero point’ 
energy in crystals, which amount to a system of oscillators, is confirmed by measure- 
ments of the scattering intensity of 
X-rays in crystals at low tempera- 
tures, and also by the variation 
with temperature of the thermal 


i | | 
Od A 


Fic. 13. The first five eigenfunctions 
of the oscillator. 
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capacity of molecules and crystals, in particular the vanishing of the thermal capacity 
of solids at absolute zero. 

The normalised eigenfunctions for the harmonic oscillator are expressed in terms 
of Hermite polynomials: 


~ _22 
W,() ~(5 J") H,(é)e ”. ... [1.148] 


The first five eigenfunctions of the oscillator are shown in Fig. 13. 


The mean displacement of the particle from its equilibrium position 1s 
H,(£)¢H,()e"* dé... . [1.149] 


For Hermite polynomials there is a recurrence formula: 


¢ H, (¢) = nH,,.1 (¢)+4 Aiyn+1 (¢). 


and introducing this into [749] we obtain, as a consequence of the ortho- 
gonality of the wave functions, x = 0. This result stems from the sym- 
metry of the square of the wave function relative to the origin of co- 
ordinates. 

The mean value of the square of the displacement is 


—— 


x? 


= 1 7 2 — &2 
Bont | H,,(¢)o° H,(g)e"* de. ... [1.150] 


By using the recurrence formula: 


€7H, = néH,_, (©)+4 €H, 41 (6) 
= n[(n—1) H,-2+4 H,]+4[@4+)) A,+4 Ansa), 


we find that in [750] there remains only the integral: 


= ty ey + 
x7 = praia ) [H,,(6)]* e $ dé = BS eee [7.157] 
Hence, using [134] and [145], we obtain 


= fx’. ... [L152] 
This equation corresponds to the formula [/32] of classical mechanics, 
according to which the mean square displacement x? = 4A?. 


7. Particle in a Spherically Symmetrical Field 


Schrodinger’s Equation in Polar Coordinates 


In a number of problems we consider systems in which, as with the isotropic 
harmonic oscillator, the potential energy depends only on the radius vectorr: U = U(r). 
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The potential field in such systems has spherical symmetry. One of these problems 
is that of the scattering of particles by spherically symmetrical barriers; another is 
that of particles in spherically symmetrical potential wells. A problem of funda- 
mental significance in atomic theory is that of the motion of an electron in the spheri- 
cally symmetrical Coulomb field 

of the nucleus. Here the poten- Z 


tial energy varies hyperbolically: SL ) (89) 
2 : 


Z 
U(r) = -—, where Z is the 


~ . 
d2Q= sinddédd 

charge on the nucleus. The solu- Nee ae 

tion of this problem (Ch. 2, §3) is ~ ™ 

used, in particular, in the theory of 

the Periodic Classification of the 

elements and in the theory of direc- 

ted bonds. The spherical symmetry 

of the field enables us to separate 

the wave function into radial and 

angular factors. The angular part cm 

of the wave function is uniquely ~\ 

determined by the symmetry of the NSU P 

field and does not depend on the SN 

form of the potential energy U(r). aN 

The solution of problems involv- 

ing spherically symmetrical sys- 

tems is simplified by transforming from Cartesian to polar coordinates (r, 0, @) with 

(Fig. 14) origin at the centre of the system. 

Schrédinger’s equation in polar coordinates takes the form 


V0.4 0 (1,8, $k? (r)W(r, 0, 6) = 0, /.. [1.153] 


where k(r) is given by an expression analogous to [46], but depending on r: 


k(r) = = /2u[E—U (r)]. oo (L154) 


2 


\ 
Ld rear 


Fic. 14. Polar coordinates. 


Here p is the mass of the particle. Laplace’s operator in polar coordinates, as in 
Cartesians (\/7,,y,2 = Vx+\/7y+V/z), is the sum of three Laplacian operators—one 
radial and two angular: 


Vri0,6 = Ve + Vet Ve 


1 d/.,0 1 0 7) 1 6? 
= +> — |4——___ — [ sin 0 — ]4+-5-—; - =. Cl « .- L/.I55 
r? Or ( s\ta sin? @ 00 (sin ? yt; sin? 6 09”. [1.155] 
Note the difference in the regions of variation of polar coordinates: 
Osrso, 056087, OS @E 2. 


The spherical coordinates 8, ¢ vary periodically. 
The solutions of the wave equation [/53] must be periodic in relation to the 
coordinates 6, ¢ with periods x and 2z respectively. The stipulation that a function 
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be periodic in relation to any coordinate is equivalent to imposing boundary con- 
ditions, so the form of the wave function which depends on the coordinates 0, @ 
is uniquely determined by the spherical symmetry of the field. 


Separation of Variables 


Corresponding to the general method of solution for differential equations of 
the type under consideration, our method will be to represent the wave function as 
the product of three functions: 


w (r, 0, 6) = NR(r) © (8) ® (@), ... [1.156] 


each of which depends only on one variable; N is a normalising factor. Substituting 
[156] into [153], dividing the whole equation by RO® and transferring the term 
depending on ¢ to the R.H.S., we obtain, after multiplying by r? sin? 0, 


14 OR\ 1 ) 6O\ 1 a>m 1 

2en2p| 2 2 [2 28) +, 72 alana \2 2 + 

r* sin |: ( at (9 | +sin 0 5 (sin 3) é 02° 8 
... [1.157] 


The L.H.S. of [757] depends only on r and 0, and the R.H.S. only on ¢. This is 
possible only if each side of the equation is equal to a constant, which we shall call 
m*. The R.H.S. of [157] leads to the equation for ®: 


ad 
ag = —mo. wo. [1.158] 


The variables can also be separated on the L.H.S. of [/57] and we can represent it 
in the form: 


1 0/,6R\1 1 @ 6©\ 1m? 
27 7 27) k? —- ° jp) yp 
’ E Or ¢ a) Rt | sin 6 00 (sino 0) O* sin? 6 


This equation is possible provided each of its sides has a constant value, which we 
shall call A. Hence we obtain the equations for © and R: 


1 df. 9 2 m? 
sin 6 do \5I" ° ag J +\4- Gaz) © = % + [159] 
1 ad dR A 


So equation [153] has broken down into three equations [158-160], each of which 

determines one of the functions ®, © and R. These equations involve two constant 

parameters m and A. The function k(r), which determines the type of potential energy 

and expresses the special character of the problem, enters only into the third equation. 
The normalisation condition in Cartesian coordinates has the form: 


| Iveona [ar = | 
re) 0 


O——-, g 


| lvoux2Pasdyae = 
0) 
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where dr is the element of volume. In polar coordinates dt = r? sin Odrd0d¢, so the 
normalisation condition can be written in the form: 


6) 4 2" 
[Ro P rar | } (0) [sin 0.0 | | ®() |? dd =C. 


This can be represented as three normalising conditions: 


00 n 2n 
N? | [RP red = NF | [OP sin odo = 3 | |o[Pag = ct ... [1.167] 
0 0 0 


The Spherical Part of the Wave Function. Legendre’s Equation. 
Spherical Functions 


The solutions of equation [158] are the exponential functions: 
®,,(¢) = Ng elm? 


The requirement that ®,, be periodic with period 2x determines the 
possible values of the parameter m: these are 


m = 0, +1, +2, +... oo. [1.162] 


] 
The normalisation condition [16/1] for C = 1 gives Ny = Tae Conse- 
Te 


quently the normalised functions ©®,,(@) will be 


®,,(¢) = 1 gine m=0,+1,+2,+,...  ... [1.163] 
J 20 


We shall transform the equation for ©(@) by introducing the new 


variable: 
x = cos 8 ... [1.164] 
with range of variation -—1 S$ x Sl. 
We write 
y(x) = O (0). ... [1.165] 
The function y(x) satisfies Legendre’s associated equation: 
m2 
(—x)y'-2ay'+(4-y" a) 9 = Q, .. [1.166 | 


which in the particular case m = 0 becomes Legendre’s equation: 
(1—x?) y”—2xy’+Ay = 0. ... [1.167] 


Legendre’s equation is soluble for strictly defined values of the parameter 
A, namely: 


A = 1(1+1), where / = 0,1, 2,... ... [1.168] 
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The solutions of equation [/67] are the Legendre polynomials P(x), where 
/ is the degree of the polynomial: 


1 d' 
P, (x) = oT dx! (x? —1)}, eae [1.169] 


A solution of equation [ /66] is possible only for values of the parameter 4 
which satisfy the condition: 


A= (k+|m|)(k+|m|+, where k = 0,1,2..., ... [1.170] 


analogous to [/68]. In [170] | m| is the modulus of the number m, 
which, like k, is an integer. Writing 


k+|m|=l1, 


we reduce [1/70] to the form [168]. Since k and / are positive numbers, 
the modulus of the number m cannot exceed /, | m| < J. The conditions 
for solubility of the equations under consideration determine the values 
of the constant parameters A and m: 


.. [L171] 


4 =1(1+1); 1=0,1,2,... 
m=0, +1, +2,..., 41. 


The solutions of equation [166] are the associated Legendre polynomials: 


d' 


m| 
sm Pre), + + [1.172] 


Lm | 
y(x) = Pi"! (x) = (1—x?) 2 


where / is the degree and | m | the order of the polynomial. The following 
relationships hold for Legendre polynomials: 


| Pr(x)Pe(x)dx =O (k #)), 
“1 


> \dem) ... [L173] 


| \2r00 |* dx = (i) (k = J). 


The first relationship shows that the polynomials are orthogonal, and the 
second gives the condition for normalisation. Using the latter condition 
and returning to the functions O(@), we obtain the normalised values of 
these functions: 


21+1\(l—m)! 
©,, (9) = JAS) i Pi" (cos @). ... [1.174] 


Combining the functions ®(¢) and ©(6), we obtain the expression 
for the spherical part of the wave function: 


Y (8, 6) = No 40 (6) ®(6). wo. [1.175] 
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The functions Y (6, ¢) are called Spherical Harmonics. When expanded, 
the normalised spherical harmonics may be written in the form: 


~— ° 
Y (0,6) = Yim(0, 6) = =) ioe ” pm (cos 0) e'™?, 
. [1.176] 


where P,'"! (cos @) is the associated Legendre polynomial defined by 
formula [/72], and / and m are integers defined by the relationships [/7/]. 
Putting [/75] into [156], we have the wave function for a central system 
in the form: 


w (r, 0, d) = N,Yim (8, 6) R(r), ms [7.177] 


where the spherical part of the wave function, Y,,, (0, ¢), is uniquely 
determined by the spherical functions. 


Quantisation of the Angular Momentum and its Projection 


In classical mechanics, for closed systems the angular momentum M, and its 
projection M,, as well as the total energy E£, are integrals of the motion and conserve 
a constant value. In quantum mechanics the angular momentum and its projection 
are quantised like the energy of the system. To the angular momentum and its 
projection there correspond operators M and M.,, the expressions for which are 
obtained from the corresponding formulae of classical mechanics by replacing the 
momenta p, by operators p, in accordance with formula [5]. The application of 
this rule leads to the following expressions for the angular momentum and its pro- 
jection: 


M? = |] Voss M, =—-i- =. ... [1.178] 


By operating with these operators on the wave function, we obtain the equations 
for the angular momentum and its projection: 


M?y = M’v; MW = MW, .. [1.179] 


which are analogous to Schrédinger’s equation Hy = Ew. The conditions for 
solubility of equations [179] are the same as for the spherical functions [/7/]. In 
fact, for the projection of the angular momentum, using the expression for the 
operator given in [/78] and the expression for the wave function from [/56], we find 


MW (7,0, 6) = -i5- int -- ~is RO 5 ... [1.180] 


The value of the last derivative, im®, is obtained by differentiating [163]. Substi- 
tuting this value into [/80], we find 


MW = > mp = M W, 
whence we have for the projection of the angular momentum: 
M. =--m: m =0, +1, +2,..., #1. oo. [1187] 


2n 
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The projection of the angular momentum can take only values which are integral 
h e e ° e ° e 

multiples of a Formula [/8/] expresses the space quantisation condition, which is 
7 


confirmed by experiments on the scattering of beams of atoms in a nonhomogeneous 
magnetic field (Stern-Gerlach). Using expression [178] for the operator and 
carrying out analogous calculations, we find the allowed values of the angular 
momentum to be: 


2 
M2 = 251+), 1=0,1,2,... .. [1.182] 


The Equation for the Radial Part 
Equation [160], when expanded, takes the form 


A 
Rs aa eo-5 | R = 0. ... [1.183] 
which can be simplified by substituting 
R(r) = ae) .. [1184] 
Introducing the values of k(r) and 4 from [/54] and [/7/], we obtain 
h h71(1+1) 
——~- p"+— = Ep. ~.. | 7.185 
gan tent PTUMP = Ep [1.185] 


As regards the form of the curve U(r), we shall make the following assumptions: 
Let U(r) near the centre of the system increase no more rapidly than 


U(r) = . where B < 2 (b = const); ... [1.186] 
r70 


Further, at large distances from the centre let U(r) tend to a constant value, which 
we Shall take as zero: 
U(r) =c = 0. ... [1.187] 


Conditions [786] and [/87] are satisfied, in particular, by the energy of the 


2 
; . ; Z14Z7e 
Coulomb interaction between point charges +——2—. For like charges, the potential 
r 


energy has the form of a spherically symmetrical hyperbolic barrier (Fig. 15a) (the 
problem of the scattering of positively charged particles—protons, «-particles etc.— 
by nuclei), and for unlike charges it has the form of a spherically symmetrical potential 
well (Fig. 155) (the problem of the hydrogen-like atom and the problem of the 
scattering of electrons by nuclei). 

Let us consider first the solutions of equations [/85] and [183] for two critical 
regions: (I) near the centre of the system (r-0) and (II) at a great distance from the 
centre (roo), and then join these solutions together. 


I. Solution for r+0. Expand p(r) in a power series in r and then discard all but 
the first term: 


p(r) = Ar’ (A = const), ». [1.188] 
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where ¥ is the index of the lowest term in the expansion. Substituting [/88] and [/86] 
into equation [185], we obtain 


L¥Q-1)-14+)] r’-74 br’ +A = 0, .. [1.189] 


where A stands for terms of higher order. Since we supposed that B <2, it follows 


Fic. 15. Spherically symmetrical potential: (a) barrier, (6) well. 


that the lowest term in [/89] will be the first. Discarding all terms of higher order, 
we obtain the equation 


yQ-1 =/GD, .. [1.190] 


which determines the values of y for which the function [/88] is a solution of equation 
[785]. Equation [190] has two roots: 


yi =/+1 and y, = —l. oe [L197] 


The values found for y determine two particular solutions of equation [185]. Trans- 
forming back to the radial function, we write the general solution near the centre 
of the system in the form 


R,(r) = Ayr +B yr Ot) = A,r’, ... [1.192] 


where A, and B, are constants. The second term in [/92] diverges for small r, so 
we assume 


B, = 0. 
IT. Solution for roo. For roo equation [185] simplifies and transforms into 
p" (r)+k?p = 0 ».. [1.193] 
with a constant value of k: 
nN 
k= - Jone, oo. [L194] 


analogous to equation [45]. As in the solution of the latter equation, two cases must 
be distinguished: (1) E>0 and (2) E<0. 
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(1) E>0. The solution of equation [/93] is analogous to that of [48]. The 
radial function represents a superposition of two travelling spherical waves, one 
convergent, the other divergent: 


R,(r) = Az - — +B, —. ve [L195] 


(2) E<0. In this case k is imaginary. We write 
; 2ni -. 
k’ =ik = |; ./ 2p, .+ + [1.196] 


where k’ is real. The general solution of equation [/93] is analogous to the solution 
for W, in [72] and represents the sum of two exponential functions. The solution for 
the radial function has the form 

Kr ok’ en kr 


B, — =A.- . ... | 1.197 
ia a 2 [ ] 


e 
R,(r) = A 


The second term in [/97] diverges for large r, so we assume 
B, = 0. 


The wave function is continuous in the whole range of variation of r from 0 to 
coo. The solutions R,(r) and R,(r) must pass over smoothly into one another for 
intermediate values of r. We shall write the continuity conditions for the wave 
function and its derivative in the form 


R,2R, RR. [1.198] 


These conditions, together with the normalisation requirement, give three equations 
for the coefficients of the asymptotic solutions. In the case E>0, which corresponds 
to the low barrier or the weak binding, the equations above enable us to determine 
the three unknown amplitudes 4,, A,, B,. The solutions of these equations are not 
subject to any additional limitations, so the spectrum of the particle is continuous. 

In the case E<0, corresponding to the strong binding, the position is fundamen- 
tally different, since there is an additional condition B, = 0. The continuity relation- 
ships [198] change into a system of two homogeneous equations of the form 


a,;A,+b,A, = 0; a,A,+b,A5 = 0. eee [7.199] 


Equations [/99] are compatible provided the determinant formed from the co- 
efficients in the equations vanishes: 


ay, b, 
a2, b, 


= 0. ... [1.200] 


Since the coefficients b, and b, depend on k’, that is on the particle energy, [ 200] 
represents the equation for the energy E and contains the quantisation conditions. 


The particle energy in a spherically symmetrical well is quantised in the same way as 
in the case of a parabolic well or a potential box. 


8. Particle in a Periodic Field 


Particle in a Periodic Field. Weak and Strong Binding 


In the majority of cases the stable state of a solid body is the crystalline state, 
which is characterised by a regular, periodic arrangement of the atoms. Any periodic 
field is thus a sequence of identical potential wells and barriers (Fig. 16). The question 
of the motion of particles in a periodic field constitutes one of the important problems 
of quantum mechanics as applied to the solid state. The fundamental peculiarities 
of this problem may be understood in the light of the results obtained from a con- 
sideration of the passage of a particle through separate potential wells and barriers. For 
a periodic field, as for a single well, two extreme cases must be distinguished—weak 
and strong binding. 

With strong binding the particle energy is considerably less than the height of 
the barriers, so the particles are trapped by the wells and their wave functions represent 


Fic. 16. Periodic potential field. 


standing waves, confined by the dimensions of the individual wells. The particle 
energy is quantised and the energy spectrum is discrete. For low particle energies the 
barriers which separate the wells are practically impenetrable. Particles in neighbour- 
ing wells do not interact with one another; their energy levels are identical and the 
whole system of particles must be regarded as degenerate. 

With weak binding, the particle energy exceeds the height of the barriers so the 
particles pass freely over the barriers, experiencing periodic velocity variations. The 
wave functions of the particles represent travelling waves whose amplitudes are 
periodic functions with the same period as the field. The energy spectrum of the 
particles is, in the limit, continuous. Strengthening the binding causes strengthening of 
the periodic perturbations in the motion of each of the particles and makes breaks 
appear in the energy spectrum, separating it into distinct bands. Further strengthening 
of the binding leads to the particles being captured and the energy bands degenerating 
into line levels. The transitional case can be considered from the point of view of the 
penetrability of the barriers. With strong binding, as was observed above, the barriers 
are impenetrable. If the particle energy is increased till it approaches the peak energy 
of the barrier, the barrier becomes more penetrable. The particles begin to pass 
through into neighbouring wells, and this results in the removal of the degeneracy 
and splitting of the energy levels. 

Solving the problem of a particle moving in a periodic field enables us to obtain 
the complete energy spectrum of the particle, with the transition from strong to weak 
binding. This spectrum makes it possible to give a single description of the behaviour 
of the different electrons belonging to atoms in crystals. The case of strong binding 
occurs in bound electrons in atomic structures, and the case of weak binding is 
exemplified by valence electrons, including the free electrons in metals. The picture 
we have set forth is also adequate to describe the oscillatory motion of atomic nuclei 


in crystals, a case of strong binding. 
CP D 
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Particle in a Sinusoidal Field. Mathieu’s Equation 


Consider a particle moving along the x-axis in an arbitrary periodic field, the 
length of the period being a (Fig. 16). We expand the potential energy of the 
particle in a Fourier series: 


+ ow x 
U(x) = ). U,, cos 2xn 7 ... [1.207] 
Take one of the terms in the series and consider the motion of a particle in a sinu- 
soidal field. As origin we take one of the sinusoidal minima. The potential 
energy of such a field may be written in the form 


U (x) = Up—Up cos 2m =. ... [1.202] 
Introducing this value for U(x) into Schrédinger’s equation [/9], we obtain 
8 2 
Wi" (x) + sa («- Uy +U, cos 2n *) W(x) =0.  —... [1.203] 


Introduce the new variable 


x 
E = Qn ... [1.204] 
and write 
8a*m (E—U,) 8a*mU 
n=, P= [1.205] 
Equation [203] can then be written in the form 
ww" (E)+(nt+y cos €)w(c) = 0. ... [1.206] 


Equation [206] is Mathieu’s equation. As was shown by Flocquet, the general 
solution of this equation has the form 


we) = A@(E)e™+BO(—Lye™. ... [1.207] 


Here A and B are constants, ®(¢) is a periodic function of € with period 2x, and k is 
a quantity depending on the parameters y and y of the equation. The solution of [207] 
is analogous to the solution of [48] for a free particle, the difference being connected 
with the function ®(€), which may be regarded as a variable amplitude, varying in 
conformity with the periodicity of the field. The solution of [207] represents a super- 
position of two travelling waves or the sum of two exponential functions, according 
as k is real or imaginary. The exponential solutions lead to infinitely large values of 
the wave function, and so we shall henceforth consider only periodic solutions, that 
is, solutions with a real value of k. Periodic solutions do not exist for arbitrary 
values of 4 and y: a given value of y is possible only for a definite value of y. To 
each value of k there corresponds a definite curve in the (y, y) plane (Fig. 17). For 
small y>0 equation [206] transforms into the equation for a free particle. Its solu- 


tions are sinusoidal waves of the type [47]. The wave number is given by the re- 
lationship 


k= Jn, .. . [1.208] 
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which means that it is a parabolic function of the energy. For y = 0 the energy E 
and the parameter y vary continuously. There is a corresponding continuous variation 
of k from 0 to co. The lines y = y(n), corresponding to k = const., will originate on 
the x-axis and, as y increases, they merge with the curves corresponding to integral 
values, k = 0,1,2,3,...,,... The 


96 shaded regions in Fig. 17 correspond 
Sng / to real k, and the unshaded to imagin- 
= v4 ary k. The region of the diagram to 

40 = the left of the line 4 = —y corres- 

32 > ponds to energies E less than the 

7% | minima of the potential wells, and is 


of no interest to us. The region in- 
cluded between the lines 7 = —y 
and 4 = +y corresponds to values 
of the particle energy in the range 

EA — O< E<2U), lying within the limits of 
“24-16 “8 0 8 1 24 32 40 the potential well, and represents 
strong binding. To the right of the 
line y = +y lies the region of weak 
binding. 

Near the bottom of the well the potential energy may be expanded as a series, 
and for small €, approximated by the parabola U(£) = U)—U, cos € = 4 U,¢*. For 
a sufficiently deep well the sequence of energy levels corresponds to the levels of the 
quantised oscillator E, = hv (n+4). Near the tops of the barriers the levels spread 
out more, but nevertheless still f 
remain separated by forbidden or 7 


regions. In a periodic field, Wh YU ff JYYYYJyjpuy 


motion is not possible for al 
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values of the particle energy, my —a 


Fic. 17. Regions of periodic and non-periodic 
solutions of equation 1.206. 


Fic. 18. Possible values of the 


particle energy in a periodic field. \/ alor-y ay, \ i Ny, 
“Hor — 


even in those cases when the particle energy exceeds the barrier height. The possible 
values of the particle energy are shown in Fig. 18 by shaded bands, narrowing to Ines 
deeper down in the wells. 

We now find the relationship between the wave number k and the parameter 7 
(the particle energy). For small y<1, as is shown by [208], this relationship is 
expressed by a parabola (Fig. 19a) cut into separate parts by vertical ordinates corres- 
ponding to the integral values of k. For greater barrier heights, for example for 
y = 16, as can be seen from Fig. 17, the energy discontinuities become greater (Fig. 
195). From the first relationship in [205] we have 

h? y 


— —y, . [1.209 
8m a? [ J 


E= Ugt 
Using [208], we obtain for small y 


h? (k\? h? (n\* 
~~ -_——. — = - —— e eee 1.210 
a lot sy (*) Votan (.) 
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Comparing [2/0] with [52] and [50], gives 


1 =k 
~_=—, ... [1.217] 
A 2a 
The energy discontinuities correspond to integral k and the condition for discontin- 
uities to occur can be written in the form 


na = 2a. ... [1.212] 


Formula [2/2] represents the condition for diffraction maxima for wave motion 
along a one-dimensional lattice. The appearance of energy discontinuities is explained 


Kk (or reciprocal of the 
wavelength of W) 


7 (or energy) 


MES be 2s 
a 


Fic. 19. Dependence of 7 on y for (a) weak and (5) strong binding. 


by diffraction of the particles by the periodic structure. For a three-dimensional 
lattice [2/2] generalises into the Bragg-Wulff formula. The greater the energy dis- 
continuities, the greater is the scattering power of the lattice planes. This latter is 
measured by the structural factor well known in structural analysis. 


Particle in a One-dimensional Periodic Field. Hill’s Equation 


For a periodic field of arbitrary shape with potential U(&é) and period 2z, 
Mathieu’s equation [206] generalises to Hill’s equation: 


w" (E)+[n+7U (€)] WE) = 0. ... [1.213] 


The general solution of equation [2/3] is the same as that of [206], and is given by 
formula [207]. The solution of Hill’s equation can also be represented in graphical 
form. Let U,, and U,, be respectively the greatest and the least values of the potential. 
In the (y, 7) plane (Fig. 20) we draw the straight lines 7 = yU,, and 1 = yU,,, which 
cut the positive half-plane into three regions. Region ITI corresponds to weak binding, 
and region I! to strong binding. Region I is not realised, as it corresponds to particles 
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with energies less than the potential minima. Fig. 21 shows the regions of real (shaded) 
and imaginary k for a periodic field composed of rectangular barriers and wells of 
width 4a. The general character of the diagram in this case is the same as for the 
sinusoidal field. 


Calculation of the Translational Symmetry of the Field 


The general expression for the wave function of a particle in a periodic field is 
of the form 


Wr) = u,(r)e™, 2 [1.214] 


obtained by Bloch, where k is the wave vector, and u(r) is a periodic function with the 
same periodicity as the field: 


u(r+a) = u(r). ... [1.215] 


This expression results from the fundamental property of a periodic field—its trans- 
lational symmetry (Ch. 5, §4). In formula [2/5] a is the translational displacement 
vector. For a three-dimensional periodic field 

a= NA, +148, +1343, eee [7.216 ] 


where 7,, 22, n3 are integers, and a,, a,, a, are the three non-coplanar vectors such 
that displacements which are parallel to, and integral multiples of them map out the 


x C12) a ‘a 
“16-12 -8-4 0 4 8 12 1 20 24 28n 


Fic. 20. The different regions in Fic. 21. Regions of periodic and non-periodic 
the solution of Hill’s equation. solutions of Hill’s equation for square barriers. 


three-dimensional lattice. The operation of parallel translation through a distance 
equal to the magnitude of the lattice vector: 


rort+a, 


is an invariant transformation, since it brings the system into a state which coincides 
with its initial state. Consequently, the wave functions w(r) and (r+ a) must be the 
same apart from a constant factor: 


W (rt+a) = Cy (r), ... [1.217] 
the modulus of the constant factor being unity: 
|C| =1. ... [1.218] 
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If condition [2/8] were not satisfied, the wave function would increase or decrease 
without limit during multiple repetition of the operation of parallel translation. 

In view of the independence of translations along different coordinate axes, it 1s 
sufficient to consider the operation of parallel translation along only one of the axes. 
We shall take a one-dimensional chain consisting of N lattice points. In order to 
exclude boundary conditions, we shall close the chain into a ring of total length 
L = Na. If we now repeat the elementary translation operation N times, which will 
bring us back to the initial point. Using the equation of the symmetrical trans- 
formation [2/7], we can express these transformations in the analytical form: 


w(x+Na) = CX (x) = w(x). ... [1.219] 
Whence we obtain the equation for the modulus of the wave function 
Cc’ = 1, ... [1.220] 
the solutions of which are the roots of unity. Equation [220] has N solutions: 
2nin 
C,=e", n=1,2,...,N. ... [1.227] 


The function yw must satisfy conditions [2/9] and [22/] for any value of x. This is 
possible provided 


2ninx 
w(x) = u,(x)e X , ... [1.222] 
where u,(x) is a periodic function of x with period a. We may write 
2nn 
=a? ... [1.223] 


and then [222] becomes 
W (x) = uy, (x)e™, 
which is the same as [2/4]. 


Effect of an External Field. Effective Mass of a Particle 


Let a particle situated in a periodic field be acted on by an external field. If Fis 
the force acting on the particle, then the element of work done by the field is 


dE = Fodt, ... [1.224] 


where v is the group velocity of the particle, given by formula [55]. Using the value 
of w from [2/] and formula [55], we find for the group velocity of the particle: 


2n dE 
Herice 
dE = a vdk. [1.226] 
on oe TZ, 


Comparing [224] and [226], we obtain 


dk _ 2h p 
dt hh . » +. [1.227] 
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Differentiating both sides of [225] with respect to t, we obtain 


dv 2nd*Edk dE 4n? 


dt h dk? dt dk? h? °° +++ [1.228] 
This formula establishes the connection between the acceleration and the effective 


force and expresses Newton’s second law. For a free particle this law has the form 


ie ... [1.229] 


Comparison of [228] and [229] shows that a particle in a periodic field is accelerated 
by an external force as if it possessed a mass 


h? | 4x? 


* =: o-e [1.2 


The quantity m* is called the effective mass. For a free particle (see [52]), the de- 


2 


pendence of E on k is expressed by a parabola E = k?, and it is not difficult to 


nm 


see that in this case m* = m. 


Fig. 22 shows the curve E = E(k) for a particle in a periodic field. The effective 
mass is given by the divergence of the curvature of this curve from the curvature of the 
parabola: in the middle of the allowed zones the 


curvatures of the two curves coincide, but near the 

bottom and top of the zone, where the energy dis- \s J 
continuities appear because of the selective reflection  \3 E(k) | 
of particles, the radius of curvature alters. The " ! 
effective mass of a particle in these cases is con- ‘ { 
siderably altered. The sign of the radius of curva- a 1! 


ture for states near the bottom of the zone is the 
same as for a free particle (positive). For a state 


Fic. 22. The dependence of energy on momen- 0 
tum for a particle in a periodic field. -h, “h, k 


oo 
eon 


near the upper region of the zone the sign of the curvature is negative. This means 
that the effective mass in this case is negative. Charged particles with negative effective 
mass move in electromagnetic fields like particles carrying charges of the opposite sign. 

The electrons in crystals which occupy the upper energy levels of the zones move 
like positively charged particles. This quantum-mechanical effect explains the positive 
value of the Hall constant in certain metals and semiconductors. The absolute value 
of the ratio m*/m for electrons in metals may be either greater or less than unity. 
For example, in palladium m*/m = 43. 
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Problems 


!. Find the connection between the phase and group velocities of de Broglie waves. 
Hint: use the relativistic expressions for the total energy and momentum of the 
particle. 

2. Find the group velocity of de Broglie waves for a wave group of arbitrary shape. 

3. Find the energy and angular momentum of a rigid rotator (diatomic molecule). 


Chapter 2 


ATOMIC STRUCTURE AND THE 
PERIODIC TABLE OF THE ELEMENTS 


1. The Atomic Nucleus 


The Nuclear Model of the Atom. Elementary Particles 


Experiments on the scattering of «-particles, electrons and X-rays by atoms show 
that atoms consist of a positively charged nucleus, surrounded by a thin atmosphere 
of electrons. The nucleus consists of particles which are heavy compared to the 
electrons. These are called nucleons, and comprise protons and neutrons. Some data 
relating to the elementary particles which form atoms are given in Table 1. 


Table 1 


Data relating to Elementary Particles 


Moment 
Charge e, _ 


Particle Mass, in g. : 
Mn ©.S-U. Mechanical, i Magnetic 
Electron 9-108 x 107278 | 4-803x 10° 1° —1-00116.M, 
Proton 1-672 x 10°24 | 4-803 x 10°? 2°785 Mauc 
Neutron 1-675 x 10° 24 0 — 1-935 Mauc 


The intrinsic mechanical moments of the electron and the nucleons, F,, are called 
spin moments, and are the same. The spin quantum number for these particles 1s 
s = 4. The spin of an electron is well described by relativistic quantum theory, from 
which it follows that the intrinsic moment of an electron 1s equal to the Bohr magneton: 


My, he = 0-927 x 107° erg/oersted, ... [27] 


~~ 4npc 
where e and p are the charge and mass of the electron, h = 6-625 x 10~7’ erg-sec. is 
the quantum constant, and c is the velocity of light. The slight divergence of the 
magnetic moment of an electron from unity, M, = 1:00! Mg, is connected with the 
recently discovered effect of the interaction between an clectron and empty space. 
The gyromagnetic ratio for the electron spin is 


M, _ 1-001 —. ... [2.2] 
P, pc 
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The magnetic moments of the nucleons are considerably less than that of an electron, 
and are expressed in terms of nuclear magnetons: 


Mw = -——- = 0°505 x 10777 erg/oersted, ... [2.3] 


where #7, is the mass of the proton. Formula [3] represents an extrapolation to the 
case of heavy particles of formula [2], which was derived for the electron. Conse- 
quently formula [3] does not describe so accurately the properties of nucleons. 
Measurements of the magnetic moments of the proton and neutron give coefficients 
differing significantly from unity. 


The Structure of the Atomic Nucleus 


The structure and properties of atomic nuclei, except for certain cases of nuclear 
isomers, are uniquely defined by the composition of the nucleus, that is, by the number 
Z of protons and the number N of neutrons. The number of protons determines the 
nuclear charge and atomic number of the corresponding atom. The mass of the 
nucleus, multiplied by a packing factor which differs only slightly from unity, is equal 
to the sum of the masses of the protons and neutrons. Since the masses of the proton 
and the neutron are very nearly the same, the mass of the nucleus is approximately 
given by the mass number A: 


A=Z+4N. ... [2.4] 


The nucleons in the nuclei are united by strong nuclear forces, operating at very small 
distances ~10~1*cm. The mean binding energy per nucleon in the nucleus is 10’ eV, 
which is several million times greater than the energy of the cohesive forces between 
atoms (the energy of the chemical bond). The linear dimensions of nuclei are small, 
of the order of 107 *7-107 '* cm. ; they increase in proportion to the number of nucleons. 
The density of matter in the nucleus is very high and is approximately constant for 
the different nuclei. The nuclei can be looked on as very minute drops of nuclear fluid.t 

Stable nuclei are formed only for certain definite ratios of number of protons to 
number of neutrons. When the nuclear charge is increased, the nuclear stability at 
first increases slightly, but later, for Z>40, diminishes because of the electrostatic 
repulsion of the protons. Fig. 23 shows a proton-neutron diagram on which the 
stable nuclei for light and heavy elements are marked. The diagram shows that the 
stable nuclei form a narrow locus, which for light nuclei coincides with the bisector of 
the angles between the coordinate axes (N = Z), but for medium and heavy nuclei 
diverges slightly from it in favour of an excess of neutrons (V>Z). From this follows 
the monotonic dependence between nuclear mass and charge: 


AZ & 2 to 2°5. ... [2.5] 


This relationship was, in its essential principles, used by Mendeleev and enabled him 
to discover the periodicity of the chemical and physical properties of the elements. 
The total number of stable nuclei is about 300, and of radioactive nuclei about 
500. Thus in the chemistry of atomic nuclei about 800 different composite nuclei are 
known and this apparently exhausts the number of possible nuclei. Nuclei with 
atomic numbers Z> 100 «re extremely unstable because of the large nuclear charge 


* For the ‘hquid drop’ model of the atomic nucleus, see, for example, J. C. Slater, Modern 
Physics, McGraw-Hill, 1955. 
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and the electrostatic repulsion of the protons, and disintegrate either by fission or by 
a series of successive radioactive transformations. The theory of the atomic nucleus 
enables us to understand the reason why there is a limit to the number of elements 
in the periodic table. 


Isotopes and the Difference between the Physical Properties of 
Substances with Different Isotopic Compositions 


In the diagram of Fig. 23 we can distinguish between nuclear isobars (A = const.) 
and nuclear isotopes (Z = const.). The isobars give rise to atoms with different 
numbers of electrons, that is to atoms of different elements. Nuclear isotopes are 
atoms with the same number of electrons, possessing the same chemical, and very 


HILITBIN' FINGAL DICLK Sc V MnICoCu CoASIBARD 
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Fic. 23. Stable isotopes (a) of light and (b) of heavy elements (ratio of 
number of protons to number of neutrons in the atomic nuclei). 


nearly the same physical, properties. There are 24 elements known with only a single 
isotope (beryllium, fluorine, sodium, aluminium and others); the remaining elements 
are a mixture of isotopes (tin, for example, has 11 isotopes). The atomic weights of 
these elements differ considerably from integral values. They depend on the per- 
centages of the various isotopes which occur naturally in the mixtures. 

The differences between the properties of substances with different isotopic com- 
positions are caused by the variations in the atomic masses of isotopes, since the mass 
affects the diffusional mobility of the free isotope and the frequency of oscillations of 
bound isotopes. As a result there are variations in the zero puint energy zhv. The 
most striking isotopic effects occur in connection with the lightest atom—that of 
hydrogen. Three isotopes of hydrogen are known: protium, deuterium and tritium, 
with mass ratios 1:2:3. Table 2 gives some properties of light and heavy water. 
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Table 2 
Some Properties of Light (H,O) and Heavy (D,O) Water 


Boiling | Ice density | Thermal 


Water nt at at melting capacity asco 
formula i Pt °C point, at 25°C., nl poises 
atm., \: | in g./em. | in cal./mole : 
H,O 100 0-9176 18-00 0-891 
D,O 101-42 1:0148 20-1 1-099 


Changing light hydrogen into deuterium markedly alters the boiling and melting 
points, density, specific heat and so on. 

In the crystals of metallic hydrides, the isotope change from hydrogen to deu- 
terium diminishes the frequency of oscillation of the atom of deuterium and diminishes 
the zero point energy 4hv (Ch. 3, §4, p. 101). This corresponds to the low effective 
temperature of a deuteride as compared with a hydride, and leads to a shortening of 
the interatomic distances. This effect, which is of quantum origin, is confirmed by 
X-ray measurements. In the cubic deuterides of uranium (UD,), sodium (NaD) and 
lithium (LiD), the dimensions of the unit cells are 0-01-0-02 A less than in the corres- 
ponding hydrides, the divergence amounting to several tenths of 1%%. An analogous 
effect, but an order of magnitude smaller, takes place also in the case of heavier 
isotopes. Thus the lattice parameter of Li’F is 0-0008 A less than that of Li®F: the 
divergence here amounts to 0:02%. 

In molecular crystals, in contrast, the change from hydrogen to deuterium may 
lead to an increase in the intermolecular distances. Thus the unit cell of heavy ice is 
somewhat larger than that of light ice in the direction of the a-axis. The explanation 
is that in the water molecule itself the interatomic distance O—D is less than the distance 
O-H. Consequently the dipole moment of the molecule of heavy water is less, and 
therefore so also is the intermolecular interaction. 

A considerable change is observed in the electrical properties of some ferroelectric 
crystals when isotopes are substituted. Thus for KD,PO, the ferroelectric Curie 
point drops 100° C as compared with KH,PO,. A shift AT, ~ 0-01° K in the super- 
conducting transition temperature has been observed in several isotopes of super- 
conducting metals (tin, mercury) (Fig. 170). In this case the relationship holds: 
T.m''? = const. The smallness of the shifts is explained by the extreme closeness 
of the mass ratios of ihe isotopes to unity, and the fact that the effects themselves are 
observed at very low temperatures. The isotopic effect has recently been established 
in the electric resistance of metals: at low temperatures the electric resistance of the 
heavy isotope Li’ turned out to be greater than that of Li®. This is in qualitative 
agreement with the theory of metallic conduction. 


The Relative Abundance of the Various Elements 


An increasing number of elements, including even the so-called rare elements, 
are finding practical applications. Some of them (for example technetium, pro- 
methium, plutonium) are found in nature in such minute quantities that they have 
to be produced artificially, but the majority of elements are obtained from natural 
deposits. 

The question of the abundance of elements has great practical importance. Their 
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relative abundances are different in the universe and on the earth. In the theory of 
how the elements originated, the first consideration is their relative cosmic abundance. 
The data given by analysis of different celestial objects (stellar atmospheres, inter- 
stellar matter, meteorites) are in satisfactory agreement. At the same time they differ 
significantly from the data obtained by analysis of the earth’s crust though one must 
bear in mind that the earth’s crust may possibly not reflect the material composition 
of the earth as a whole. 
Table 3 gives data relating to the cosmic abundance of certain elements. 


Logarithm of the relative abundance 


Atomic weight 
Fic. 24. Dependence of relative abundance of elements on atomic number. 
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Table 3 


Cosmic Abundance of Certain Elements (Expressed in Terms of the 
Relative Number of Atoms) 


Ele- | Atomic | Atomic | Ele- Atomic 

ment number | weight | Abundance number 
Z A Z 
H 1 1-01 3-5 x 10° 22 
He 2 4 3-5 x 10’ 29 
Be 4 9-02 2x 107! 31 
C 6 12:01 8 x 104 38 
O 8 16-00 1x 10° 48 
Si 14 28:06 1 x 104 55 
Cl 17 35-46 2°5 x 10? 78 
Mn 25 54-93 1 x 10? 82 
Fe 26 55°85 2:6 x 104 90 
Co 27 58:94 1-6 x 10? 92 
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Fic, 25. The commonest elements of the Earth’s crust (lithosphere, hydrosphere, 
and part of the atmosphere) in °%% weight. 
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The commonest element is the simplest—hydrogen. After it comes helium. The 
relative abundance of the elements which come after helium (lithium, beryllium, 
boron) drops sharply to small values. Between helium and beryllium this drop 
amounts to a factor ~ 10°. The light elements which come next (carbon) are relatively 
common, about as common as, for example, silicon. With oxygen there is a sharp 
rise in the prevalence. Further on, the elements become rarer with increasing atomic 
weight. Fig. 24 gives data on the cosmic prevalence of the elements, and a mean 
curve. The group of relatively common elements is completed by iron. 

Fig. 25 shows the prevalence of the principal elements in the upper layers of the 
earth’s crust (conventionally to a depth of 16 km.). Only a few elements are found 
in large quantities in the earth’s crust; these are elements with low atomic numbers, 
such as oxygen, silicon, aluminium etc. Twelve of these elements, as Fig. 25 shows, 
account for more than 99% of the mass of matter contained in the earth’s crust. 
All the others amount to 0°-71°%% by weight. 


2. Fundamental Properties of Atoms 


Discrete and Stationary Nature of the Energy Levels of Atoms 


Among the important properties of atoms are the discrete and stationary nature 
of the energy levels. These properties appear in such experimental results as: (a) the 
line character of atomic spectra, (b) the discreteness of the excitation and ionisation 
potentials and their connection with the atomic spectra, (c) the elasticity of low energy 
collisions of atoms and ions with one another and with electrons. At high velocities, 
as soon as the energy of collision exceeds the lowest excitation potential, the collisions 
become inelastic, and this leads to additional dispersion of the energies of the colliding 
bodies. The stationary nature and discreteness of the energy levels of atoms, as of 
systems of microparticles in general (e.g. molecules, crystals, atomic nuclei) are due 
to the fact that they obey quantum laws. 


The Stratified Structure of the Electron Cloud 


The arrangement of the energy levels of the atom shows that its electron cloud 
has a stratified structure. This can be seen from such observed facts as: (a) the pre- 
sence of breaks in the series of successive atomic ionisation potentials; (6) the presence 
of discrete breaks in the X-ray absorption spectra; (c) the grouping in series of optical 
and X-ray emission spectra. 

The n-th order ionisation potential J, is equal to the energy needed to tear away 
an electron from an atom (or, to be more exact, ion) which had previously lost the 
(n—1)th-electron. Table 4 gives the values of the ionisation potentials of various 
orders. 

If the density of the electron cloud were a monotonic function of distance from 
the nucleus, then the successive ionisation potentials of any atom would also increase 
monotonically. However, experiment shows that, side by side with the monotonic 
increase, the transition to the succeeding ionisation potential may in certain cases 
involve a discontinuous increase. Discontinuities in the ionisation potential are 
marked in the table by thick lines. They show when electrons are beginning to be 
removed from a new and deeper shell, in which the energy binding its electrons to the 
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Table 4 


Atomic Ionisation Potentials J, of Different Orders (Ionisation 
Potential of the Hydrogen Atom taken as Unity) 


Number 


Ti | 22 s*d? 
V 23 s*d° 


0-50 | 1:00 
__| 104 


ane 
. type o 
meni | 7 | eestor 

outer 

shell 
H I 
He | 2/ ss? __|{ 1:80 | 2 
Lil 3! os |o4 | 
Be 4 
B 5 
C 6 
N | 7 
O | 8 
F 9 
Ne | 10 
Na | 11 
Mg | s? 0:56 | 1:10 | 5-89 L-shell 
Al im sp | 0-44 | 1-38 | 2-09 | 9-0 
Si | 14] stp? | 0-60 | 1:20 
P | 15] sp} | O81 | 1-46 
S | 16! s%p* | 0-76 | 1-72 
Cl {17} ss | 0-96 | 1-73 
A A | 18] s*p®_—|_:1-16 | 2-05 
K | 19 s K /19]  ~s | 0-32 | 2:34 
Ca | 20 s? on 0:87 | 3-76 
Sc | 21]  s’d os 0-95 

| ## | os 


nucleus is greater than in the previous, outer shell. It can be seen from Table 4 that 
as the number of electrons is increased, inner electron shells K, L and M are formed. 
As each of these is filled up, one of the principal periods in the periodic system is 
completed. The capacities of these shells are respectively 2, 8 and 8 electrons. 

The observation that the optical spectra of atoms form series shows that the 
unfilled excited energy levels of atoms are arranged in strata, while the same obser- 
vation for X-ray spectra shows that the filled electron levels of atoms are Stratified. 
Moseley’s Law describes the analogy between the X-ray spectra of different atoms 
and establishes the monotonic dependence of the energy levels on the nuclear charge. 
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This is an indication that the inner electron shells of different elements all have the 
same structure. 

Combining the data from optical and X-ray spectra shows that atoms possess a 
single discrete system of energy levels. Depending on the number of electrons in the 
atom, a part of the lower levels is filled up, but the remaining levels stay unfilled and 
can be used for intra-atomic electron transitions when the atoms are excited. The 
system of energy levels in multi-electron atoms is connected with the system of energy 
levels of the hydrogen atom, and is found by solving the problem of the motion of an 
electron in the Coulomb field of the nucleus. 


3. The Hydrogen Atom 


Separation of the Translational and Rotational Degrees of Freedom 


The hydrogen atom is the simplest atom; it consists of a nucleus of mass m,, 
the charge on which, for the sake of generality, we shall take as + Ze, and an electron 
of mass m, and charge —e. The electron and the nucleus rotate about their common 
centre of gravity; in addition, the atom as a whole can undergo translational motion. 
Let (x,, ¥1, Z,) be the coordinates of the nucleus, and (x2, y2 Z2) those of the electron. 
The distance between the electron and the nucleus is 


r= /(x%2.—%1)°+(¥2-1)" + (22-21). ..- [2.6] 


The potential energy of the atom in the absence of an external field is 


7 2 
U(r) = -—. ... [2.7] 
The Hamiltonian for the hydrogen atom is 
H = 4m, (x27 +p? +27)44 m2 (x3 +53 4+23) + U (r). 2. [2.8] 


We introduce polar coordinates, placing their origin at the centre of gravity of the 
atom, Cartesian coordinates of which are (x, y, z). Let 6 and ¢ be the polar angles, 
and a, and a, the radial distances of the nucleus and the electron: 


my, M4 
a; =—_-_ r, a = r. eee [2.9] 
m,+mM, m,+mMm) 


The Cartesian coordinates of the proton and the electron are connected with the 
polar coordinates by the relationships 


x; = xFe rsin@dcos¢@; y, = yee rsin 6 sin ¢; ... [2.10] 


t 


—_ H 
Zz; = z+— rcos@, 
mM; 


where the minus sign corresponds to the proton (i = 1), and the plus sign to the 
electron (i = 2), and p is the reduced mass of the atom: 


_ m2 2. [2.07] 
m,+mM2 


CP E 
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In polar coordinates the Hamiltonian function [8] takes the form 
124 32, 52 32 5 n2G21 (2 otn2 O\ p2 Ze* 

H =4(m,+m,)[x? +p? +27] +4hu[7+r°0*+(r* sin’ 6) o J-—. ... [2.12] 

Here the first term is the translational kinetic energy, and the second the rotational 

kinetic energy, of the atom. Changing to the Hamiltonian operator in accordance 


with the general rule, we obtain 


h? > bh? _, Ze? 
SSC _—_ —__ me e8¢ @ 2.13 
H Qa? (m, 4 m>) V xyz 877 V 106 r [ ] 
Schrédinger’s equation for the hydrogen atom has the form 
h? 3 > _., Ze” 
— W + —— Vrog V+| E’'4+— | VP =0, ... [214 
827 (m, +m) Vas + 8x7 V0 r [2.14] 


where E’ is the total energy of the atom. The independence of the translational and 
rotational motions allows us to write the wave function in the form 


Y (x,y,z; 7, 9,6) = X (x,y,z) W(r, 0, d). ... [2.15] 


Substitution of [/5] into [74] produces two equations: 


2 
Vie Xt) (yr _B) x = 0, ... [2.16] 
8 2 7, 2 
Views tt (e+) yw = 0. ... [2.17] 


Equation [/7] is the same as equation [/./53] for a centrally symmetric system 
and describes the rotational motion of the atom; here E is the internal energy of the 
atom. Equation [/6] is the equation for a free particle of mass m,+m, and kinetic 
energy E—E’ and describes the translational motion of the atom. 


The Equation for the Radial Part of the Wave-Function 


In equation [/./85] we now introduce the energy of the Coulomb interaction, 
and for simplicity we shall write the equation in dimensionless length and energy units: 


r 
q=7 and ¢= ... [2.18] 


E,’ 
where a is the radius of the first Bohr orbit, and £, is the ionisation energy of the 
hydrogen atom. Thus 
h2 2n*pe* =e? 
— xe. —8 . _ — _ . 
a= Ane? = 0-529 x 10 cm.; E, = h2 = Ia = 13-56 eV, cs [2.19] 


Doing this we obtain 


d? 
f Eee p =0. ».« [2.20] 


q q? 
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It follows from [/.192] and [1.197] that the asymptotic solutions of this equation 
near the centre and at a great distance from the centre (for E<0) have the form 


pi1(q) = Aiq'**, = p2(q) = Ane, ve [2.27] 


where 


a= +,/—e. 2. [2.22] 


The solutions [2/] must be ‘fitted together’ into a single function. We shall do this 
by means of a power series and shall suppose that p(g) can be represented in the form 


P(q) = "(ag t+ayqta.q?+ ...je 4 =e %4 Yagi, ... [2.23] 
v=0 


where do, a;, 42,... are constant coefficients. The first factor in [23] must give the 

behaviour of the function p(qg) near the nucleus, and the exponential factor must 

express the decay of the function at great distances from the nucleus. We shall find 

the values of the coefficients a, for which [23] is a solution of equation [20]. Differ- 

entiation of [23] twice gives 
qd? 


i — a7e4 ayq’*'*'—2ae~4> a,(v+14+1)q’*!+ 
v=0 v=0 


+e°4@) ave l4 vt) gt. ... [2.24] 
v=0 


The first term on the R.H.S. is equal to —eép; it cancels out with the same term in 
equation [20]. Contracting the remaining terms into the general factor e 4, and 
grouping together terms of the same degree, we obtain, after substituting [23] and 
{ 24] into [20], 


Y Lv+1+2) (V+ 141)— M+] a4. —[2a (vt 14+ 1)-2Z]a,}q’"! = 0. 
- 2. [2.25] 


The equation thus obtained must hold for all values of g from 0 to oo. This is possible 
only if the coefficient of each power of q vanishes. Hence we obtain a recurrence 
relationship between the coefficients a, and a,4, 
2a(v+l+1)—2Z 

Qy44 FT a Avs 
(v+1+2)(v+/+1)—1(1+1) 

which enables us to find all the coefficients of series [23] in terms of the first. 
For large values of v in [26] we can neglect Z and /, and so obtain 


=0,1,2..., ... [2.26] 


ay 
aAy+4 = 20 — (vo 00). eee [2.27] 
Formula [27] gives the coefficients in the series expansion of an exponential 
function. So approximately, for large values of g, we obtain 
La,q’ = e774, ... [2.28] 


Series [28] tends to infinity when go, and this divergence is not removed by the 
factor e~%4 which enters into the expression for p(q). Divergence of p(q) can be 


58 ATOMIC STRUCTURE AND THE PERIODIC TABLE 


avoided if the infinite series [23] can be replaced by a finite series, i.e. a polynomial. 
For this, we break off the series at v = n by arranging that the coefficient 


Or = Oq41 = 0. [2.29] 


From the recurrence relation [28] it follows that all the succeeding coefficients of the 
expansion will also vanish. As can be seen from [26], condition [29] is observed if 


- 4 4% ... [2.30] 


where 
n=n,+/1+1; n,=0,1,2... n=0,1,2... ... [2.37] 


Formula [30] gives the energy quantisation condition. Substituting for « from [22] 
and changing to the usual energy units, we have 


= _———7,—— ° Fe ee 6 [2.32] 


Energy Levels of the Hydrogen Atom 


The diagram of the energy levels of hydrogen and hydrogen-like ions, drawn in 
accordance with formula [32], (Fig. 26), shows clearly the steady narrowing of the 
gaps between the energy levels with increasing principal quantum numbers. Tran- 
sitions between these later levels correspond to low excitation energies. When the 
energy levels are perturbed, for example, as a result of interaction between atoms, 
neighbouring levels may easily overlap. Spontaneous transitions of an electron from 
excited levels to lower levels are accompanied by radiation of a line spectrum. The 
frequencies of the lines belonging to the various series for the hydrogen atom (without 
fine structure details) are shown in the diagram in cm.~? The spectroscopic data 
fully confirm the correctness of this diagram. The ground state energy level, corres- 
ponding to the lowest value of the principal quantum number, n = 1, determines the 
ionisation energy of the hydrogen atom. J = E, = 13:56 eV. This value for the 
ionisation energy agrees well with experiment. 


Quantum Numbers 


The equation for the radial part is soluble for integral values of the quantum 
number n [3/]. The equation for the angular part, as was shown in Ch. 1, §7, is 
soluble for values of the quantum numbers / and m given by formula [/./7/]. Cor- 
responding to the three degrees of freedom of the electron there are the three quantum 


numbers: 
principal: m= 1,2,3,... 
orbital: /=0,1,...,2-1 } ».. [2.33] 
magnetic: m=0, +1, +2,...,4+/ 


The principal quantum number determines the energy E of the atom. This energy 
does not depend on the quantum numbers / and m; consequently, the energy levels 
of the hydrogen atom are degenerate. When the degeneracy is removed, as it is in 
multi-electron atoms because of disturbance of the spherical symmetry of the field. 
the quantum number / determines the sub-levels into which the energy levels of the 
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hydrogen atom split. To denote these sub-levels letter symbols are used, borrowed 
from spectroscopy: 


orbital quantum number: / = 0, 1, 2, 3. 
spectroscopic symbol: s pd f. 


The orbital quantum number determines the mechanical M, and the magnetic 
M,, orbital moments 


M, = > JF) My, = JI(1+1) Mg, ... [2.34] 
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Fic, 26. Diagram of levels and spectrum of the hydrogen atom. 
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where M, is the Bohr magneton. The gyromagnetic ratio of the orbital moments: 


_ £ 2. [2.35] 


is half the ratio of the spin moments [2]. In a magnetic field of intensity H the atom 
acquires additional potential energy 


Uy = —HM,, cos 9, ... [2.36] 


where @ is the angle between the direction of the magnetic moment and the direction 
of the field. This energy is small by comparison with the energy of electrostatic 
interaction between an electron and the nucleus, but it is nevertheless sufficient to 
remove the degeneracy and split the levels. The magnetic field causes precession of 
the magnetic moment vector and of the angular momentum vector, which is parallel 
to it, about the direction of the magnetic field, the angle @ remaining constant. In 
agreement with the space quantisation rule expressed by formula [/./8/], only strictly 
defined values of the angles of orientation @,, are possible, each corresponding to an 
integral value of the projection of the momentum on the direction of the field: 


M,=——m; m=0,+1,+2,..., 41. ... [2.37] 


To the possible values of the magnetic quantum number m there correspond (2/+ 1) 
orientations of the moment M, in the magnetic field. 

The quantum numbers n, /,m define the scheme of possible energy levels of 
electrons in the atom. These levels are divided into groups, depending on the principal 


Sot p d 


subgroups 


Fic. 27. Scheme of quantum cells for the one-electron atom. 


quantum number. The scheme of energy levels of a one-electron atom is shown in 
Fig. 27 in the form of ordered quantum cells. Each group of levels consists of sub- 
groups s, p,d. For the one-electron atom the energies of different levels within each 
group are the same. The number of cells in the group n is 


pxC! +1) =n’. [2.38] 


Each cell corresponds, in accordance with Pauli’s principle, to two electron energy 
States, representing the two different spin orientations. Each state is now defined by 
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four quantum numbers: x, /, m,s. The total number of states in the group n is 2n?. 
We obtain the following capacities for the successive electron groups: 


2, 8, 18, 32,..., 2n?. ... [2.39] 
These numbers are equal to the lengths of the periods in the periodic table, but the 
sequence is not the same. 
The Radial Function of the Hydrogen Atom. The Laguerre Polynomial 


Let us substitute the coefficients [26], for the value of a given by [30], into [23]; 
then we find 


at er f, nll (2Zq\  (n-1-1) (n= 1-2) (2Zq\? 
P(g) = aoe * 4 { are | n ) 21 (21-42) (21+ 3) (7%) 


(n—1—1)(n—I-2)...1 2Zq \"" 
Fire (n—1)!(2142)(21+3)...Qltn,)\ n J ++ [2-40] 
Introducing the new variable 
2Z 2Z 
en 9 tet ... [2.47] 
n na 


and substituting [40] into [/./84], we have the radial wave function of the hydrogen 
atom 


Ry (¢) = Nye? ag Oe (€), wee [2.42] 


where WN, is a normalising factor whose value is given by the normalisation condition 
| R2r’*dr = 1, 
0 

and [2'*! is the polynomial in braces in [40]. This polynomial can be obtained by 


differentiating, 
as 


LO = Fu ... [2.43] 
where L,(é) is the Laguerre polynomial: 
k 
L,(é) = co (e~* €*). ... [2.44] 


The Wave-functions of the Hydrogen Atom 


The complete wave function of the hydrogen atom is equal to the product of the 
radial function [42] and the spherical functions [/.176]: 


Wntm (r, 0, ?) = Ry (r) Yim (0, ) = Ry (r) Om (0) ®,, (@). 


Table 5 gives the radial function for certain values of the quantum numbers 
n and I. 
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Table 5 
Normalised Radial Wave Functions for Hydrogen-like Atoms 


Z . 
(> =— Fr} ay = —>5—5 = 0-529 x 10° * cm.—radius of the first Bohr orbit} 
Ag 4n“pe 


n l Ry (r) 
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1 7, 3/2 
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Table 6 gives the values of the angular part of the eigenfunction ©,,,(6). 


Table 6 
Normalised Angular Wave Functions ©,,,(0) 


1\ m @,,,(9) LL} m- ©, (9) 
0; 0 @o,0 = J/4 i oO. O39 = / (E cos? 0—cos 4) 
; 0 ©,o = J2cos 6 | ; EL O34, = S24 (5 cos? 6—1)sind 
oa ©, 4; =./2 sin 0 42 O32. = /125 sin? 6 cos 6 
0 | ©, 9 =./5 (3 cos? 6-1) 43, O3 43 = /35 sin? 6 i 


2/ +1) ©. 41 = J72 sin 6 cos 9 


+2} ©, 4. =./15 sin? 0 
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Fic. 28. Angular electron density distribution in the hydrogen atom for 
various states /, m. 
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Fic. 29. Radial electron density distribution in the hydrogen atom for 
various states J, m: (a) s-state (1=0), (b) p-state (J=1), (c) d-state (J=2), 
and 4/-state (/=3). 
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Electron Density Distribution for Different States of the Hydrogen Atom 


The probability of finding an electron which is in the quantum state a, l,m 
in the neighbourhood of the point r, 0, ¢, in the element of volume dr = r*dr sin 0d0d@ 
is given by the expression 


wnt? 0,0) dv = | Vaim(?,0,W) |? dv = Ru(r) Oi, (Adv. .. . [2.45] 


This probability does not depend on the angle ¢ so the electron density distribution 
has the symmetry of a solid of revolution about the Z-axis, with respect to which the 
projection of the moment of momentum is quantised. 

If we integrate function [45] with respect to r from 0 to oo, we obtain the prob- 
ability of finding the electron in the solid angle dQ: 


Wim (0) dQ = ©2,(8) sin 6 dO dd. .. [2.46] 


Fig. 28 shows the angular electron density distribution for various states /, m. The 
radial distances are proportional to the corresponding values of the probability w,,,. 
These graphs show that the s-states of the atom have spherical symmetry. The p, d, f 
etc. states are characterised by a marked concentration of electron density along 
certain straight lines and planes. For comparison Fig. 28 gives the positions of the 
electron orbits according to the Bohr theory. The maxima of the electron density are 
in the directions of the Bohr orbits. 

If the function [45] is integrated with respect to both the angles, we obtain the 
probability of finding the electron in a spherical shell lying between radii r and r+dr: 


w,(r)dr = R2,(r)r’dr. ... [2.47] 


Fig. 29 gives these probabilities for various states /,m. For higher quantum states 
the electron density varies concentrically. In these cases we can distinguish a spherical 
shell in which the probability of finding the electron is greatest, but the possibility is 
not excluded of some ‘leakage’ of the electron into regions, nearer to the nucleus, 
where the electron is found less of the time. These electron states are represented in 
the Bohr model by elliptic orbits. A ‘leakage’ region corresponds to passage of the 
electron across a perihelion. The undulatory variation of the radial probability w,, 
shows that it is impossible to establish complete agreement with the Bohr orbits. 


4. The Multi-electron Atom 


Schrodinger’s Equation for a System of Particles. 
Approximate Methods of Solution 


For the multi-electron atom we can write down the appropriate Schrédinger 
equation of the type [/.38], but owing to mathematical difficulties it is impossible to 
solve it exactly. Therefore approximate methods of solution are employed. One 
simple method, suggested by Thomas and Fermi, arises from the statistical model of 
the atom and is applicable to atoms containing a sufficiently large number of electrons 
(starting, say, from the middle of the Periodic Table). By this method we can deter- 
mine the mean radial electron density distribution, which is essential for finding the 
atomic scattering function in X-ray and electron diffraction. The analogous problem 
for light atoms can be solved by the method of the ‘self-consistent’ field, proposed by 
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Hartree and developed by Fock. This method is based on a series of successive 
approximations, and requires a vast amount of laborious computation. 

The complexity of the problem for a multi-electron atom is due to the fact that 
each of the electrons in this case interacts not only with the nucleus but also with the 
other electrons. The resultant field acting on the electrons varies according to a more 
complicated law than Coulomb’s. But for the most part (~70°%) the potential energy 
of the electrons is determined by their interaction with the nucleus, because of the size 
of the charge on the latter. So the resulting field can be looked on as quasi-central. 
As in the one-electron atom, the state of an electron is defined by four quantum 
numbers, n, /, m,s, having the same physical meaning as before. The energy level 
scheme of the hydrogen atom can be taken as the basis. However the sequence of 
levels is different because the lower energy states are fully occupied by electrons. 


In the other many-particle problem of quantum mechanics (namely 
that of the atomic nucleus, in which there is no central particle), the inter- 
action is approximately the same for all the particles. So the scheme of 
nuclear levels is fundamentally different from that of the atom. The 
sequence of levels in the nucleus is: 1s, 2p, 3d, 2s, 4f, 3p, Sg etc. At the 
same time for some molecules we can keep the terminology of a single 
atom, which could be considered as formed from the molecule by 
coalescence of the nuclei. 


Scheme of Energy Levels in the Multi-electron Atom 


In the multi-electron atom the energy of an electron depends not only on the 
principal but also on the orbital quantum number, and so the hydrogen spectrum 
levels are split up. As the quantum number n increases, the distances between neigh- 
bouring levels in the hydrogen atom lessen. This splitting can lead to overlapping of 
the levels belonging to different values of n, that is, to deviation from the energy level 
sequence of the hydrogen atom. The reason for this is the screening effect of the 
electrons in the core. Let us consider from this point of view the 3d- and 4s-states. 
It can be seen from Fig. 29 that the maximum of the 3d-state is nearer to the nucleus 
than the principal maximum of the 4s-state. So in the hydrogen atom the 3d-level lies 
lower than the 4s-level. In the multi-electron atom, starting with the atom of argon, 
there is a core of 18 internal electrons, forming a spherically symmetrical group. The 
core electrons screen the nucleus and lessen its effective charge. So the energy of 
the 3d-state is considerably less. An electron in the 4s-state spends a certain amount 
of time near the nucleus, that is, inside the core and during this time it hardly experi- 
ences the screening effect of the latter at all. For this reason the energy of the 4s-state 
in the multi-electron atom is diminished to a lesser degree, and is greater than the 
energy of the 3d-state. In the Bohr model the 4s-state corresponds, as seen above, to 
an elliptical orbit with a high eccentricity, ‘diving’ deeply into the interior of the core 
and passing close to the nucleus at its perihelion. The 3d-state corresponds to a 
circular orbit passing wholly outside the core. 

The sequence of energy levels in the multi-electron atom is shown in Fig. 30 in 
the form of a scheme of quantum cells. This sequence is confirmed by a number of 
experimental data, such as the spectra of multi-electron atoms, the sequence of period 
lengths in the Periodic Table etc., and agrees with the approximate quantum mechani- 
cal calculation. The Thomas-Fermi method can be used to find the values of the atomic 
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number Z for which the p-, d-, f-, etc. electrons first appear. The theory gives the 


following formula 
Z = 0-155 (2/+1)°, 


which has been verified to within 10°%. If instead of 0-155 the coefficient is taken as 
0-17, we obtainf /= 1,2 and 3 respectively Z = 4-6, 21-2 and 58-3. Discarding 
fractions, we find Z = 5, 21 and 58. This result, obtained semi- 


1S 
empirically, agrees with experiment, since p-electrons first appear 
és ép in the 5th element (boron), d-electrons in the 21st element (scand- 
3s Sp ium) and f-electrons in the 58th (cerium). Extrapolating the 
formula for / = 4, we find that g-electrons should first appear in an 
G Ja 
. “B as yet unknown 124th element. 
5S Sp 
6S Sd\6p 


Fic. 30. Scheme of quantum cells of the 


7s | 6a multi-electron atom. 


The start of a new period, the n-th, in the Periodic Table is connected with a new 
electron shell beginning to be built up, that is, with the appearance of an ns-electron. 
Hence (Fig. 30) we obtain the figures for the periods: 2, 8, 8, 18, 18, 32,..., in 
agreement with Mendeleev’s law. 


Order of Filling the Electron Subgroups (Hund’s Rules) 


The order of filling up the quantum cells in separate electron subgroups as the 
charge on the nucleus and the number of electrons in the atoms increase is given by 
Hund’s rules, which were discovered by analysis of atomic spectra. Great importance 
attaches to the total orbital momentum L and the total spin momentum S of the multi- 
electron atom. Added together, they form the resultant momentum J. 

In forming the total spin or orbital momentum, the component momenta are so 
orientated to one another as to maximise the magnitude of the resultant S or L; (for 
spins this means that the parallel orientation is preferred). 

In forming the resultant momentum J, when the first half of the states in the electron 
subgroups is filled up, the component momenta L and S are parallel but opposite in sense, 
J = L—S, but when the second half of the states is filled up they are parallel and in the 
same sense (the latter is a consequence of the Pauli principle). 

Fig. 31 shows the successive filling up of the cells of a p-subgroup with electrons. 
Fach arrow corresponds to one electron and indicates the direction of spin. A similar 
order is observed in the filling up of the d- and f-electron subgroups. Fig. 32 shows 
the total momenta S, L and J corresponding to different degrees to which the p-, a- 
and f-subgroups are filled. For completely filled subgroups the total momenta are zero. 
So the curves of Fig. 32 also represent the total momenta of atoms and ions with the 
corresponding electron configurations in the inner core. The curves of Fig. 32a give 
the properties of atoms in the second period from Li to Ne, those of Fig. 325 the 
properties of bivalent ions in the fourth period from Ca to Zn and the curves of 
Fig. 32c the trivalent ions from La to Lu. 

The electron charge distribution in filled subgroups is characterised by spherical 
symmetry. In a filled electron subgroup with quantum number / there are 2 (2/+ 1) 
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Fic. 31. Order of filling-up p-cells with electrons. 


electrons with magnetic quantum numbers ranging from —/ to +/. The electron 
density distribution for one of the electrons with a definite value m is given according 


to [45], by the formula 
Pm = |W |? = Ru(r) Qin (8). 
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Fic, 32. Total moments S L and J for (a) p-, (6) d- and (c) f- subgroups. 
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The total electron density for a filled subgroup can be expressed as the sum: 


y Pm = Ru(r) y" ©;,,(8) = Ru(r) y Ng [Pi (cos 6)]*.  « - - [2.48] 
m=-l m=-l 


m=-—l 


As is to be expected from the properties of spherical functions, their sum in [48] does 
not depend on the angle @.+ Consequently, Zp,, does not depend on the spherical 
angles and varies only with / and n. 


5, The Periodic Law and the Periodic System of 
the Elements 


Chemically Simple and Chemically Complex Substances 


Matter undergoes various physical and chemical changes and transformations, 
either spontaneously in nature, or as a result of human agency. Some transformations 
are connected with changes in the state of aggregation (condensation—sublimation, 
crystallisation—melting, solid phase transitions, allotropy, polymorphism, etc.). In 
these transformations the chemical composition does not alter. Other transformations 
are connected with changes in the chemical composition of the substance or in the 
valency state of the atoms which form it. 

Even before the atomic theory became widely accepted, it was known that sub- 
stances could be either simple or complex in their chemical composition. Chemically 
composite substances can be decomposed into chemically simple substances— 
chemical elements. The latter cannot be decomposed into simpler substances, since 
they consist of atoms of one kind only. Atoms (or, to be more exact, atomic nuclei, 
which determine the properties of the atoms) are particles which are indivisible by 
ordinary chemical methods. In contrast to the known number of chemical com- 
pounds, which is vast and virtually inexhaustible,t the total number of chemical 
elements has turned out to be finite and relatively small, of the order of 100, and equal 
to the number of different kinds of atom. 


Stability of the Properties of Elements and their Compounds 


From the point of view of classical physics, one of the most striking properties 
of chemical elements and their compounds is the complete reproducibility of their 
physical and chemical properties. Despite the mutual interaction of the atoms, the 
individual properties of a chemical element or compound remain constant and inde- 
pendent of the method by which or substances from which the element cr compound 
has been obtained. This reproducibility, which is both theoretically and practically 
important, is what Mendeleev meant when he spoke of ‘the unchanging essence of 
eternally changing matter’. 

The reproducibility of the physical and chemical properties of a substance when 
the composition and the thermodynamic parameters which determine the state are 
kept constant is a consequence of the stationary nature of the energy states and electron 


t See e.g. A. Sommerfeld, Wave Mechanics, Dutton; New York, 1929. 

+ At the present time the number of known minerals is ~3,000, of inorganic compounds is 
~50,000 and of organic compounds ~2,000,000. The number of metallic compounds and alloys is 
difficult to determine because of the tendency of metals to form phases of variable composition. 
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configurations of atoms, molecules, crystals, etc. The stationary nature of the states 
of atoms and microsystems in general is due to the fact that they obey quantum laws. 
After any perturbation, no matter how violent, even total ionisation (the state of 
matter at stellar temperatures), provided, of course, that the nuclear charge remains 
constant, atoms on returning to their ground state, completely recover the configura- 
tions of their electron clouds. According to the laws of classical physics, implying 
continuous changes in properties, atoms of the same element in the unperturbed state 
would have different electron configurations and would lose their uniqueness. They 
would become like the systems of celestial mechanics, in which a violent perturbation 
can lead either to a substantial change or to complete and irreversible disruption. In 
this event the difference between elements and the very concept of a chemical element 
would lose any meaning. The existence of chemical elements with constant and unique 
properties is due to the quantum laws which ensure that the configuration of the electron 
cloud of an atom in the ground state is uniquely determined by the charge on the nucleus. 


Monotonic and Periodic Properties of the Elements 


If the elements are placed in order of increasing atomic number, two groups of 
properties are discovered: one group changes monotonically; the other periodically 
(Fig. 33). The monotonic properties include the atomic weight and X-ray spectra. 
The monotonic variation of atomic weight arises, as we have seen, from the stability 
condition for atomic nuclei. The monotonic variation of the X-ray spectra, expressed 
in Moseley’s law, is a consequence of the unique structure of the inner electron cores 
of the atoms and the increase in the energy of inner electrons with increasing nuclear 
charge. The X-ray spectra of atoms differ very little in the free and bound (i.e. mole- 
cules and crystals) states. There is also very little effect on the X-ray spectra caused 
by the state of aggregation of the substance. This shows that the inner electrons do 
not play a direct part in interatomic and intermolecular interactions. 

Most of the properties of atoms in the free and bound states display regular 
repetition or, as it is called, periodicity. The length of the period does not remain 
constant, but increases in a regular manner with increase in the atomic number. The 
periodic law appears in the optical atomic spectra which arise during electron transi- 
tions within the cloud of valence electrons. Similar optical spectra are possessed by, 
for example, the hydrogen atom and the atoms of alkaline metals: 1H, 3Li, 11Na, 
19K, 37Rb, 55Cs and 87Fr. The optical spectra for chemically bound atoms vary 
considerably. Molecules are characterised by band spectra, and condensed systems 
(crystals and amorphous or solid bodies) by continuous spectra which in reality are 
also discrete, but with densely packed levels (quasi-continuous spectrum). This shows 
that the optical electrons are valence electrons, and play a direct part in chemical 
bonding. 

The periodicity is also clearly shown in the curve of the first ionisation potential 
for atoms; which is equal to the work done in tearing away the first valence electron 
(Fig. 34). The maxima of this curve correspond to another group of analogous 
elements, whose distinguishing feature is their chemical inertness: 2He, 10 Ne, 18 Ar, 
36Kr, 54 Xe. 

The periodic regularity of chemically bound atoms can be traced in a number of 
properties of elements in the crystalline state, for example in the curves of volume 
(Fig. 33), melting point, coefficient of linear expansion, coefficient of compressibility 
(Fig. 35). In all cases the distances between turning points of curves showing a 
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Fic. 34. Dependence of ionisation potential of atoms on their atomic 
numbers. 


particular property against atomic number correspond to the lengths of the periods 
and always give the same sequence: 2, 8, 18, 18, 32. 

The lengths of the periods are equal to the capacities of the electron shells of the 
atoms, and their sequence coincides with the order of filling the energy levels in the 
multi-electron atom. 


Atomic number 


Fic. 35. Periodicity of physical properties: (1) reciprocals of melting 
temperatures 1/T x 10‘; (2) coefficient of linear expansion « x 105; (3) co- 
efficient of compressibility « x 10° (for the sections of the curves shown 
dotted, no reliable information exists). 
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Tables I-VII of Appendix | at the end of this book show a number of fundamental 
properties of the elements (ionisation potentials, heats of sublimation, melting points, 
density in the solid state, electrical conductivity, magnetic properties) which display 
periodicity. One can understand in the light of this general periodic law a number of 
particular results and some at first sight unexpected variations (‘anomalies’) which in 
the last analysis are due to the structure and properties of atoms. 


The Periodic Table of the Elements 


The commonest arrangement of the Periodic Table is shown in Table 7. 

This table is based on the period 8. The table for the period 18 is given in Tables 
I-VII (Appendix 1). Both tables are due to D. I. Mendeleev in his Foundations of 
Chemistry. The second originally consisted of 17 groups, since at that time the noble 
gas group was not known. In the abbreviated form of the table the elements in each 
group have to be divided into two subgroups A and B, which from the 4th period on, 
form even and odd series, headed by the alkaline and univalent heavy metals. In 
group VIII the elements are divided into triads, and, in addition, a ninth (null) group 
has to be introduced. In the fuller form (Table I, Appendix 1) all the A elements are 
on the left, and all the B elements on the right. The boundary between the elements 
of types A and B passes in this case to the left of the column of heavy univalent 
metals Cu, Ag, Au. In both these forms of the Periodic Table important groups of 
elements such as the Lanthanides and Actinides lie outside the limits of the table. 

Bohr suggested a form of the Periodic Table in the shape of a trapezium (Table 8), 
which corresponds better with the laws governing the electron structure of atoms. 
The elements of the B-subgroups lie in the upper and right hand parts of the table. 
Elements whose atoms are having their d-states filled with electrons (transition metals) 
are enclosed in a rectangle. Elements whose atoms are having their f-states filled (rare 
earth metals—lanthanides, and heavy metals from the actinide group) are enclosed 
by a double rectangle. Analogous elements are joined by lines. 


Metals, Metalloids and Chemically Inert Elements 


The elements may be divided according to their ability to form strong interatomic 
bonds into two unequal groups, namely, the chemically inert and the chemically active 
elements. The chemically inert elements are the group of noble gases, which consists 
of 6 elements (He, Ne, Ar, Kr, Xe, Rn). Within this group the degree of inertness 
diminishes with increasing atomic number. All the other elements can form com- 
pounds with interatomic bonds of varying strength. These elements may be further 
divided according to their chemical properties into two groups, also unequal: metals 
and metalloids. All the elements of the A-subgroup, that is, all the elements to the 
left of the column of heavy univalent metals Cu, Ag, Au (Table I, Appendix 1), 
including the lanthanides and actinides, are metals. Among the elements of the 
B-subgroups a gradual change in their properties is observed from metallic to metal- 
loid, if in this part of the Periodic Table one goes from left to right or vertically 
downwards. The most typical metalloids are the group of elements in the upper right 
hand corner, that is F, O, Cl. In view of the gradualness of the transition it is impos- 
sible to draw a sharp line between metals and metalloids but such a dividing line 
would pass roughly along the diagonal leading from boron to iodine. Near the line 
are elements possessing typical semiconducting properties (Si, Ge, Se, Te). 
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The distribution of the elements among these groups is thus: 


inert . . . . 6. 
metals. . . . 79, 
metalloids. . . 8. 
intermediate . . 7. 


The intermediate elements include, besides the semi-conductors just mentioned, H, B 
and C as well. In the Periodic Table the most numerous group is the metals, com- 
prising about 80° of all the elements. The general division of the elements between 
these groups depends on the peculiarities of the electron structures of their atoms. 


The Periodic Law as the Fundamental Law of Nature 


The periodic law was discovered by Mendeleev as a result of profound 
analysis of the chemical and physical properties of the elements. The basis 
of Mendeleev’s ordering of the elements was their atomic weight. Despite 
the fact that several elements were missing from this sequence and that for 
some, incorrect atomic weights had been obtained, the fundamental law— 
periodicity in the variations of their properties—was established by 
Mendeleev, and he saw in it one of the fundamental laws of nature. 

Mendeleev’s deep conviction of the truth of his newly discovered law 
was shown in his use of it to correct atomic weights and predict as yet 
undiscovered elements. For some of these elements he indicated all their 
basic properties. These elements, with the properties predicted by Mende- 
leev, were subsequently discovered and he himself witnessed the brilliant 
confirmation of a number of his prophecies. 

The periodic law made it necessary to transpose some of the elements 
and so destroy the sequence of increasing atomic weights. At the present 
time three such deviations are known (18 Ar— 19K, 27 Co— 28 Ni, 52 Ne— 
531). The atomic weight is only approximately proportional to the atomic 
number and these deviations are caused by the existence of isotopes. 
Despite these deviations Mendeleev placed the elements in an order 
corresponding to decreasing atomic weight and, as we now know, to in- 
creasing atomic number. 

The periodic Jaw is one of the fundamental laws of nature and des- 
cribes the physical and chemical properties of matter throughout the whole 
Universe: on Earth, on other planets, in the atmospheres of the Sun and 
the stars, in the particles of cosmic dust, etc. The envoys of distant worlds 
—meteorites, falling onto the Earth—provide direct confirmation of the 
identity of the range of elements and properties of matter in different 
regions of the Universe. The spectra of nebulae and stars testify to the exis- 
tence on them of well-known elements. Helium, first detected on the Sun, 
was later discovered on the Earth. Spectroscopy was used to confirm the 
formation in the Sun’s atmosphere of a set of the simplest radicals, suffi- 
ciently stable at high temperatures (C,, CH, CN, NH, OH, SiH, SiF, MgH). 
In the atmospheres of the planets the spectroscope uncovers the presence 
of such molecules as carbon dioxide (Venus), methane (Saturn, Uranus, 
Neptune), ammonia (Jupiter) etc. Astronomers believe that on the 
nearest planet to us, Mars, there are higher forms of organised matter— 
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that is, plants. Mendeleev’s law has given one of the first foundations for the 
hypothesis of the possibility of life on distant worlds. Indeed the theme 
of one science-fiction novel is how the first cosmonauts use the Periodic 
Table as a key to decipher the Martian alphabet. 

Many great scientific generalisations, such as, for example, the cos- 
mogenic hypothesis of Kant and Laplace, have had only a temporary 
importance and represent in the history of science only one of the transient 
stages of its development. The fundamental law of nature—the periodic 
law, discovered by Mendeleev—is the foundation of Natural Philosophy 
and will exist for ever, like the very Universe itself. 


6. The Electron Structure of Atoms of Different Groups 
of Elements 


Elements of the B-subgroups 


The simplest structure is that of the atoms of the lightest elements—hydrogen 
and helium, in which the first electron shell is being filled. This shell consists of a 
1s-subgroup (Fig. 36a). In the atom of helium this subgroup is completely filled, thus 
marking the termination of the first period. In the succeeding elements, starting with 
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Fic. 36. Electron structure of atoms of (a) the first, (b) the second periods. 


lithium, the next electron group is being filled. It consists of two subgroups. The 
electron structure of atoms belonging to elements of the second period is shown in 
Fig. 366. The filling of the s- and p-cells ends with neon. 

Table 9 gives the formulae for the electron configurations of the unfilled valence 
shell (upper line) and symbols of the atoms (lower line) for all the remaining 
elements which contain only s- and p-electrons. The last column gives, in the appro- 
priate rows, the formulae for the completely filled inner groups. s- and p-valence 
electrons are found in atoms of the following elements: the alkali metals, alkaline 
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earth metals and the elements of the B-subgroups. The electron configurations of the 
valence shell in these elements vary according to a simple law. In atoms of the alkali 
and alkaline earth elements the ns-cells are being filled. In elements of the B-subgroups 
first the s- and then the p-cells are being filled in succession, as shown in the schemes 
set forth above. The electron configurations of positive ions coincide with the electron 
configurations of atoms which are one or two groups further to the left (for instance, 
the configuration of the ion Mg” is the same as that of the atom Na, and similarly 
the ion Mg*? corresponds to the atom Ne). The configurations of negative ions are 
the same as those of atoms one group to the right (the ion Cl” has the configuration 
of the argon atom). 


Table 9 


Electron Configurations of Atoms with s- and p- Valence Electrons 


AUNAHNAAKR HWP 


The Transition Metals 


In the more complicated cases arising in the succeeding periods (transition 
metals, rare earths, actinides), the theory cannot yet uniquely determine the distri- 
bution according to subgroups d and s, or f, d and s, of valence electrons possessing 
almost identical energies, so experimental data, mainly spectroscopic, are used to 
determine the electron configurations of the atoms. Fig. 37 shows the filling of 
quantum cells in elements of the fourth period. Table 10 gives the electron con- 
figurations and symbols of the atoms of elements in which a d-subgroup is being 
built up. 

These elements are divided into sets according to their properties, and they form 
the large group of transition metals. Here the closeness of the d?s*-, d’*'s- and 
d’**-states is apparent. The basic arrangement is the first of these and we find it in 
the majority of transition elements. The atom of Cr has the configuration 3d°4s, 
when one of the s-electrons crosses over to the 3d-level. During this process all the 
d-cells in the Cr atom are simultaneously filled up and the atom acquires spherical 
symmetry. A similar transition occurs also in the Cu atom and in metals of the 
palladium series: Nb, Mo, Tc and Ru. Transition of both s-electrons to the d-level 
happens in Pd and Ir, whose atoms have only d-electrons in the ground state. The 
electron configurations of ions of the transition metals are not the same as the electron 
configurations of atoms in the neighbouring groups to the left. Thus the ion V~ has 
the configuration 3d‘, not 3d24s? as in the atom of Ti; the ion Fe* is 3d°4s, not 34°47 
as in Mn. As Landau and Lifschitz have observed, all the ions found in the natural 
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37. Electron structure of atoms of elements of the fourth period. 
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Electron structure of the lanthanides. 
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state in crystals and solutions contain in their valence shells only d- or f- (but not 
s- and p-) electrons. Thus iron occurs only in the form of ions Fe*? and Fet? with 
configurations 3d° and 3d° respectively. 


Lanthanides and Actinides 


The electron configurations of the lanthanides are shown in Table Il and in 
Fig. 38. In these elements, starting from cerium, the 4f-shell is being filled up, and a 
competition for electrons is taking place between the 4f- and 5d-states. 

The least accurately known electron configurations are those of atoms of the 
actinides, in which there is competition for electrons between the 5f-, 6d- and 7s-states. 
Table 12 gives the electron configurations obtained by means of magnetic measure- 
ments and analysis of the chemical properties of compounds of the heavy elements. 
The most accurate figures are printed in 
bold type. According to the magnetic 
data, the overlapping of the 6d- and 


Sf-levels occurs when almost half the 
bd 
i 


Fic. 39. Position of 5/- and 6d- 
levels. $2 97 9% 9S Z 


E 


Table 10 
Electron Configurations of Atoms of Transition Metals 
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Table 11 


Electron Configurations of Neutral and Singly Ionised Atoms of 


Element 


Caesium 
Barium 
Lanthanum 
Cerium 
Praesodymium 
Neodymium 
Promethium 
Samarium 
Europium 
Gadolinium 
Terbium 
Dysprosium 
Holmium 
Erbium 
Thulium 
Ytterbium 
Lutetium 
Hafnium 
Tantalum 


Element 


Fr 
Ra 
Ac 
Th 
Pa 
U 
Np 
Pu 
Am 
Cm 
Bk 
Cf 


Rare Earth Elements 


Neutral atom 


Atomic 
Symbol | fone Configurationt 
Spectral 
4f | 5s|5p|5d|6s| "Pe 
Cs 55 0;2/6/0]/ 1 *S1/2 
Ba 56 01'/21/6,0;2) 1S, 
La 57 O/2;/6;1]}2| 7D3, 
Ce 58 (2};21}6,;0;2)| 7A) 
Pr 59 3;2/6/0/;2| 4D) 
Nd 60 (4,;2;6;/0;2)| 37) 
Pm 61 (S5}2}6}0;,2)| °H)) 
Sm 62 2'/6'10);2! 7% 
Eu 63 7}21'6}0)2)] 8S), 
Gd 64 7'}21:6/1;2) %D, 
Tb 65 (8;};2/6}1)2)! 8A)) 
Dy 66 (io; 2};6{0;2)] 52)) 
Ho 67 (i1}2/6;0|2)| 4D)) 
Er 68 (i2}2);6;0|/2)| 37H)) 
Tm 69 13}2\|6/0)2) 2F?, 
Yb 70 14;2/;6)/0;2] 'S, 
Lu 71 14);2/;6)1|]2| 7D; 
Hf 72 14;2;6/2|2)| 3F, 
Ta 73 144/2/6/3)/2) 4F3, 


+ Inner shells wholly filled and not shown in Table. 


Table 12 


Electron Configurations of Atoms of the Actinides 


Ionized 
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places in the 6d-subgroup have been filled, at which point the 5f-level becomes more 
favourable than the 6d-level (Fig. 39). The chemical data also point to a difference of 
properties between the pre-uranium and post-uranium elements. Th, Pa and U are 
more like the transition metals of the IVA, VA and VJA-subgroups than like the cor- 
responding lanthanides. The question of the structure of the valence electron shell 
in atoms of heavy elements requires further study. 


Problems 


1. What kind of symmetry is found in the electron shell of a filled p-subgroup ? 

2. What form would a Periodic Table of 100 elements take if the electron levels were 
filled up according to the scheme of the single-electron atom? What would be the 
value of the magnetic moment of the atom with atomic number 100? 


Chapter 3 


THE QUANTUM THEORY OF INTERATOMIC 
AND INTERMOLECULAR INTERACTION 


1. Interaction between Atoms and Electrons 


Ionisation Potential of Atoms 


The curve of first ionisation potential against atomic number (Fig. 34) shows the 
energy necessary to remove one of the outer electrons from an atom. The curve has an 
obviously periodic character. The smallest ionisation potentials are 3-5 eV and are 
for the alkali metals, where the atoms have only one electron in their valence shells. 
The largest ionisation potential (25-4 eV) is that for helium, which has a completely 
filled K-shell (1s?-group). The same is true for the other noble gases, the atoms of 
which have 8-electron configurations, consisting of filled ns*p°-subgroups, in their 
valence shells. These configurations are characterised by great stability. The ionisa- 
tion potential increases in proportion to the number of electrons in the valence shell 
of the atom, because of the increase in the nuclear charge, which raises the energy 
of interaction between the electrons and the nucleus. The mean distance of the elec- 
trons of a given subgroup from the nucleus is approximately the same, so the ionisation 
potential of helium is almost twice that of hydrogen; slightly less than twice because 
of the screening of the nucleus by the second s-electron. On the increasing sectors of 
the ionisation potential curve, small maxima and minima are observed; their appear- 
ance is connected with the finer details of the structure of the electron shell. Thus the 
ionisation potential maxima of the divalent elements Be, Mg, Zn, Cd, Hg are due to 
the fact that in these elements an s*-subgroup is completed and the configuration 
formed by a pair of ns’-electrons possesses relatively greater stability. The degree of 
stability of the valence pair of s?-electrons grows with increasing atomic number, 
as is indicated by the increasing depth of the minima before the elements B, Al, Ga, 
In and Tl, where the p-subgroups start to be filled. The depth of the Be-B minimum 
is only 1-5 eV, whereas for Hg-TI it is about 4 eV.t While the p-subgroups are less 
than half filled (B-N) the electron bond strength increases, but when the second half 
of the p-states begins to be filled the bond strength drops slightly. This is indicated 
by the minimum at oxygen and the stationary point in the section of the curve around 
sulphur. In the sector K~Zn two plateaux can easily be seen. They correspond to 


t The great strength of a pair of s?-electrons in heavy elements is the explanation for the decrease 
in valency (from 3 to 1) which is observed in a series of thallium compounds and in lead, and to a 
lesser extent tin, compounds (in both these latter cases from 4 to 2). (Vide Table II, Appendix 1.) 
This would seem also to explain the low heat of sublimation and low melting point of mercury. 
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the filling of the first half and second half of the 3d-states. The filling of the first half 
of the 3d-states is complete with chromium, the element with atomic number 24. 


Electron Affinity 


When an electron approaches a neutral atom, forces of interaction which are 
mainly attractive arise between them. The energy of interaction varies with distance 
according to a different law from Coulomb’s, being approximately as 1/r*. As shown 
by the solution of Schrédinger’s equation, interaction obeying Coulomb’s law would 
lead to the formation of an infinite number of allowed energy levels within the atom. 
But with an interaction which obeys the other law, the number of energy levels is 
finite and in particular cases they may even be absent. In the latter event negative 
ions are not formed. If there are in fact stable levels, then the atom tries to capture a 
supernumerary electron and turn itself into a negative ion. In these cases the energy 
with which the electron is captured, E, is called the energy of affinity between the atom 
and the electron or electron affinity and is positive. The greatest electron affinities are 
found in the halogen atoms (Table 13). 


Table 13 


Electron Affinities 


When a halogen atom captures the additional electron a vacant place in the 
p-subgroup is filled up and a closed, stable 8-electron configuration is formed, like 
the configuration of the outer shell of an atom of a noble gas. The oxygen atom also 
possesses a high electron affinity but the addition of a second electron with the for- 
mation of a doubly charged negative oxygen ion O~? is no longer advantageous and 
requires considerable energy. Negative electron affinity is predicted theoretically for 
atoms of the noble gases. Metallic atoms have vacant valence shells and many of 
them show a significant electron affinity (Li—0:5; Na—0-2 eV); this is especially 
great in the case of the heavy univalent metals (Cu~ 1:0; Ag~ 1-1; Au~2-4 eV). 

A high electron affinity is also found in certain polyatomic groups forming 
complex anions, for example NO;, CO;~, SO; ”, etc. At the same time some 
other polyatomic groups show affinity to a positive charge (proton), as for example 
in the well-known ammonium ion NH j. 


Electronegativity 


In interactions between atoms their capacity to capture or give up a valence 
electron is very important. This capacity is measured by a quantity known as the 
electronegativity. The electronegativity is a relative property. Thus when atom B 
interacts with atom A it may capture an electron from it, but, conversely, when it 
interacts with atom C it may give up its electron. In this case the atoms are arranged 
according to electronegativity in the series A<B<C. The electronegativity can 
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be taken as approximately half the sum of the ionisation potential and the electron 
affinity energy: x = (J+ E) (Table 14). 


Table 14 


Electronegativity of Atoms 


If the elements are arranged in order of electronegativity, then this series will 
begin with the most electropositive elements, that is, those most inclined to form 
positive ions. Such are the alkali metals, which have low ionisation potentials and 
insignificant electron affinities. At the other end of this series will be the most e/lectro- 
negative elements, that is, those most inclined to form negative ions. Such are the 
halogens, which have large ionisation potentials and the highest electron affinities. 
If the elements are arranged in order of electronegativity one can draw a boundary, 
albeit tentative, between those electropositive elements—the metals—and the electro- 
negative elements—the metalloids. This boundary dividing the elements into two 
basic groups can be drawn according to their chemical properties, one of which is 
that in the majority of metallic chemical compounds such as salts positive ions 
(cations) are formed, whereas for metalloids the ions are negative (anions). 


2. General Characteristics of the Forces of Interatomic 
Interaction 


Electrical Nature of the Forces of Interaction 


When atoms A and B approach one another, interaction begins between them. 
The interaction problem, even in the case of the simplest atoms, is extremely compli- 
cated, since it is necessary to consider the mutual behaviour of several particles 
(nuclei and electrons). To deal with it one must take account of the wave properties 
of microparticles, in the first instance of electrons, and solve the corresponding 
Schrodinger equation by approximate methods. In the general case it can be said 
that if the energy of the interacting atoms A and B is less than the total energy of the 
isolated atoms, then the forces of attraction prevail between them and they form a 
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stable molecule AB. This interaction is described by the simplest chemical reaction 
equation A+B = AB. 

If the energy of the system increases when the atoms approach one another, then 
the forces of repulsion predominate, and in this case the formation of a stable mole- 
cule is impossible. Let us consider what may be the nature of chemical interaction 
energy. The forces operating between atoms could be gravitational, magnetic or 
electric. 

The potential energy of gravitational interaction is insignificantly small. For the 
heaviest atoms, of atomic weight 250, 


_ (mA)? _g (1:66 x 250)? x 107 *8 
U ray ~ G r — —6 7 x 10 — 3x4Jo-= erg = 
= 39x 10° ** erg = —2:4x 1079? eV, ... [3.7] 


where G is the gravitational constant and m, is the mass of the hydrogen atom. 
Gravitational forces cannot possibly account for the formation of molecules and 
crystals. 

In order to evaluate the magnetic energy, we shall find the interaction energy of 
two elementary magnetic dipoles, each equal to the Bohr magneton, and a distance 
3 A apart: 


2MZ (0-928 x 10-2)? 


Une = — = —2 sO 
mes r? 27 x 10° 74 


erg = —~7x10°° eV = —0-2cal./mole 
... [3.2] 


This energy is considerably greater than the gravitational, and in some cases can be 
measured. Thus in the ferromagnetic crystal of magnetite (Fe,0,) the magnetic 
energy, found from experimental data, ~0-1 cal./mole. However even the magnetic 
energy is considerably less than the mean binding energy of atoms in molecules and 
crystals. 

The electrostatic interaction energy of two elementary electric charges a distance 
3 A apart is 

e? (4-8 x 107 2°)? 


U... = -T = OC 8x 107!” erg = —5eV w —220 kcal./mole 
a r 3x10 
s a s [3.3] 


This corresponds in order of magnitude to the energy of a chemical bond, representing 
the energy of electrical interaction between atoms. The chemical binding energy is 
comparable in magnitude to the mean binding energy of the outer electrons in atoms. 
The chemical bond is created by these outer electrons, which are called valence 
electrons. The measure of the capacity of an atom to take part in a chemical inter- 
action is its valency. 


The Three Basic Types of Chemical Bond 


As was pointed out above, the chemically active elements are divided into two 
fundamental groups, the metals and the metalloids, the atoms of which have electro- 
positive (+) and electronegative (—) properties respectively. Chemical interaction 
occurs not only between atoms belonging to the same group, but also between atoms 
belonging to different groups. There are three fundamental types of chemical bond, 
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corresponding to the three different types of combinations of atoms, depending on 
their electronegativities: (— —), (++), (+ —). These bonds are the covalent, the 
metallic and the ionic (Table 15). 


Table 15 
Basic Types of Chemical Bond 


Type of a 
chemical bond | Sombot 


ee ee ed 


Polarity 
of bond 


Chemical nature of 
interacting atoms 


Metalloid-metalloid Homopolar Covalent —— 
Metal-metal Homopolar Metallic ++ 
Metal-metalloid Heteropolar Ionic +— 


The electrical nature of the interaction is the same in all these cases but, the 
character of the interaction varies substantially because of the difference in electron 
structure between atoms of different groups. The difference in the nature of the 
chemical interaction is shown by the considerable variation in the physical and 
chemical properties of simple and compound substances. 

A peculiarity of the electron structure of metallic atoms is the partial filling of 
the outer (valence) shell. Thus in the atoms of the alkali metals, which begin new 
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Fic. 40. Filling of the valence shells in atoms of alkali metals and halogens. 


periods in the Periodic Table, there is one s-electron in the valence shell. Neighbour- 
ing p-levels remain free (Fig. 40a). In the atoms of alkaline earth metals, and also in 
the atoms of transition metals, including rare earth and heavy metals at the end of 
the Periodic Table, the valence shell has its s, p,d and f-levels respectively only 
partially filled; a large part of these sublevels remains free. 

A peculiarity of the electron structure of the atoms of metalloids is that the 
valence shell is to a large extent filled up, and only a few levels in it remain unoccupied. 
Thus in halogen atoms only one level is vacant in the s— p-shell (Fig. 405). In the 
clements of the oxygen subgroup two free levels remain, and in the nitrogen subgroup 
three. In elements of the carbon subgroup the s—p-shell is half filled, each atom 
having 4 electrons and 4 free levels in this shell. The next unoccupied energy levels in 
metalloid atoms lie too high by comparison with the chemical bond energy so any 


hope of using them for electron sharing when atoms approach one another is ruled 
out by energy considerations. 


Intermediate Types of Chemical Bond 


The basic types of chemical bond shown in Table 15 describe the limiting cases 
of chemical interaction. In reality, a large number of intermediate types of bond are 
possible, depending on the nature and electronegativity differences of the reacting 
atoms. In molecules and crystals formed by atoms of the same kind (homopolar 
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bonds), the valence clectrons are shared and move in orbits which take in several 
nuclei. ‘Vhis leads in the majority of cases to a symmetrical valence clectron density 
distribution between neighbouring nuclei. In molecules and crystals formed by atoms 
with different clectroncgativitics (hetcropolar bond), the centre of gravity of the 
electron cloud is displaced to the side of the atom with the greater clectroncgativity. 
If there is a considerable difference in the clectroncgativitics, the valence electron of 
the clectropositive atom passes over almost completely to the shell of the electro- 
negative atom and in this case a compound ts formed with the maximum amount of 
ionic binding. 


Structural Characteristics of Bonds and the Distribution of Electron Density 


An atom may have different valence states in different chemical bonds. These 
differences include: (1) the number of valence electrons taking part in bonds (the 
different valencics of atoms of oxygen, sulphur, iron, lead etc.); (2) the number and 
multiplicity of the bonds formed by given atoms with neighbouring atoms; (3) the 
configurations of the bonds (for example, the pyramidal and plane bonds formed by 
the nitrogen atom); (4) the redistribution of the valence electron density and degree 
of polarity of the bonds. The propertics of compounds depend on the previously 
mentioned propertics of chemical bonds, so a knowledge of the character of chemical 
intcraction is very important. The study of the properties of chemical compounds, 
especially their clectrical, magnetic and optical propertics, provides important 
material concerning the characteristics of the bond and cnables us to understand the 
nature of chemical interaction. Structural research is especially valuable as it enables 
us to establish the structural characteristics of bonds: configurations, valence angles 
and interatomic distances. The configurations determine the coordination number k, 
that is, the number of nearest neighbour atoms, and the bond distribution symmetry 
given by the valence angles. The valence angles must be known if we are to determinc 
the type of orbit hybridisation occurring among the valence electrons. The interatomic 
distances are important for determining the multiplicities of the bonds and their 
degree of polarity. The accurate determination of interatomic distances is possible 
by structural methods and also by spectroscopy, radiospectroscopy, and nuclear 
magnetic resonance. The latter methods are beginning to be widely used for rescarch 
into the structure of molecules and crystals. 

Apart from structural characteristics, the methods of X-ray and electron diffrac- 
tion enable us to determine the fine details of the redistribution of electron density 
caused by differences in electronegativity between the atoms. This redistribution can 
lead to the excitation of new valence states and create a bond which is polar to a 
greatcr or lesser degrce. Data on the polarity of the bond can be obtained by research 
into paramagnetic electron resonance and, in some cases, by X-ray spectroscopy. 


3. The Quantum Theory of Interatomic Interaction 


Overlapping of Atomic Wave Functions 


Let us consider atoms a and bh, the nuclei of which are at points A and B res- 
pectively (Fig. 41) on the straight line CC. Let y2'" and w3'” be the wave functions 
which describe the behaviour of the valence electrons in these atoms. The probability 

CP G 
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of finding an electron at a distance r from the nucleus, in a thin spherical shell of 
radiir and r+dr, is given, according to [2.47], by the spherical density o(r) = R?(r)r?dr, 
where R(r) is the radial part of the wave function. Fig. 41 shows the form of the radial 
electron density distribution functions for 2s (atom a) and 2p (atom 5) electrons. 
The position of the principal maximum of each curve o(r) gives the mean distance 
at which the electron is most likely to be found in the atom. This distance (corres- 
ponding to the radius of the Bohr orbit in the old treatment) generally gives the 
energy. For atoms a and J, the principal maxima are at distances r, and r, from the 
respective nuclei. The quantities r, and r, may be called the atomic radii of the free 


Fic. 41. Radial electron density distribution for atoms a and bd. 


atoms. These atomic radii do not vary much over all atoms in the Periodic Table, 
ranging from 0-5 A for the lightest atom, hydrogen, to ~1-5 A for multi-electron 
atoms. With increasing r, the curves a(r) rapidly fall away exponentially and approach 
the x-axis asymptotically. 

We shall give the name interatomic distance to the distance R,, between the 
nuclei of the atoms and so long as this distance is several times greater than the sum 
of the atomic radii the atoms, being electrically neutral systems, do not interact with 
one another. When the atoms approach to within a distance of the order of the sum 
of the atomic radii, overlapping of their wave functions begins: first, the wave 
functions of the outer electrons overlap, then when the principal maxima overlap, 
that is when the atoms approach to within distances 


Ra ~ ra +Vb, eee [3.4] 


strong perturbation of the motion of these electrons (called valence electrons) begins 
under the influence of the fields of the neighbouring atoms. 

When the valence electrons of both atoms are in the space between the nuclei, 
the electric fields acting on these electrons from both atoms are roughly the same and 
the valence electrons of the two atoms can be shared. This means that the character- 
istic movements of the valence electrons are altered as compared with their movements 
in the free atoms. The valence electrons begin to move in the field of both atoms and 
their motion will be described by a new shared wave function Ww, which we shall call 
the molecular wave function. Sharing of valence electrons is accompanied by re- 
distribution of the electron density and a change in the energy & of the system as 
compared with the total energy of the two atoms, &,+6, The quantum character 
is preserved in a system of two or more atoms. As in atoms, this shows in the dis- 
creteness of the energy levels of the system. 

If the overlapping of the wave functions is accompanied by a reduction in the 
energy of the system, é<6,+é,, then forces of attraction must arise between the 
atoms. When the atoms approach closer, these forces will give way to the rapidly 
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increasing forces of nuclear repulsion. When the nuclei are separated by a certain 
distance, corresponding to the minimum system energy @,,, = E, the forces of 
attraction will balance the forces of repulsion. This indicates that the system is in a 
state of equilibrium and means that a molecule has come into being which is quali- 
tatively different from the initial set of two atoms. 


A molecule is not the additive sum of its constituent atoms. The 
creation of qualitatively new substances is well known from a wealth of 
experimental chemical data. Thus for example, when two very active 
chemical substances interact—such as the alkali metal sodium and the 
poisonous gas chlorine—a new and chemically inert substance appears— 
sodium chloride (common salt), with properties completely unlike those of 
the initial components. 


The forces of attraction which arise when atoms approach one another and their 
wave functions overlap are often called the forces of cohesion, and are forces of 
chemical affinity, or chemical binding forces. The radius of action of these forces is, 
to a first approximation, the sum of the radii of the free atoms and lies between the 
limits ~1 and 3A. The chemical binding energy (the cohesive energy) is equal to the 
difference between the total energy of the free atoms and the energy of the molecule, 
(€,+6,)—Emin If this difference is positive, then the formation of the molecule AB 
from the free atoms is accompanied by the evolution of energy. Under these condi- 
tions a chemical reaction A+B = AB? can take place. 


Schrodinger’s Equation for a System of Atoms 


Molecules and crystals are sets of nuclei and electrons. We shall denote nuclei 
by large, and electrons by small, italic letters. Fig. 42 shows the arrangement of 
nuclei and electrons at a certain in- 
stant of time. The radii vectores Rj, 
joining the nuclei to one another are 
drawn as thick lines, and the set of 


Fic. 42. System of nuclei and 
electrons. 


these radii vectores forms the framework of the molecule or crystal. The radii vec- 
tores 7; joining the electrons to the nuclei are drawn as thin lines, and the radii 
vectores ry, joining the electrons to one another, as dotted lines. We shall consider the 
stationary states of the system described by Schrédinger’s time-independent equation 


Hw = &y, .. [3.5] 


+ Whether or not stable molecules of a compound AB are formed under the given conditions 
depends on the binding energy of the components in molecules (or crystals). If the formation of 
molecules and crystals from the pure components is accompanied by a considerable increase in 
energy, then the more stable state corresponds to a heterogeneous mixture A +B of the components 
(or to a homogeneous mixture of the corresponding gases). In some cases, even when there is a pre- 
disposition to form molecules of a compound rather than molecules of the individual components, 
the system can nevertheless be a mixture of gases and remain for a long time in the metastable state, 
if this is the case it is necessary to expend an amount of energy greater than the mean heat energy 
of the molecules to start the reaction (for example, an unstable mixture of hydrogen and oxygen). 
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where H is the Hamiltonian operator of the system 


H = K+U. ... [3.6] 


Here K is the kinetic energy operator of the system, and U is its potential energy. The 
kinetic energy operator for the system under consideration can be written in the form 


— V2. ... [3-7] 


K h? y 1 2+ 

— Bn? 5 My + at m 
Here M, is the mass of the J-th nucleus, and m is the mass of an electron. 

The potential energy of the system is equal to its total electrostatic energy 


- yy Srp iesy yg 


where Z, and Z, are the charges on the corresponding nuclei. The factor } in [38] 
appears because each radius vector is counted twice in the double summation. The 
first term in [8] is the energy of attraction of the electrons towards the nuclei; the 
second and third terms are the energies of repulsion of the electrons and nuclei 
respectively. Introducing [7] and [8] into [5], we obtain in its general form Schro- 
dinger’s equation for the system 


Lshx .. [3.8] 


e? e 
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. [3.9] 


where w is the total wave function of the system, depending on the coordinates of 
all the particles in the system 


w= W (%1, 15 213 X95 V0 225022 Nis Vis Zi eos 
Xi, YesZuy--03 Xy ¥yZyh- sd, 


where x,, y,;, Z; are the coordinates of the i-th electron, and X,. Y,, Z, those of the 
J-th nucleus. If we impose on the wave function wy of the molecule, conditions sug- 
gested by its physical meaning (continuity, boundedness, single-valuedness), then 
equation [9], like Schrédinger’s equation for the hydrogen atom, has solutions only 
for strictly defined discrete values of the parameter & of the equation. These values 
determine the energy levels of the molecule (or crystal). The square of the modulus 
of the wave function gives the probability of finding the particles in different regions 
of the system. 

The great difference between the masses of electrons and nuclei and the corres- 
ponding difference between their degrees of inertia mean that the motions of electrons 
and nuclei are fundamentally different in character. In molecules and crystals, the 
electrons trace out curved paths just as in atoms, whereas the nuclei, which in atoms 
may be thought of as at rest, perform oscillatory motions about their positions of 
equilibrium. In an interval of time during which the electrons complete a large 
number of revolutions about the nuclei, the latter are displaced only a very slight 
distance. Thus, the forces acting on the nuclei may be averaged and considered as 
constant. When the system is in equilibrium these forces vanish: this corresponds to 
the equilibrium position of the nuclei. During displacement from the equilibrium 
positions, restoring forces begin to act on the nuclei, tending to return the latter to 
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the equilibrium positions, and for small displacements, these forces are proportional 
to the displacements. Under their influence the nuclei perform harmonic oscillations 
with amplitudes which are small by comparison with the internuclear distances, and 
with frequencies v of the order of 10!° sec.~! For the distances between nuclei in 
molecules and crystals, we shall take the distances between their equilibrium positions. 
The oscillatory motions of the nuclei are quantised. Owing to the zero point energy 
of the quantum oscillator, the nuclei, even at absolute zero, never come to rest in 
their equilibrium positions. 

The configuration of atomic nuclei in the molecule or crystal does not vary with 
the passage of time: 


Rj, = const.... ... [3.10] 


This enables us to speak of the definite atomic structure of a molecule or crystal. This 
structure can be indicated most simply by drawing the vectors linking adjacent nuclei 
(atoms). These vectors correspond to the lines of action of the chemical bonds, and 
show which atoms are directly linked with one another. The assemblage of lines of 
action of the bonds forms, as a rule, a rigid framework for the molecule (or crystal) 
and the electrons move within the limits of this framework. The electrons belonging 
to individual atoms move around their own nuclei, while the shared valence electrons 
take in several nuclei in their motions. Asa result of the steady motion of the electrons 
in the molecule (or crystal) a definite electron density distribution is set up, and this 
plays an essential rdle in determining the properties of the molecule (or crystal). Thus 
for example, in heteropolar compounds, the redistribution of electron density gives 
rise to electric dipole moments, and they account for the special electrical properties 
of the corresponding substances. The configuration of atomic nuclei and the distri- 
bution of electron density in a molecule (or crystal) determine its structure (sometimes 
called its chemical structure). 

The atomic arrangement of a substance can be established experimentally by 
means of structural methods of investigation (X-ray-, electron- or neutron diffraction) 
and by the study of the magnetic, electrical, optical and other properties of the 
corresponding molecules and crystals. Therefore in considering questions of inter- 
atomic interaction we shall rely on experimental data and regard the atomic structure 
as known. The expediency of this becomes more clear when one reflects that in a 
number of cases isomerism, allotropy and polymorphism occur; in other words, a 
single chemical substance may exist in various different structural forms. | 

The above argument shows that equation [9] can be simplified. Thus relation 
[10] leads to the result that the differential part of equation [9] which relates to the 
nuclei, and is expressed by the first term, vanishes. The last term in brackets, which 
expresses the energy of electrostatic repulsion of the nuclei, is a constant: 


e? ZZ, 


a = C = const. ... [3.17] 
27 K Rox 


Thus in Schrédinger’s equation for molecules and crystals we need keep only the 
terms relating to the electron part: 


pvt es (e45 5 2x DE | a0. ... [3.12] 
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The molecular wave function will also be correspondingly simplified; it will now be 
a function only of the coordinates of the electrons: 


Ww = W011 213-6 Xe Vp Zp) ... [3.13] 


We should note that the rejected constant C—the energy of nuclear repulsion—in the 
expression for the potential energy will have to be reincluded later when the total 
energy & is calculated, since the total potential energies of the molecules and crystals 
are normalised in such a way that U0 when the particles are infinitely far from one 
another. 

Despite the simplifications, equation [/2] is so complicated that mathematical 
difficulties make it insoluble. For the simplest case, that of the molecular ion of 


-@ 


ls Ts 
Fic. 43 


Molecular ion of hydrogen. 
a R 


ab 
hydrogen H3 (Fig. 43), which contains 3 particles—2 protons and 1 electron— 
equation [/2] takes the form 


8n*m e* @? 

V7 ¥+— HJ €+—+—] =0. ... [3.14] 
h r, Vs 

However even for this equation which relates to the simplest molecule, the exact 

solution is, for the reason stated, unknown. Thus approximate methods become of 

great value in the solution of the problem of interatomic interaction. 


The Variational Method 


If we multiply both sides of equation [5] by y* and integrate through- 
out the whole volume of the system we obtain for its energy the expression 


* 
g = ae [B15] 
Sly [Pde 

In this equation H, the Hamiltonian of the system, is known, and in order 
to calculate the energy we have to know the wave function w. In so far as 
the exact form of this function cannot be found by direct solution of 
Schrédinger’s equation, we shall try to pick out approximate values for 
the molecular wave function, starting from the general physical conditions 
of the problems. 

We may consider the best approximate molecular function wy out of 
the given class of functions to be that which makes the total energy of the 
system, found by formula [/5], a minimum. We can find the minimum 
energy of the system by varying & with respect to a parameter which 
characterises the chosen class of wave functions. The variation of the 
energy of the system can be continued further by introducing new and 
physically meaningful parameters which improve the chosen approximate 
expression for the wave function. The method of successive approxi- 
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mations may reasonably be used until the minimum energy of the system 
found by it has reached a practically stable value. Variational methods 
were successfully used long ago to solve a series of problems in classical 
mechanics and optics. 

To apply the variational method in the present case one must find an 
approximate expression for the molecular wave function. In a sufficiently 
general form this can be achieved by means of the method of atomic 
orbitals (Heitler-London) or the method of molecular orbitals (Hund- 
Millikan—Herzberg). 


The Method of Atomic Orbitals 


Let us denote the atoms forming the molecule by the letters 
a,b,...,i,...90 ... [3.16] 
The valence electrons of the atoms will be denoted by the figures 
1,2,...,k,...H 


For simplicity we shall consider the case of monovalent atoms, the number 
of which is equal to the number of valence electrons. We first extend the 
molecule until the atoms forming it are separated from one another by 
distances so large that interaction between them can be ignored. The be- 
haviour of the valence electrons in atoms in this state, which we shall take 
as the initial state of the system, is described by the unperturbed atomic 
wave functions 


w,(1), Wp(2),..-, W,(k), ... UW, (n). vse [3.17] 


A valence electron of each atom is linked with a given atom. The wave 
function w, of the assemblage of non-interacting atoms is equal to the 
product of the atomic wave functions 


= VD) WO-- ve) <The... [318] 


In the light of the probability interpretation of the wave function, formula 
[78] may be considered as a consequence of the theorem that the proba- 
bility of a compound event is equal to the product of the probabilities of 
the component events, if the latter are independent of one another. The 
truth of this result may easily be verified by substituting the expression 
into Schrédinger’s equation for the assemblage of atoms, whose Hamil- 
tonian is equal to the sum of the Hamiltonians of the individual atoms, 
H = H,+H,+..., and whose total energy is equal to the sum of the 
total energies of the atoms, 6 = 6,+¢@,+... 

When the atoms approach one another and a molecule is formed, the 
valence electrons become shared and move in the field of several atoms. 
An electron originally belonging to the first atom will after a certain time 
be near the second atom, and then the third and so on. The first atom will 
acquire a new valence electron in place of the one which has left it and 
gone to another atom. As a result there will be a redistribution of valence 
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electrons, which will be described by a wave function y2, analogous to 
[78], but with the electrons rearranged 


ba =H W)-O--- We) =O. + B19] 


Corresponding to the new distributions of valence electrons between the 
atoms, we obtain a series of molecular wave functions differing from one 
another in the permutations of the valence electrons. Thus, the molecule 
is described by a set of molecular wave functions 


Wis Wo. Wa, 000s Wr eees ... [3.20] 


each of which is an approximate particular solution of Schrédinger’s 
equation for the molecule. The approximate character is connected with 
the fact that these solutions take into account only the sharing of the 
valence electrons, the ‘electron exchange’, and not the perturbations of the 
atomic wave functions w, under the mutual influence of the atoms, since 
[78] includes only the unperturbed atomic wave functions. 

The general solution of Schrédinger’s equation can be written in the 
form 


Y= Wy + eWot . 6. +OmWmt 0 +O «+» [3.21] 


where the constant coefficients c,,C2,...,C,--.- define the degree of 
participation of each of the functions [20] in the general solution. The 
values of these coefficients may be found by the variational method. 


The Method of Molecular Orbitals 


There is a molecular wave function w, often called the ‘molecular 
orbital’, which describes the motions of an electron in the general field of 
two atoms a and b. In the region of atom a the electron experiences the 
predominant influence of that atom’s nucleus and of the electrons sur- 
rounding its nucleus. So the molecular function w must be similar to the 
atomic function w,. In the region of atom b the electron experiences the 
predominating influence of atom 5’s nucleus and surrounding electrons. 
Consequently the function y must resemble the atomic function w,. Both 
demands can be satisfied by assuming as a first approximation that the 
molecular wave function w is a superposition (sum) of unperturbed atomic 
functions taken each with its appropriate weight 


Wy = Wat CW, = N (Wats), vee [3.22] 


where c, and c, are constant coefficients measuring the degree of partici- 
pation of each of the atomic orbitals. These coefficients may be expressed 
in terms of constants N and 4. Wave functions of type [22] describe the 
motion not only of valence electrons, but also of the electrons within 
atomic structures. In the latter case we must take, for the structure of 
atom a, c, = 0, and for that of atom b, c, = 0. Then the molecular 
functions transform into the corresponding atomic functions. The co- 
efficients c, and c, in the general case are connected by the relationship 


c+ cp+2c.c,S = 1 ... [3.23] 
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and there is a corresponding relationship between N and J, 
N = (14+47+2AS)7?. ... [3.24] 


These are obtained from the normalisation condition for the molecular 


wave function, {| |? dc = 1. Formulae [23] and [24] contain the 
quantity S, 


S = | WW, dt, ... [3.25] 


which is called the overlap integral. 
Substituting [22] into [/5], we obtain 


czE, +2c,Cp8 + csE, 
= ~ 2 42¢,¢,Ste2 ... [3.26] 
In formula [26 ] 
B= | W Hy ,dt » +. [3.27] 


is the so-called resonance integral. The quantities 


E, = | W Hw,dt, E, = | WH dt ... [3.28] 


are the portions of molecular energy connected with the atomic functions 
(but not the atomic levels, in as much as [28] contains the Hamiltonian of 
the molecule, not those of the individual atoms). If the atoms are suffi- 
ciently far apart E, and E, tend to the values of the energies of the unper- 
turbed atomic levels E°, E}. 


Calculation of Atomic Interaction by the Method of Molecular Orbitals 


We must choose the values of the coefficients c, and c, in [22] to be 
such that the energy & of the molecule, expressed by formula [26], shall 
be a minimum. The extremum conditions for the energy take the form 

0€ 0€ 

—=Q0 and ~= 

0c, Oc, 
These conditions lead to the two equations 


c, (E,— E)+¢, (B—ES) = 0 
c, (B—ES)+¢, (E,—F) = 0 J’ 


0. 


2. [3.29] 


in which E denotes the extremal value of &. Non-zero solutions of equation 
[29] are possible if the determinant formed from the coefficients of these 
equations vanishes 


E,-E, B—-ES 


B-ES, E,-E = 0. 


In expanded form this gives the quadratic equation 


(E—E,) (E—E,)—(B— ES)? = 0, ... [3.30] 
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from which E can be determined. Knowing E, we can obtain the ratio 
A = ¢,/c, of the coefficients from either of equations [29]. 

For symmetrical diatomic molecules of the type A, formed from 
identical atoms, the above relationships simplify. If £, = F,, then from 
[29] we have 


42=1 and A= 41. ... [3.37] 


This means that the moduli | c, | and | c, | of the coefficients in [22] are 
the same. This is a consequence of the symmetry of the molecule. 


From [3/] it follows that when two atomic functions are superposed two mole- 
cular functions are formed, the symmetric 


Wi = Wath, ..» [3.32] 
and the antisymmetric 
Wo = Wa Vy ... [3.33] 
From [30] we find the energies of the diatomic molecule in these two states 
E,+B E,—B 
E, = = . rn or 
(= Ty ae P= 47s [3.34] 


Formulae [34] show that when the atoms approach one another and the atomic 
wave functions overlap (8+0, S+0), the atomic levels split up. From the doubly 
degenerate atomic levels (that is, coinciding in magnitude, E, = £,) two molecular 
levels are formed, the energy of one of them being diminished, while that of the other 
is increased as compared with the energy of each unperturbed atomic level. The 
decrease in one of the molecular levels shows that when the atoms approach one 
another the total energy of the system may be diminished; this corresponds to the 
appearance of forces of attraction between the atoms. Since the resonance integral B 
is negative, the lower molecular level is described by the symmetric combination of 
the atomic orbitals (¥,+w,), and the upper by the antisymmetric (W,—wy,). The 
overlap integral S<1, so the upper molecular level rises somewhat more rapidly than 
the lower one falls: E,—E, < E,—E£E,. The lowering of the lower molecular level 
as the atoms approach one another continues at first because S and £ are increasing, 
but later the molecular energy begins to increase because of the rapid growth of the 
nuclear repulsion energy as the atoms come even closer together. 


Let us consider the graphical solution of equation [30] for an asym- 
metrical molecule AB. The L.H.S. of [30], f(E) say, represents the equa- 
tion of a parabola, the graph of which is shown in Fig. 44 for the case 
E,<£,. For energy values lying in the interval E,<E<E,, f(E) takes 
negative values. For values of E with greater modulus, f(E)>0. The roots 
of equation [30], E, and £,, obtained from the intersections of the para- 
bola with the x-axis, lie outside the energy interval E, to E,. This is shown 
also by the analytic solutions of [30]. If we suppose that one of the roots 
is near E, and the other near £,, and substitute first E, and then £, in the 


THE QUANTUM THEORY OF INTERATOMIC INTERACTION 97 


first term of [30] except in the factor which would otherwise vanish, we 
obtain approximate solutions in the form 


_ 2 
E, = p,—BaESY —_— ——___——., 
E,—E, E,—E, 


The root EF, lies to the left, and E, to the right, of the interval E,— E,. 


This result does not depend on the values of E,, E,, 8 and S, provided B 
and S do not vanish simultaneously. 


... [3.35] 


As was shown above, the overlapping of atomic functions wy, and wW, leads to the 
formation of two molecular wave functions which describe the state of a molecule 
with different energies. The energy of one state is less, and of the other greater, than 
the energies of the original atomic states. The molecular levels are filled up with 


Fic. 44 
Graphical solution of equation 
3.30. 


electrons in exactly the same way as atomic levels. Each molecular state accommo- 
dates at most two electrons with opposite spins. This consequence of the Pauli 
principle explains the empirical rule of Lewis (1916), who established the rdéle of 
electron pairs in the formation of covalent bonds: the lower molecular levels are 
filled first, and then those of higher energy. The diagram of molecular levels shows 
why some atoms form stable molecules, while others neither form stable molecules 
nor enter into chemical interactions with one another. The filling up of the lower 
branches of the split levels is accompanied by a gain in energy and these levels and 
the electrons which occupy them are called bonding levels and electrons. The filling 
up of the upper branches raises the energy of the system so these levels are said to be 
antibonding. The formation of stable molecules is possible if the total energy of the 
bonding electrons is greater than the total energy of the antibonding electrons. 


Conditions favourable to the formation of strong bonds are 
(1) the energies of the atomic levels, E, and £,, must not differ greatly, 
(2) the wave functions y, and W, of the two atoms must overlap to the 

greatest possible extent, 

(3) the functions y, and wy, must have complete symmetry about the line 
of the bond. 

Let us suppose that the energies E, and E, differ considerably. If 
E,<E,, then, as can be seen from [35], the two roots differ little from 
E, and E, respectively. Substituting E = E, in [29], we obtain c, = 0, 
and for E = E, we find c, = 0. This means that the molecular func- 
tions degenerate into the atomic functions y, and W,, and the atoms a 
and b do not form bonds with one another. 

If the atomic functions y, and y, do not overlap, then, as can be seen 
from [25], the overlap integral S = 0, and also the resonance integral 


98 THE QUANTUM THEORY OF INTERACTION 


f = 0. In this case we again obtain from [35] E, = E, and £, = £,, 
which does not give a gain of energy when the atoms interact. 

When the wave functions w, and w, overlap considerably, the integrals 
S and B may vanish if, in accordance with the conditions of symmetry for 
the atomic functions, each of them degenerates into 
two parts equal but with opposite signs. This takes 
place, for example, for ¥, = w, and yw, = W,,, when 
the z-axis of atom b is perpendicular to the line of 
the bond (Fig. 45). In this case the overlap integral 
fw, dc breaks down into two integrals having the 
same magnitude, but opposite signs. 


Fic. 45. Overlapping of ys and yp, wave 
functions. 


4. Forces of Repulsion 


The Repulsive Potential according to the Classical Theory 


If ions, atoms or molecules approach very closely, forces of repulsion begin to 
act between them. These forces are caused in the first place by the repulsion of the 
nuclei, in which considerable electric charges are concentrated. The magnitude of 
the forces of repulsion depends on the screening of the nuclei by the surrounding 
electrons and increases when the electron clouds of neighbouring atoms are super- 
posed. Before the development of quantum mechanics, Bohr calculated the forces of 
repulsion from the static model of the atom. The arrangement of electrons in an 
8-electron shell at the vertices of a cube led (Born-Landé) to forces of repulsion of a 
multipole character with a potential of the form b/r", where r is the distance between 
the nuclei of the atoms, and b and n are constants. This type of repulsive potential 
was widely used in calculating the energy of molecules and crystals, the values of the 
constants 5 and n being determined by experiment. The multipole model makes the 
forces of repulsion depend on the mutual orientation of the atoms, a result which is 
not confirmed by experiment and is not taken into account in the empirical power 
formula for the repulsive potential. 


The Quantum Calculation of the Repulsive Potential 


In the quantum mechanical calculation of the repulsive potential, the point distri- 
bution of the electrons is replaced by a distribution determined by the square of the 
modulus of the wave function, ()?, and leads to a fundamentally different formula 
for the repulsive potential. 

Let us consider the problem of the repulsive potential in the simplest case, that 
of a proton penetrating a hydrogen atom. Let the nucleus of a hydrogen atom be 
situated at the point a (Fig. 46), and let the instantaneous position of the electron C 
be given by the vector r,. We now bring a proton b close to the atom. The potential 
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Fic. 46. Penetration of a proton into a hydrogen atom. 


energy of the system consisting of the hydrogen atom and the proton will vary as 


U =e? (-+) =e? ———— = , ... [3.36] 
r fy, r ./r?4r?2—2rr, cos 0 


We find the mean value of the energy of interaction by averaging throughout the 
electron cloud 


U = (UWar). ... [3.37] 


We take this energy as an energy of perturbation and use it to calculate the unper- 
turbed atomic wave function. We introduce the variables 


ga A. R=2 ... [3.38] 
Ao Ao 
and expand U in powers of €/R: 
2e7[Ecosd € (3 1 ¢ 
U= malar 5 COs” 8-5 +... for R~ 1 
2e7[/1 1\ Rcos@ R*/3 4, 1 
= ———|{ —-—— }4——____ 4+. —_[ — ——j+... wee [3.39 
U a, (; RY Ee +3 (5 os Y 5) | [3.39] 
¢ 
for —> 1. 
ore > 


For € = R the two expressions become identical. The wave function for the ground 
state of hydrogen is 


1\t -3 

w(1s) = (3) e-. ... [3.40] 
Nap 

When [37] is integrated, by using [39] and [40], all the terms containing spherical 

functions (cos 0, 3/2 cos? @—1.. .) will vanish, apart from the first term in the second 

line of the expansion [39]. Hence 


“ 2r 


e? 1 1 _ a ~ a0 
U sep = -—_ (7-3) é $ £2g¢ = 2Eo (1+%2) @ +5 see [3.41] 


where E, is the energy of the ground state of hydrogen. The quantity U,,, is 
essentially positive, and increases rapidly as the distance diminishes. The rate at 
which U,,, increases is illustrated by the following figures: 


r 4a Ao 2a 
U 29:8 3-5 0-1 eV. 


rep 
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Formula [41], which was obtained by Unsold (1927), shows that the fundamental 
relationship between the repulsive potential and the distance is given by the exponen- 
tial factor, which appears because of the exponential decay of the electron density in 
the atom. This relationship is characteristic of forces of repulsion as calculated 
according to quantum mechanics. The spherical symmetry of the repulsive potential 
in the case under consideration is due to the spherical symmetry of the function w(s) 
and appears in all cases of filled electron subgroups. 

Formula [4/] can be generalised by considering the penetration of a proton 
into the K-shell of an atom with nuclear charge Z. For this case 


Usep(1s") = 4EoZ (1422) e”, ... [3.42] 


When a proton penetrates into the L, M, N etc. shells of atoms, expressions of the form 


—_ 


U sep = pe Zs (“) é - oe [3.43] 


are obtained for the repulsive potential. They contain an exponential factor and, 
preceding it, a factor f(r) of polynomial type, depending in a complicated manner on 
r. The fundamental relationship between U,,,, and the distance is given by the ex- 
ponential factor. 


rep 


The Repulsive Potential for Atoms with Filled Shells 


In this case also the repulsive potential contains an exponential factor which is 
dominant. For atoms of helium we have, according to Slater’s calculations, at dis- 
tances r>2a, 


U,.p(He) = 481¢ °4?, 2. [3.44] 


For atoms of Ne, Bleik and Mayer obtained 


U.ep(Ne) = 1:18 104e 739, 2 [3-45] 


For the repulsive potential of ions with filled shells Born and Mayer (1933) proposed 
the semi-empirical formula 


Urep = be °, ... [3.46] 


which, like the power function br~" introduced previously, contains two constants, 
b and p. The exponential form of the repulsive energy which emerges from the quan- 
tum calculation, is in better agreement with the experimental data. Thus, the empirical 
value of n determined for alkali-halogen salts varies within broad limits from n = 5 
for lithium salts tom = 11 for caesium salts, while the empirical values of p obtained 
for 17 alkali halides give a mean deviation of 6°% from Pmeanr = 0°345. 

The rate at which the repulsive energy increases as the atoms approach one 
another and the electron clouds overlap enables us to understand the impenetrability 
and hardness which are the fundamental properties of the solid state. The steeply 
rising branch of the curve of U,,, as r+0 enables us to introduce an important 
characteristic of atoms—the atomic radii. The equilibrium distance between the 
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particles depends also on the type of attractive forces, and so there are differences 
between atomic, ionic and molecular radii (vide Table 37, pp. 192-3). 

The Total Potential Energy of Interaction of Two Particles 


The energy of interaction may be expressed approximately as the sum of two 
terms, 


U = Ugut Usepr ... [3.47] 


corresponding to the potentials of the forces of attraction and repulsion. Fig. 47a 
shows curves of these potentials, and Fig. 47b the curve of their sum. The position of 


U(r) Yr) 


o3 


a b 


Fic. 47. (a) Attractive and repulsive potentials, (5) total potential energy 
of interaction of two particles. 


the minimum on this curve gives rpg, the equilibrium distance between the particles, 
and the depth U) of the minimum is the binding energy of the particles. When the 
zero point energy ¢ = 4hv is added, the binding energy is reduced and becomes U, —6. 
For particles with different masses m, and m, (isotopes) the frequencies of oscillation, 
v, and v,, are different [/./30]. A lighter isotope corresponds to a higher zero 
point energy. 


5. Molecular Forces 


Dispersion Forces 


The existence of the liquid and solid phases in inert elements with low boiling 
and melting points shows that weak forces of attraction operate even between atoms 
with filled shells. Analogous forces operate between molecules with saturated bonds. 
In both cases these forces are called van der Waals forces. They are the reason for 
the first correction needed in Clapeyron’s equation pv = RT and its replacement by 
van der Waals’ equation (p+a/v*)(v—b) = RT. The second correction in this 
equation takes account of the forces of repulsion. 

Atoms with filled valence shells have a spherical distribution of electric charge. 
They have thus no constant electric moments and they do not excite induced moments 
in each other. The van der Waals forces are due to the presence of significant instan- 
taneous dipoles in the atoms. Thus in the hydrogen atom the mean electric moment 
is zero, while the instantaneous moment is a significant quantity p = edy = 
4-8 x0:53x107!® c.gis.u. = 2:5 debye (1 debye = 10°’ c.g.s. units of electric 
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moment). When the atoms approach to within a distance such that there is as yet 
no overlapping of their wave functions, the instantaneous atomic dipoles interact. 
The energy of this interaction may be reduced if the electric moments become arranged 
in a regular manner. This is brought about by harmonisation (synchronisation) of the 
movements of electrons in neighbouring atoms, and gives rise to forces of attraction. 
The quantum mechanical calculation of these forces was given by London (1930). 
As the simplest model, we shall consider two identical electrical oscillators in 
which the positive charges are fixed, while the negative charges —e oscillate along 
the x-axis about the equilibrium positions. The dipole moment of the oscillator is 


p= ex = a, ... [3.48] 


where x is the displacement of the negative charge, « is the polarisability of the dipole 
and E is the intensity of the field. For a quasi-elastic oscillator 


eE = Kx, ... [3.49] 
where K is the elastic modulus. From [48] and [49] we find 
Ka Le ... [3.50] 
x oO 


The frequency of vibration of the oscillators is 
my 
yer —. 2 [3.57] 
2n 


In the absence of interaction between the oscillators their total energies are 


2 42 
Pi ,@ x Pi 
= —+——— = . {3.52 
e 2m? 2a and 6; 2m Oa [3.52] 


Here x, and x, are the displacements, and p, and p, the momenta, of the oscillators. 
We now place the oscillators on the x-axis at a distance R from one another and 
calculate the energy of electrostatic interaction between them: 


otRES ee _ 2s, [3.53] 
R R+x,+xX, R+x, R+x, RP |’ ee LS. 


In the L.H.S. of [53] the first two terms express the energies of repulsion of the 
positive and negative charges, and the two other terms the energies of attraction of 
opposite charges. If we suppose that R is large by comparison with the displacements 
x, and x,, expanding the energy E in a series and taking only the first term of the 
expansion, we obtain the expression on the R.H.S. The total energy of the system, 
allowing for the interaction, will be 


ee Xx 
6 = = (itp) +s ~ (x24 x3) -——. ... [3.54] 


The interaction of the oscillators removes the degeneracy and causes their frequencies 
to split up. To calculate this splitting, we introduce new (normal) coordinates 


| I 
xX, = Ta (X;+X2)3 xX, = Bs (x,—X,). ... [3.55] 
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In these coordinates we obtain for the momenta (p = mx) the expressions 


1 1 
= + ; +=; _ > ~ 2.13.56 
P B (PitP2); P ip (Pi— Pa) [3.56] 
and for the energy of the system 
é =— ~(p2 + p?)+ © +x2) +55 “(x2 —x?), ... [3.57] 


This latter expression may be transformed into 


1 ez e 1 em e 
6 = —_ 2 — es 2 — TY z e ea e ° 
E Ps (54 =) st |] 5 Pa (5 - <) “| 3.58] 


corresponding to the energy of two non-interacting oscillators, with eigenfrequencies 


equal to 
1 /e? 20 fe? (Qa 
%=s Ia H(u43)s > Va =e (t- 1-3} ... [3.59] 


The total zero point energy of these oscillators is 


é=thv.tihy, =3hr(,/i+% s+ 1-2 = ... [3.60] 


Expanding this in a series, we obtain 


x2 
= hvy| 1-——+ ... J. ... {3.61 
E r( aot [3.61] 


Formula [6/] shows that the total zero point energy Av of the oscillators is diminished 
as a result of the interaction in inverse proportion to the sixth power of the distance 
between the oscillators. This corresponds to the appearance of a force of attraction 
between them the magnitude of which depends on the polarisability of the atoms 
(oscillators), which in turn determines their optical properties (dispersion of light). 
For this reason the forces mentioned are known as dispersion forces. 

For the simplest atoms the potential of the dispersion forces can be calculated 
by taking into account higher terms in the multipole interaction. For hydrogen atoms 
an approximate formula (ignoring the zero point energy) can be obtained: 


e>/1 22:5 236 
VU aisp. = —6— (sot e+e eee [3.62] 


At the distance at which the van der Waals forces operate, the second term in [62] is 
about 10° as large as the first, while the third term is insignificantly small. For 
atoms of helium 


e*>/1 79 30 
U disp. = ~be2 61 78 T Tio . cee [3.63] 
When the repulsive potential is taken into account, the curve of the resulting inter- 
action has a slight minimum at r = 5-5a) with a total depth of 0-75 x 107° eV, which 


explains the low binding energy of liquid helium. At normal pressures helium remains 
CP H 
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fluid right down to 0° K, since in consequence of the feebleness of the forces of 
attraction crystalline helium ‘melts’ on account of its own zero point energy. Crys- 
talline helium is formed only under pressures above 25 atm. 

Dispersion forces are universal forces, operating not only between atoms with 
filled shells, but also between any atoms, ions and molecules. In the presence of a 
strong interaction (the chemical bond) the dispersion interaction is only a minor 
correction. In other cases the dispersion interaction forms a significant part of the 
general intermolecular interaction, while in cases analogous to the interaction of 
atoms of the inert elements, the dispersion forces are the only attractive forces between 
the particles. 


Interaction of Molecules with Constant and Induced Dipoles 


If molecules possess constant dipole moments, as do for example, molecules of 
water, or if when their polarisability is high they acquire induced dipoles, then an 
additional dipole interaction appears. The energy of this interaction is electrostatic 
and, like the energy of the dispersion interaction, diminishes in inverse proportion 
to the sixth power of the distance. 

If the molecules possess constant dipole moment yp, then under the influence of 
electric forces they tend to orient themselves in relation to one another in such a way 


E> ED 0) 
FP P& 
a b 


Fic. 48. Mutual orientation of dipoles: (a) T = 0, (6) T > 0. 


as to decrease their energy of interaction (Fig. 48a). This orientation is disturbed by 
random thermal agitation (Fig. 486). The electrostatic interaction energy depends to 
a high degree on the temperature. At sufficiently high temperatures, when the inter- 
action energy of two dipoles Uy;, < kT, the orientational interaction energy was 
shown by Keesom to be 


6° um ... [3.64] 


At low temperatures when U,;, > kT, if the dipoles are perfectly orientated, the 
dipole interaction energy is 


2 
Us, = ps (T > 0). 


In molecules which have appreciable polarisability «, induced dipole moments 
p= OE appear, where EF is the electric field intensity. The interaction energy of the 
induced dipoles does not depend on the temperature. As Debye showed, 


2ap 
U, = e e@¢e 
ind x: [3.65] 
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In the general case the interaction energy of two molecules can be expressed as a 
sum of different parts corresponding to the orientation, induction and dispersion 
interactions: 


1 (2 p2p? 3h viv 
U mot = 7.6 € ep Pavitt Pat 1X yy . oe [3.66] 
In different molecules the part played by each of these terms is different (Table 16). 


Table 16 


Types of Intermolecular Interaction (?%) 


Uor ind 
Molecule (orientation) | (induction) (dispersion) 


CO 100 
H,O 19 
CH,OH (methyl alcohol) 22 


The Hydrogen Bond 


Bonds between a hydrogen atom and the more electronegative atoms F, O, and 
N have a partly ionic character. Thus the molecules HF, H,O and NH, have constant 
dipole moments; between them and others similar, considerable dipole interaction is 
possible leading to the formation of associations, and at appropriate temperatures 
even crystals. Fig. 49 shows in schematic form the formation of intermolecular 


Fe H F 
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Fic. 49. Formation of hydrogen bonds. 


hydrogen bonds between molecules HF, H,O and NH3. The hydrogen atoms in 
these molecules form sufficiently strong covalent-ionic bonds with intramolecular 
distances E-H of 0:9, 1-07 and 1-09 A respectively. The dipole moment of the O-H 
bond is 1:°51x10~!® c.g.s. units and of the NH bond 1:31x107'® c.g.s. units. 
Interaction of the dipoles causes neighbouring molecules to orient themselves in such 
a way that the most electropositive parts of the molecules, that is the hydrogen atoms, 
approach the electronegative atoms F, O and N. The shortest distances between 
neighbouring molecules, which are shown in Fig. 49 by dotted lines representing 
intermolecular hydrogen bonds, depend on the mutual orientation of the molecules. 
The means of the distances H...F, H...OandH...N are equal to 1-6, 1-8 and 
1:9 A, that is, significantly more than the intramolecular distances. The normal 
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number of hydrogen bonds formed by the molecules HF and NH; is J, but for a 
water molecule it is 2. Water and ammonia molecules have a characteristic tetra- 
hedral distribution of intra- and intermolecular bonds. The energy of the inter- 
molecular interaction known as the Aydrogen bond is small (~5 kcal./mole). Never- 
theless the hydrogen bond is very important. The reasons are, firstly that it is so 
common and secondly, that because the energy 1s not too large the hydrogen bond is 
fundamental in processes which take place at normal temperatures, in particular in 
biological processes. The hydrogen bond is the cause of the unusual electrical pro- 
perties of the ferroelectric salt NaKC,H,O,, 4H,0, KH,PO, and other analogous 
ferroelectrics. Some surprising properties of water are due to the hydrogen bond. 
The melting and boiling points of molecular substances in the series H,Te, H,Se, H,S, 
which are determined by the van der Waals forces, drop as the molecular weight 


£00 


Temperature, °C 


1 
Be 
S 


Fic. 50. Anomalies in melting (a) and boiling (5) points of hydrogen 
bonded molecular hydrides. 


decreases (Fig. 50). If these curves are extrapolated, then for water we obtain 
tooiting = — 80°C. and faening = ~ 100° C., whereas the experimental values lie con- 
siderably higher. The rise in the boiling and melting points of HF, H,O and NH; is 
due to the hydrogen bonds, which almost double the boiling point of water on the 
absolute scale. The effect of the hydrogen bonds in the case of water is significantly 
greater than for HF and NH3. The explanation for this is that each water molecule 
forms twice as many hydrogen bonds as the molecules of HE and NH,. The methane 
molecule CH, does not form hydrogen bonds, and so the melting and boiling points 
in the series SnH,, GeH,, SiH, and CH, vary monotonically. 


Problems 


I. Find the first excitation potential &, of the hydrogen atom as a function of the 
ground state energy J. 
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2. Given that the first excitation potential of the oxygen molecule is &, = 2:6 eV, 
find: (a) at what velocity of collision its impact with a wall will be inelastic; (5) at 
what temperature the mean thermal energy of the molecule is sufficient for thermal 
excitation. 

3. What is the explanation for the decrease in valency in the series of Sn and Pb 
compounds to 2, and for Ti to 1, compared with normal valencies of 4 and 3 for 
elements of the IVB- and IIIB-subgroups? 


Chapter 4 


THE BASIC TYPES OF CHEMICAL BOND 


1. The Covalent Bond 


The Molecular Ion of Hydrogen H 


The ionised molecule of hydrogen Hj contains one electron. This molecular ion 
occupies in the quantum theory of molecules a position analogous to that occupied 
by the hydrogen atom in the theory of the atom. Let us consider the solution of the 
problem for this ion. The Hamiltonian of the Hz ion, excluding the term corres- 
ponding to the nuclear repulsion energy, takes the form 

h? e? 
H = -~>-Vi,--- 2 [4l 
8n2m ~~ 4, rp [4.1] 
where r, and r, are the distances of the electron from the two nuclei. The atomic 
functions wy, = W, satisfy Schrédinger’s equation for the hydrogen atom, Hw, = 
Ew, or in expanded form 


h? 3 e” 

(sen Vv -<) Va = Eo [4.2] 
where Ey = —e?/2ap is the energy of the ground state of the atom. From [J] and 
[2] Hy, = Eo,—(e’/rs) Wa, consequently 

22 
E, = | vattvad = By | © ydt, ey [4.3] 
B 
o2 
B= | vty = Bs— |< Wawa. vee [4.4] 
r) | 


Substituting [3] and [4] in [3.34], we obtain the electronic part of the energy of the ion 


2 2 
soon AC) | eae 
1,2 = £2 OOOD Oooo 


[ef vweds , ... [4.5] 


Using the wave functions of the hydrogen atom one can find the values of the integrals 

in [5] for different values of the internuclear distance. The results of calculating the 

electron energy (curve a), the nuclear repulsion energy (curve b) and the total energy 

(curve c) for the states W,+wW, and w,—wWp, are given in Fig. 51. The curve of the 
108 
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Fic. 51. The electron repulsion energy (a), the nuclear repulsion energy 
(5), and the total energy of the ion H § (c) as functions of the internuclear 
distance. 


total energy for the first state has a minimum at the distance r = 2a, = 1:06 A, which 
corresponds to the equilibrium distance of the ion H 4, and agrees well with experiment. 
The curve of the total energy of the second state has no minimum. In Fig. 52 the 
electron density distribution is shown in terms of contours of equal w* for both states 
(als and o*1s—stable and excited). Fig. 53 shows the charge distribution along the 
axis of the molecule and for comparison it also gives the curves (dotted lines) of 
electron density for the free atoms, w2 and w2. The additive curve for Hj is their 
average 1(W4+w%). Comparison of the 
curves shows that in the ground state of 
the molecule there is a considerable in- 
crease in the electron density between the 
nuclei. Because of this, strong forces of 
attraction arise and a stable molecule ts 
formed. In the excited state the electron 
charge density between the nuclei falls to 
zero. The nuclei are then less effectively 
screened, and the forces of repulsion be- 
tween them exceed the forces of attraction. 
As a result the atoms are repelled from one 
another and no molecule is formed. 


Fic. 52. Electron density distribution 
in the H* ion. 


{Figs 51, 52 and 53 are reproduced from Valence 
by C. A. Coulson by kind permission of Professor 
Coulson and the Clarendon Press, Oxford.] 


o 1s (repulsive) 
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Fic. 53. Electron density distribution along the axis of the ion. 


As Fig. 52 shows, formation of the Hj ion involves considerable 
redistribution of the electron density as compared with the isolated atoms. 
The use of the unperturbed atomic functions w, and yw, to find the mole- 
cular functions introduces a certain error, which may be removed by a 
suitable choice of perturbed functions. For example, we can take the 
atomic functions of hydrogen with altered effective nuclear charge Z, i.e. 


v= (2.) e ... [4.6] 


Tas, 


The value of Z is found by a variational method, which involves determin- 
ing the minimum energy £ for a given R. Using the observed equilibrium 
distance R = 1:06 A of the Hj ion, we obtain an effective charge value 
Z = 1:24, which considerably improves the theoretical value for the 
energy of the ion. The next approximation might be to take account of the 
polarisation of the electron clouds of the atoms in the molecule, that is to 


replace the spherically symmetric by axially symmetric functions, for 
example of the type 


_2ra _ 2ra 


Wa =e “+exe % ... [4.7] 


(the x-axis coincides with the axis of the molecule). The parameters c and 
Z are determined from the energy minimum. This gives a more accurate 
value for the energy of the molecule, making the theoretical value coincide 
very Closely with experiment. 

The ellipsoidal form of the electron cloud in the dumb-bell molecule 
suggests the possibility of an empirical choice of wave functions. James 
showed that a very good electron density distribution and a more accurate 
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energy value for HZ are obtained if the molecular wave function is taken in 
the form 


wy, =e at) F146, (r,—7,)*}, 12. [4.8] 


where the parameters c, and c, are found from the minimum energy. 


The Hydrogen Molecule H,, 


This, the simplest molecule, differs from the H%4 ion in that it contains two 
electrons. The solution of the problem of the hydrogen molecule by the method of 
molecular orbitals is analogous to the solution of the problem of the Hj ion. The 
ground state of the molecule corresponds to an arrangement of the two electrons on 
the lowest energy level with opposite spin orientations. The electron charge density 
in between the nuclei in the hydrogen molecule is higher than the charge density in 
the molecular ion. This necessarily leads to an increase in the energy of the molecule 
and a decrease in the internuclear distance, which is indeed confirmed by experiment. 
The equilibrium distance between the nuclei in the H, molecule (R = 1-38 ay = 0-74 
A) is considerably less than in the ion HZ (R = 2:00 ay = 1:06 A). The dissociation 
energy of the H, molecule (4-72 eV) is almost twice the dissociation energy of the 
Hz ion (2:64 eV). In the energy balance of the molecule the Coulomb nuclear re- 
pulsion term is much greater due to the nuclei being nearer (19-3 eV in H, and 13-5 eV 
in Hz), and a new term appears, corresponding to the repulsive energy of the electrons 
(17:8 eV). The dissociation energy of the molecule is equal to the difference between 
the energy of the molecule and the total energy of two hydrogen atoms, the latter 
being twice the potential energy of a hydrogen atom (2 x 13-6 = 27:2 eV) 


Dy, = —(2x 34-0) +178 +19-3—(—27-2) = —3-7eV. ... [4.9] 


The first term in [9] is equal to twice the energy of each electron in the molecular 
orbital (— 34-0 eV), and the second and third terms are the repulsive energies of the 
electrons and nuclei. The dissociation energy is thus the difference of two large 
quantities; in this approximation the value obtained is 1-0 eV less than the experi- 
mental value, which corresponds to the mean error in the self-consistent field method 
as applied to molecules. On taking into account the various corrections, we can 
obtain a theoretical value for the dissociation energy of the hydrogen molecule which 
agrees with the experimental value. 


The Lithium Molecule Li, 


Spectroscopic data enable us to establish the existence of diatomic Li, molecules 
and to determine their dissociation energy (1-14 eV) and internuclear distance (2:67 A). 
The calculation for the Li, molecule is carried out in a similar way to that for the 
hydrogen molecule, but it has to be remembered that the valence electrons are 2s, 
while the 1s atomic levels are filled. The dissociation energy obtained in this way 
(1:09 eV) agrees well with experiment. The increased internuclear distance in the Li, 
molecule, is a result of the increased repulsive forces and makes its dissociation 
energy significantly less than that of the hydrogen molecule. 


Single and Multiple Bonds, o and z-bonds 


In finding molecular orbitals by the method of linear combinations y,+yW,, one 
can choose as initial functions y, and wz not only the ls-functions of the atoms A 
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and B, but also other atomic 2s-, 2p,-functions etc. The valence electron density 
distribution in the molecule depends on the type of functions chosen. Fig. 54 shows 
the contours and signs of the fields of the molecular wave functions formed by super- 
imposing the s- or p-functions. The presence or absence of a centre of symmetry in 
the wave functions of the molecules is indicated by the signs g or u, which show 
whether the functions are even or odd. The molecular wave functions formed by 


Orbitals Symbol of the 
atomic molecular molecular orbital 


‘Wave function 


Yy= Vols) + y, (8) 


Oo ds 


v= ¥,(s)- G(s) O* fs 
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Fic. 54. Molecular wave functions formed from s- and p-functions. 


two s- or two p,-functions possess axial symmetry (Fig. 54). The valence electron 
density in this case is a maximum on the axis of the molecule. 

An essentially different electron density distribution is obtained when two Py- 
or two p,-electrons interact. The clouds of these electrons have the form of dumb- 
bells whose axes are directed perpendicularly to the axis of the molecule. The linear 
combination w4(p,)+W,(p,) corresponds to condensation of the electron density and 
describes the stable state of the molecule. The molecular wave function does not have 
a centre of symmetry. The electron density distribution is characterised by two 
regions extending in a direction parallel to the axis of the molecule (Fig. 54). Between 
these regions passes the nodal plane of the wave function, which contains the axis of 
the molecule and the z-axis, and for which w = 0. The electron density distribution 
does not have axial symmetry. This type of bond is formed by two p, electrons. The 
electron density maxima in this case lie in a plane turned through 90° and containing 
the y-axis. An axially symmetric electron density distribution arises if the two bonds, 
formed by p,- and p,-electrons respectively, are superimposed. 

Bonds for which the electron density is concentrated along or perpendicular to 
the axis of the molecule are called o- and z-bonds respectively. The difference in the 
electron density distribution results in a difference in the bond energy. The over- 
lapping of the wave functions for the o-bonds (other conditions being the same) is 
greater than for the z-bonds, so the energy of the a-bonds exceeds the energy of the 
m-bonds. For carbon atoms at a distance of 1-54 A the ratio of the overlap integrals 
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for the po- and px-bonds is 2:1. When atoms interact, o-bonds are formed first, and 
then one or two z-bonds in addition, depending on the number of valence electrons. 
The corresponding bonds are known as double or triple bonds; simple o-bonds are 
called single bonds. 

Each energy level in a molecule, just as in an atom, can by Pauli’s principle 
accommodate two electrons with opposite spins. Two electrons take part in a single 
bond, four in a double bond, and six in a triple bond. The fact that the energy of the 
m-bonds is less than that of the o-bonds explains the increased reactivity of compounds 
with multiple bonds compared to compounds with single bonds. In the chemistry of 
carbon, multiple bonds are very common and are the important ones in aromatic and 
in general in the cyclic compounds of carbon, where the z-electron interaction is 
the reason for the plane form of the molecule (benzene, naphthalene, plane atomic 


lattices in graphite). Aliphatic compounds of carbon are characterised by single 
bonds.f 


Multiplicity of Bonds and Interatomic Distances 


An atom with valency v can form a different number k of bonds. If the atom 
forms only single bonds, its valency is the same as the number of possible bonds: 
v =k. Single bonds are formed in compounds of a multivalent atom with univalent 
atoms and in these compounds, for example in molecules of the hydrides HF, H,O, 
NH,, CHa, it is easy to establish the valency of the second atom. The case k<v is 
the case of multiple bonds. In covalent compounds the multiplicity x = v/k of the 
bonds varies within the limits 1<«<3. The case k>v, for which x <1, relates to the 
metallic and ionic bond. The higher the multiplicity of the bond, represented in 
chemistry by the number of valence lines, the greater the interaction energy of the 
atoms and the shorter the interatomic distances. This may be illustrated by the 
example of the bonds formed by carbon. 

In molecules of methane, carbon dioxide and prussic acid, which have the 
structures 


H 


| 
H—C—-H O=C=O H—-CeEN, 


| 
H 


tetrahedron 


the tetravalent carbon atom is capable of forming single, double and triple bonds. 
In molecules of ethane, ethylene and acetylene, which have the structures 


H H H H 

fo _C=C_ 
Hc - CH »: = HC 
yy VS5A Ny y/ 133A: \Gy 


the carbon atoms form multiple bonds with one another. The interatomic distances 
C-C in these molecules diminish regularly with increasing bond multiplicity. In 
diamond and graphite crystals the carbon atoms form 4 and 3 bonds respectively 


+ With increasing interatomic distance the strength of the 7-bonds diminishes more rapidly 
than that of the o-bonds, so multiple bonds are more readily formed by atoms of small radius. Apart 
from carbon, multiple bonds are formed only by nitrogen, oxygen and, in special cases, sulphur. 
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with multiplicities « = 1 and « = 4/3 = 1-33. The difference in the multiplicities 
corresponds to the difference between the interatomic distances C—C in diamond 
(1:54 A) and in graphite (1-41 A). In the benzene molecule C,H, which has the form 
of a regular hexagon, each carbon atom forms two bonds with carbon atoms and 
one bond with a hydrogen atom. The multiplicity of the C-C bonds in benzene; 
K = (4—1)/2 = 3/2 = 1-50, is higher than in graphite, but the interatomic distance 
1:39 A is slightly less. In Fig. 55 the length of the C-C bond is shown as a function 
of the multiplicity. An increase of the multiplicity from x = 1 to x = 3 corresponds 
to a shortening of the bond by 0-34 A, that is, by 22°% compared with a single bond. 
With transition metals of the IVA- and VA subgroups carbon forms carbides with a 
. cubic structure of the NaCl type and co- 

C-0,A ordination number k = 6. If we assume 
L560 that in these carbides, carbon keeps its 
valency v = 4, we find that the multiplicity 
of its bonds is k = 4/6 = 2/3. From the 
length of the M—C bond, using a value for 
the atomic radii of the metals corrected to 
coordination number k = 6, we obtain for 
the radius of the carbon atom in these 
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Fic. 55. Dependence of the inter-atomic 
distance C —C on the multiplicity of the bond: 
1, acetylene; 2, ethylene; 3, benzine; 4, graph- 
ite; 5, diamond, ethane; 6, metallic carbides. 


carbides the value 0-80 A, which exceeds the covalent radius of carbon for the single 
bond (0:77 A). The value calculated from this for the length of the C-C bond with 
K = 2/3 is marked in Fig. 55 by a broken line. The fact that the valency of an atom 
is conserved in different compounds independently of the coordination number shows 
that the multiplicity of the bond may be either integral or fractional. 

For metallic and ionic bonds x<1. In these cases too, the interatomic distances 
depend on the multiplicities of the bonds. This relationship is usually expressed in 
the form of a correction to the atomic and ionic radii for different coordination 
numbers (vide Table 37, a and b, pp. 192-3). Variations in the coordination number 
are not always caused by variations in the multiplicities of the bonds. In some cases 
they are due to variations in the valency of the atom. Thus in the carbon monoxide 
molecule CO and in the carbon dioxide molecule CO, (which has a linear symmetric 
structure O=C=O) the interatomic oxygen-carbon distances are similar (1-13 and 
1-i5 A) and correspond to the length of the double bond C=O. The lowering of the 
coordination number of the carbon atom in the CO molecule is due to a lowering of 
its valency. The incomplete use of the valency of the carbon atom is shown by the 
increased reactivity of carbon monoxide compared to the chemically inert carbon 
dioxide. 
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Level Schemes for Diatomic Molecules 


The total scheme of levels for a molecule consists of the set of all the split atomic 
levels. The amount of the splitting depends on the degree of overlapping of the wave 
functions, which, other things being equal, increases with diminution of the intcr- 
nuclear distance. It is essential that the scheme of molecular levels should transform 
into the scheme of atomic levels not only as Roo (initial atoms A, B), but also when 
R-0. This corresponds to merging of the two nuclei and the formation of a ‘united 
atom’ A+B. 

Fig. 56 shows the scheme for molecules consisting of identical atoms. The lowest 
level ols of the molecule transforms into the lowest level 1s of the united atom. The 
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Fic. 56. Scheme of levels of diatomic molecules of type A). 


next level, o*1s transforms into the 2p level, because of resemblance between the 
symmetries of the corresponding wave functions (Fig. 54). Fig. 57 represents the 
sequence of lowest energy levels of diatomic molecules and, by way of an example, the 
electron structure of the O, molecule. Knowing the sequence of levels, one can find 
the electron structure of the molecule and determine a number of its properties (bond 
strength, magnetic properties etc.). The position of the energy levels, as may be 
deduced from Fig. 56, varies according to the internuclear distance. So neighbouring 
levels, for example o2p and 2p, and especially levels with higher principal quantum 
numbers, may overlap. Table 17 shows the electron structure of some of the simplest 
molecules and their ions, and gives the multiplicity of the bond (the single bond being 
taken as unity), calculated as the difference between the numbers of bonding and anti- 
bonding electrons (that is electrons on molecular levels lying respectively lower and 
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higher than the unsplit atomic levels); and it also gives the dissociation energies. The 
last column shows the spectroscopic symbols for the states of the molecule, in which 
the upper index stands for the multiplicity of the spectrum (1—singlets, 2—doublets, 
3—triplets), the Greek letter denotes the total moment of the electrons about the 
axis, and the subscript gives the symmetry of the molecule. 

The data of Table 17 show that, in agreement with experiment, the inert gases, 
and also beryllium, do not form diatomic molecules. Atoms of the other elements 
form molecules whose dissociation energies correspond to the multiplicities of the 
bonds, the latter depending on the number of surplus bonding electrons available. 

a Molecules with single bonds (H,, Li,) have a 
2p binding energy which decreases with increas- 
| ing interatomic distance, since increasing dis- 

tance reduces the value of the overlap integral. 


The majority of diatomic molecules H,, Li,, 
iy 3 a lz ey =. N,, F, are diamagnetic, since the occupation 


iy 


of the molecular levels by pairs of electrons 


| {== }-—_ 27 leads to compensation of the spin and orbital 
ap uz2p 2p> a 2p, moments. An interesting exception is the 
paramagnetic molecule O,, which possesses 
O2s an intrinsic magnetic moment equal to two 
Bohr magnetons. In the oxygen molecule 

there are altogether 16 electrons, filling suc- 
O"2s cessively all the lower molecular levels (Fig. 
in 57) right up to the 2*2p level, which accom- 

2s modates 2 electrons. This level is doubly 
degenerate and contains two cells. By a rule 

O25 analogous to Hund’s, these cells are occupied 


by two electrons with parallel spin orienta- 


Fic. 57. Sequence of energy levels in 


49 diatomic molecules of the type A,: 
(a) molecular levels, (b) atomic levels. 


Ols 
a b 


tions. The explanation of the magnetic properties of the oxygen molecule, added to 
the complete calculation of the energy and the internuclear distance in the hydrogen 
molecule, was a conspicuous success for molecular quantum theory. 

Both electrons on the 2*2p level of the oxygen molecule are antibonding, so the 
removal of one of them increases the binding energy. Thus the dissociation energy 
of the molecular ion O7 is greater than that of the neutral molecule O,. In the nitro- 
gen molecule N, the number of valence electrons is 2 less than in the oxygen molecule. 
All the 2p-electrons in the N, molecule are bonding electrons, so the removal of one 
of them lowers the dissociation energy of the ion Nj as compared with the mole- 
cule N,. 

When multi-electron atoms form molecules there is a difference between the 
amount of overlapping of the inner and outer electron clouds. Let us consider this in 
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the case of K-electrons. When the molecular levels (ols)? (o*1s)? are completely 
filled the total density of the electrons on these levels is given by the expression 


(Wat Ws)’ (Wa-Wp)” 2 2 
2145) +28) = i_s, 4 + Wi — 2sWyws). ... [4.10] 


The denominators of the appropriate terms in [/0] are determined from the normal- 
isation condition for the wave functions, N? fw? dc = 1. The magnitude of the 
overlap integral S for the K-shells diminishes rapidly with increase in the number of 
electrons in the atom. In the H, molecule S = 0-68, in the Li, molecule S = 0-01, 
and for carbon atoms at single bond distance (diamond R = 1-54 A) S = 107°. 
Expression [10] transforms into 2 (Wi+wW2), when S = 0 that is, into the sum of 
the electron clouds of the invariant K-shells of the two atoms. Hence it is possible, and 
expedient, to divide the electrons into internal (unaffected by a chemical bond) and 
external (which participate in chemical bonds), the latter being the valence electrons. 
The scheme of molecular levels, like the scheme of Fig. 56, relates to the valence levels. 
The energy states of the internal electrons are described by the diagrams of the 
corresponding atomic levels. 


Table 17 


Electron Configurations of some Diatomic Molecules and Molecular 
Ions of Type A, in the Ground State 


Number of 

valence oy © 

electrons SS, q oF 

a | & 2 BS) >» | 8 
Molecule vv} Ss 80 wo | 29) so | 2 
RY Re 5 .8/52/38R/ 58 
al\Slul@ial&i&|&| 2 | SE /32) 38) Be 
eS ISE1 Sl el ele] & | e8lS8)/as | Fe 
Hi I I 4 2°64 | 2z, 
H, 2 2 1 4:72 | 1%, 
He 2/1 2 1 4 (2:5) | 72, 
He, 2|2 2 2 0 0 1X, 
Li, 2;2;2 2 0 I 1-4 1y, 
Be, 2|;2|2)|2 2 2 0 2 
¢ 2};2;2/2); 1 {2,2 7 2 24 | 6:35 | 72, 
Nz 2};21:2;2| 2 {2,2 8 2 3 7:38 | 12, 
3 2}/2/}2/;2;2 |2,2) 1 8 3 24 6-48 | 71, 
O2 2';2;2/2)] 2 |2,2/1,1 8 4 2 5-08 *, 
FZ 2';2/2/;2| 2 |{2,2/2,1 8 5 14 "II, 
F, 2;2/2;2/] 2 |2,2|2,2 8 6 1 (2°8) | 72, 
Ne, 2/2;2;2) 2 {2,2/2,2| 2 8 8 0 , 


The invariance of the states of the inner electrons belonging to atoms in molecules 
and crystals confirms the correctness of our initial approximation, that is of the 
physical model which forms the foundation of the method of linear combination of 


atomic orbitals. 
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Binding Energies and Interatomic Distances in Diatomic Homopolar 
Molecules 


Table 18 gives the values of the binding energies and interatomic distances in 
diatomic molecules formed by elements of the B-subgroups, and also of the JA- 
subgroup. 


Table 18 


Dissociation Energies D and Interatomic Distances r in Homopolar 
Diatomic Molecules of Elements of the B-subgroups 


C 
0-45 . . 

The interatomic distances in the molecules increase as we go through the members 
of each subgroup in order of increasing atomic number, and at the same time the 
dissociation energies correspondingly diminish because of the decrease in the overlap 
integral. As the principal quantum number increases, the energy levels for electron 
states come closer together and the corresponding excitation energies become less. 
This allows atoms of the heavier elements of the B-subgroup to use higher valencies 
in addition to their fundamental valencies. The excitation of a new valency increases 
the original valency by an even number. Thus halogens are known to have, in addition 
to their basic valency 1, higher valencies 3, 5 and 7, as shown by the existence of the 
molecules CIF3, IF;, Cl,0,. The elements of the VI B-subgroup—sulphur, selenium, 
tellurium—exhibit valencies 4 and 6 as well as their basic valency 2. The elements 
of the V B-subgroup—arsenic, antimony, bismuth—have a valency 5 as well as their 
basic valency 3. 

In the series of molecules F,, O,, N5, the dissociation energies increase since the 
multiplicity of the bond increases: F—F, O=O, N=N. The trivalent nitrogen atom 
is more active chemically than the divalent oxygen atom. However molecular nitrogen 
is less active than molecular oxygen, and the latter is less active than molecular 
fluorine. The explanation of this is the difference between the multiplicities of the 
bonds and the corresponding difference in the dissociation energies of the molecules 
in question. In the C, molecule there is, in contrast to N,, not an increase but a 
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decrease in the multiplicity of the bond. The bonds in the C, molecule are double, 
not quadruple, and correspond to the divalent state of the carbon atom although the 
carbon atom is basically tetravalent. In the molecule C, (as also in the molecule of 
carbon monoxide CO) this valency is not found. The absence of molecules of the type 
C=C shows that it is impossible to form quadruple bonds; this is a consequence of the 
space quantisation rule. The greatest possible multiplicity of a chemical bond is three. 

The existence of diatomic molecules of the alkali metals in the gaseous phase 
has been established spectroscopically. The dissociation energies and internuclear 
distances in these molecules vary with their positions in the subgroup, in order of 
increasing atomic number, in the same way as in the molecules of halogens. In both 
cases the bonds in the molecules are covalent two-electron (single) bonds. The differ- 
ence in structure between the valence shells of halogen and alkali metal elements leads 
to a fundamental difference in the saturability of the bonds. This is shown by the 
different structure of the crystals formed by halogens and alkali metals. 


Polyatomic Molecules 


In polyatomic molecules the valence electrons move in orbitals which encompass 
several nuclei. The molecular orbitals in this case represent a linear combination of 
atomic orbitals W,, Wp, Wo..., 


W = cyWatCeWatCcoWcot... 


We now take into account the condition for the formation of the most effective bonds 
(maximum overlapping of the atomic wave functions). This condition means that not 
all sets of atomic functions are equally important, the most important being linear 
combinations of the atomic functions of nearest neighbour atoms. We can illustrate 
this by the example of the water molecule. Hydrogen atoms have a single valence 
ls-electron each. Oxygen atoms derive their valency in the first instance from two 
electrons (2p, and 2p,), which produce the basic divalent state of oxygen. The electron 
clouds (Fig. 58) of these electrons are mutu- 
ally perpendicular. The greatest overlapping 
of the wave functions of the oxygen atom 
and the hydrogen atoms occurs when the 
hydrogen atoms are orientated in the direc- 


C 


Fic. 58. Structure of the water 
molecule. 


tions of the X- and Y-axes associated with the oxygen atom. This brings about the 
formation of the triatomic molecule H,O, which possesses a triangular structure. 
Since oxygen atoms are more electronegative than hydrogen atoms, the O-H 
bonds have a dipole moment with the negative end of the dipole on the oxygen atom. 
Vector addition of the dipole moments of the O-H bonds gives the water molecule 
a significant electric moment; this explains its polar properties. The repulsion of the 
positive ends of the dipoles (protons) increases the valence angle from 90° to 104-5°.+ 
In the water molecule the oxygen atom occupies a dominant position and is linked 


+ The increase in the valence angle may be explained as a result of the sharing of the s-state 
in the bonds and the addition of tetrahedral sp?-hybridisation (see below). 
CP I 
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with two hydrogen atoms. The length of the O-H bond is 1:07 A, which is roughly 
equal to the sum of the covalent radii of the oxygen and hydrogen atoms: 


rotly = 0:66 + 0°37 = 1-03 A. 


The distance between the protons in the water molecule (~ 1-6 A) considerably ex- 
ceeds the corresponding distance in the hydrogen molecule H-H (0-74 A). This shows 
that in the water molecule there is no direct interaction between the protons com- 
parable in magnitude to the interaction between the hydrogen and oxygen atoms. 
The basic réle in the water molecule is played by the O-H bonds and the valence state 
of the oxygen atom (p?-electrons) determines the triangular structure of the water 
molecule. 

The account we have given shows that in polyatomic molecules it is possible to 
divide the atoms into those bound directly together and those not so bound, and to 
consider the molecule as a system formed by an arrangement of individual bonds. 
This corresponds to the representation of the structure of molecules by means of 


N 
valence lines (H H: water molecules H | H: ammonia molecule, 


H 
H—C—O-—H: methyl alcohol molecule etc.). This kind of description of the 
H% 


structure is simplified, but in a number of cases quite satisfactory, in so far as the 
properties of individual pairs of bound atoms in the same valence state of these atoms 
(properties of bonds) remain almost identical in different molecules. The properties 
which characterise the bonds are: structural characteristics (interatomic distances, 
coordinations, valence angles), bond strength (energy, frequencies of oscillation), and 
the electric, magnetic, optical and other properties of the molecules. However, the 
analysis of molecules into additive arrays of individual bonds is not possible in all 
cases; for example, it is impossible in molecules with multiple coupled bonds (ben- 
zene), and also in crystals with electronic conductivity (graphite, metals), where the 
properties are determined by the whole set of valence electrons. 

Let us consider first the structure of molecules in which such an analysis is 
possible, for example, the water molecule. In this molecule, in place of a combination 
of four atomic orbitals, 


cH, (1s)+c2H, (1s)+¢30 (2p,) +40 (2p,), 
we can take two identical combinations of two atomic orbitals, 
W, = Hy (1s)+AO (2p,) and Wy, = H, (ls)+AO (2p,), « . . [4.17] 


corresponding to the two O-H bonds. We note that in consequence of the ortho- 
gonality of the p, and p, functions the overlap integral 


| W (px) ¥ (py) dt = 0. 


In elements of the VB-subgroup the basic valence state is determined by three 
p-electrons, which form 3 mutually perpendicular bonds. So the ammonia molecule 
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has a pyramidal structure. Owing to the repulsion of the protons the valence angle 
is slightly enlarged, as in the water molecule. 


Hybridisation of the Electron States (Directed Valencies) 


We have considered bonds formed by atoms possessing several valence electrons 
of the same type (p” and p*). In cases when the atoms combined are of the same type, 
it is natural to expect all the bonds to be equivalent. 

Let us now pass on to consider bonds formed by atoms which have valence 
electrons of different types s, p, d. We shall begin with the case when there are only 
s- and p-electrons in the valence shell. Let the valence shell contain one s- and one 
p-electron (the valence sp-state, for example the excited atoms Be*, Mg*, Zn* etc.); 
to be specific, we shall take the p-electron to be a p,-electron. The s- and p-electrons 
can form two bonds, as is confirmed by the existence of the molecules ZnCl,, ZnBr, 
etc., but the difference between the valence electrons points to the possibility that the 
bonds formed by them may not be equivalent. In fact the s-electron forms a weaker 
bond than does the p-electron. If, starting from the condition of maximum over- 
lapping, we measure the bond strength by the maximum value of the angular part of 
the wave function, and take the strength of the s-bond as unity, then the strength of 
the p-bond will be / 3 = 1-732, which is considerably greater than that of the s-bond. 
On the basis of the principle of superposition we shall try to form from the initial 
s and p, wave functions two new wave functions 


Ww, = asthyp,; W2 = as+bop,, ... [4.12] 
where a,, b; are coefficients determined by (1) the normalisation condition for the 
wave functions, {w;7dt = 1, (2) the orthogonality condition f w,,dc = 0, and 
(3) the equivalence condition for the functions y; and W,. We shall call wave functions 
formed from functions of different types and satisfying the equivalence condition 
hybrid electron functions. From the sphericity of the s-state and the equivalence 
condition it follows that a” = 4: 


.. [4.13] 


From the normalisation and orthogonality conditions for the s- and p-functions 
we have 


a?+b? =1, so b, = ... [4.14] 


From the orthogonality condition for the hybrid functions Y, and W. we have 


1 5b 1 
Wiadt = a’+b,b, = -4+—, so by = ——>. ... [4.15] 
2/2 /2 


Substituting into [12] the values of the coefficients from [/3], [/4] and [/5], we 
obtain the expression for the hybrid functions: 


1 1 1 +/2 9 
= — — =-— ~ COS U, 


.. [4.16] 
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It is not difficult to see that both the hybrid wave functions give the same electron 
density distribution: one in the direction of the positive Z-axis, the other in the 
direction of the negative Z-axis (the valence angle is 180°). This explains the linear 
form of the molecule of type ZnCl, and the equivalence of the two bonds Zn-— Cl, 
and Zn—Cl,;. The bond strength connected with the hybrid functions, 


1+./3 | 
(Ws) max = (Wo2)max = J2 = 1-932, ce [4.17] 


considerably exceeds the strengths of the bonds formed by either s-, or p-electrons. 
This shows how the potential energy of hybrid bonds compares in effectiveness with 
that of bonds formed by electrons in the invariant s- and p-states. 

We can now find hybrid functions for sp?-electrons. Suppose that they are p,- 
and p,-electrons, so that 


Wy = AyS+by py, +C; Py 
Wo = a25+b2p,.+C2Py ... [4.18] 
Ws = a35+b3p,+C3Dy. 


1 
From the equivalence condition a? = yp = 42 =a; -a= B 


Let the function wy, have a maximum in the direction of the X-axis; then the 
function p, will play hardly any part in it, so we can put c,; = 0. From the normalisa- 


tion condition b, = /2. From the orthogonality condition f y,w,dt = 0 we obtain 


l 
b, = — ie The normalisation condition applied to w, gives c? = 1—a?—b3 = 
| , ; 
Similarly we find b; = b, and c2? = c?, whence c, = +—— and c, = ——= (or 


2 2 


vice versa). Introducing the values found for the coefficients into [78], we obtain 


1, 7, -t47 
= Fast al 3? = gt v2 00s @ 
tt tM spe [3 
Ya = 7g 87g Paty Py = 75 008 OF 5 sin p, ... [4.19] 


y 1 1 1 1 1 F iE 
= —= S—— Pp, - > Py = = - = cos P— _/<xsIin @. 
Be a = a gene 
It is not difficult to see that the function y, has its maximum value in the direction 
for which @ = 120°, and the function yw, in the direction with ¢ = 240°. The three 
hybrid sp*-bonds are uniformly distributed in a plane, form valence angles of 120° 
with one another and are orientated towards the vertices of an equilateral triangle at 
the centre of which the atom under consideration is situated. Such is the structure of 
the plane triangular molecules BF;, BCI, etc. The strength of all these bonds is the 
same and is 
1 
(Wimax = (W2)max = (W3)max = atv? = 1-991, cee [4.20] 
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which exceeds the strengths not only of the s- and p-states, but also of the hybrid 
sp-functions. 

In the s- and p-cells there may be up to four valence electrons, forming an 
sp’-group. The hybrid functions for them will be of the type 


W; = as+b;p,+cpyt+d,p,. (i = 1, 2, 3, 4). [4.21] 
From the equivalence condition a? = i: 
aj =Q,= 04; =>a4,=a=}h. ».. [4.22] 
The normalisation conditions give 4 relationships of the type 
atbp+ef+d; =0. --. [4.23] 
The orthogonality conditions give 6 relationships of the type 
4+b,b,+¢;c,+d,d, = 0. 1. [4.24] 


Let us suppose that the function w, has a maximum in the direction of the Z-axis; 
then the functions p, and p, hardly participate in the formation of this function. This 
gives two additional relationships: 


b, = Cy = 0. eee [4.25] 


These 16 conditions are sufficient to determine all the coefficients in [27]. Thus, from 


the normalisation condition for y, we find b, = ,/1 —q’? = vB, consequently 


v= ps4 P= “+5 cos 6, ... [4.26] 
Analogous expressions may be obtained also for the remaining hybrid functions. 
Analysis of the positions of the maxima for the hybrid functions shows that they are 
uniformly distributed in space and orientated along the diagonals of a regular tetra- 
hedron. The valence angles between the bonds are 109° 28’. Such is the structure of 
the methane molecule CH,. The strength of the hybrid sp*-bonds is 2, as can be seen 
from [26], and is greater than the strengths of all the bonds previously considered. 
We can now show that among all the possible bonds that can be formed by s- 
and p-electrons, the hybrid sp*-bonds have the maximum strength. We write the 
expression for the hybrid function [26] (in the direction of the Z-axis) in the form 


ww, = aystdyp, = a,+./3(1—a}). .. + [4.27] 
dy, 0 


We find the value of the coefficient a, from the condition for a maximum aa = 
which leads to the equation 


J 3a, 
ea 0 eee 4,28 
; (1—a7)* ° L428) 


from which we obtain a, = 4. This coincides with the value for a found previously 
from the equivalence condition. 


124 THE BASIC TYPES OF CHEMICAL BOND 


If the tetrahedral hybrid functions are written not in triangular form as pre- 
viously (the Z-axis was oriented along a threefold axis of symmetry of the tetrahedron), 
but in the form of components along cubic axes (the X, Y, Z axes are orientated 
along the twofold axes of symmetry of the tetrahedron), then the expressions for the 
hybrid functions will take on a more symmetrical form: 


Wi = yan = teen Pete e 
Wo = Yriii] — S+ Dy —Py—Pz 5) _. . 74.29 
Ws = Wii17] = 4 (s—p,+Py—Pz); [ | 
Wa = Writ1) = 4 (S—p,.—Py+Pz)- 


The hybrid functions thus found, which are formed from the s- and p-wave 
functions, describe the basic valence states of atoms with s- and p-electrons (atoms of 
elements belonging to the B-subgroups). Let us consider this in the case of carbon 
atoms, the majority of whose compounds are characterised by three valence states, 
described by hybrid sp?-, sp?- and sp-functions (o-bonds). sp°-hybridisation occurs 
in compounds involving the tetrahedral carbon atom, which was discovered in organic 
chemistry in the second half of the last century (aliphatic compounds). Tetrahedral 
bonds are a feature of one of the modifications of carbon—the diamond crystal— 
and also of silicon, germanium and grey tin crystals. In these crystals the atoms form 
four o-bonds; this determines the coordination number in the diamond type structure, 

Je 

k = 4. sp’-hybridisation takes place in molecules of the formaldehyde O=C\ 
H 
type, and in molecules of aromatic compounds (benzene C,H, etc.). In these com- 
pounds the carbon atom forms three coplanar o-bonds; this determines the co- 
ordination number of the carbon atom, k = 3. The fourth valence p,-electron of the 
carbon atom forms an additional z-bond. sp?-hybridisation is characteristic of 
another modification of carbon—graphite. sp-hybridisation occurs in molecules of 
carbon dioxide O=C=O and carbon disulphide CS,, in the propadiene molecule 


H 
cacack and in other molecules in which the carbon atom forms two 
H H 


double bonds. In these compounds the carbon atom forms two linear o-bonds; this 
agrees with the linear form of the corresponding molecules as observed experimentally, 
and determines the coordination number of the carbon atom, k = 2. The two other 
valence p-electrons of the carbon atom form two additional z-bonds. 

The explanation of the réle of hybrid states in the formation of interatomic 
bonds (Pauling, 1928) was a conspicuous success for the theory and enabled us to 
understand the reason for directed bonds. The hybrid states considered above are in 
essence different forms of spatial distribution of the valence electron density, com- 
patible with the laws of motion of electrons in atoms (conservation of angular momen- 
tum, normalisation of the wave functions, orthogonality). During interatomic inter- 
action the electron density of the atom is redistributed in such a way that the gain in 
interaction energy is a maximum. 

The theory of hybrid states has made it possible not only to explain the previously 
known valence states, as in the case of carbon compounds, but also to predict new 
types of coordination, which have since been discovered experimentally. A further 
question concerns the valence states of atoms containing d-electrons as well as s- and 
p-electrons, that is of the atoms of transition metals. Consideration of the angular 
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parts of the d-wave functions shows that the maximum strength of the bond formed 


by the d-electron, J 5 = 2-236, exceeds the bond strengths of the s- and p-electrons 
and their hybrid functions. The maximum strength of the hybrid function which can 
be formed from s-, p- and d-functions is 3. Participation of d-electrons in hybridisation 
thus raises the bond strength. 

Out of the large number of hybrid functions formed from s-, p- and d-functions, 
we shall indicate some of the most important. d°s-hybridisation leads to tetrahedral 
bonds and is similar to sp°-hybridisation. dsp?-hybridisation leads to four coplanar 
bonds, forming valence angles of 90° and oriented along the diagonals of a square; 
the strength is 2°694. A similar square configuration was found in the complex ions 
of transition metals of the type [PtCl,]~?, [Ni(CN),]~? etc. d?sp°-hybridisation 
leads to six mutually orthogonal bonds oriented along the diagonals of an octa- 
hedron, the strength being 2-923. Octahedral coordination is very common in the 
complex ions [PtCl,]~?, [Fe(CN),]~° etc. 

The theory of hybrid states reveals the possible types of configuration but does 
not allow us to make a definite choice between them, since the bond strength is a 
very poor indication of the binding energy. 


Free Electron Pairs 


Not all valence electrons in a given atom take part in the formation 
ofa bond. Apart from the bonding and antibonding electrons there may be 
unused electrons in the form of electron pairs with compensated spins. 
These free electron pairs may take part in the formation of additional 
bonds and are essential to an understanding of the properties of those 
molecules whose atoms contain them. 

We shall illustrate the existence of electron pairs in the case of the mole- 
cules HCI, H,O and NH;. The HCI molecule contains a o-bond formed by 
the 1s-electron of the H atom and the 3p,-electron of the Cl atom. In the 
valence shell of the Cl atom there are in addition electron pairs 3p, and 3p,, 
which could form two z-bonds. In the hydrogen atom a z-bond could be 
formed on account of the vacant 2p-level, but its energy is so high that 
there is in fact no possibility of forming 2-bonds in the HCl molecule. 
Thus in this molecule, taking into account the presence of three s7-elec- 
trons, the Cl atom has three free electron pairs. Similarly the oxygen 
atom in the water molecule has two free electron pairs, and the nitrogen 
atom in the ammonia molecule has one. 


2. The Metallic Bond 


The Formation of a Crystal as a Consequence of an increase in the 
Degree of overlapping of Atomic Wave Functions 


Overlapping of wave functions takes place not only when two atoms approach 
each other but also when a greater number of atoms come together. Fig. 59 shows 
the overlapping of the 2s-wave functions of lithium atoms separated by distances 
equal to the interatomic distances in the lithium crystal. The energy gain after an 
increase in the number of overlaps produces a tendency for each of the atoms to form 
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the largest possible number of bonds, that is, to surround itself with the greatest 
possible number of neighbours. This must lead to the formation of structures ex- 
tending infinitely throughout space with 
a dense packing of particles, since such 
structures have the highest possible co- 
ordination numbers. As experiment shows, 
the majority of metals actually crystallise 


Fic. 59. Overlapping of wave functions 
a b in the lithium crystal. 


in several simple, highly symmetrical structures with large coordination numbers 
(Ch. 6). Whether the atoms form an unbounded crystal or separate molecules 
(polyatomic, diatomic or monatomic) depends on which of these states corresponds 
to the energy minimum of the system. 


Level Scheme of Crystals. Energy Bands 


We shall represent the formation of a crystal as the successive addition of atoms 
to an arbitrarily chosen first atom. Consider a particular energy level: in a system of 
two atoms the original level splits into two levels, in the case of three into three, etc. 
In a system of N atoms the initial N-fold degenerate level splits into NW levels (Fig. 60). 
Since the total number of atoms in a crystal is high (in | cc of a metal there are about 
10?7-107° atoms), neighbouring levels are very close together and form a quasi- 
continuous zone or energy band. In contrast to the line spectrum of individual atoms, 
the energy spectrum of the upper (valence) filled levels of a crystal consists of separate 
bands in which the energy levels are successively filled up in accordance with the 
Pauli principle. 

The formation of quasi-continuous bands in the energy spectrum of a crystal 
explains the appearance of continuous emission spectra in crystalline substances, and 
also in amorphous bodies and liquids. Immediate confirmation of the zone structure 
of the crystalline energy spectrum is provided by X-ray emission and absorption 
spectra. In Fig. 61 AB is one of the lower energy levels of atoms in the crystal, which 
in practice hardly varies. CDGF is a valence band of the crystal in which all the levels 
are filled from the bottom of the band DG to the uppermost filled edge PP. X-ray 
emission spectra arise during transitions from one of the filled levels to a lower free 
level. Because of the finite depth, AE, of the filled zone, the spectral lines possess a 
finite breadth and definite shape. The narrow line of the X-ray emission spectrum 
for a gas (Fig. 62a) changes into a broad line for a crystal (Fig. 625). The intensity 
distribution in terms of the breadth of the lines is 


I(v) = I(E) © p(E): n(E) ... [4.30] 


and is given by the product of two factors: n(E)—the density of energy levels in 
the band, and p(F)—-the probability that an electron will make the transition from 
one of the occupied levels to a lower empty level. An X-ray absorption spectrum 
arises during the transfer of an electron from one of the lower levels to an unfilled part 
of the band. On the continuous absorption curve which varies, as shown by theory, 
according to an approximately (arctan v) law there appears an ‘absorption edge’ 
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Fic. 60. Removal of degeneracy in a system of coupled atoms. 


(Fig. 62c), the position and shape of which are determined by the energy level density 
and the probability of transitions to the unfilled part of the zone, I'(E) = p’'(E): n'(E). 
The curve J’(E) is shown dotted in Fig. 62c. The study of the X-ray spectra of crystals 
enables us to obtain important energy data about them. 

The zone structure of the energy spectrum in a crystal arises from the solution 
of the idealised quantum mechanical problem of the motion of an electron in a 
periodic field (Ch. 1, §8). 


Features of Metallic Binding 


Metallic atoms are those which form structures in which the number of bonds, 
determined by the number of closest neighbours, exceeds the number of valence 
electrons (k>v). Thus, in crystals of the alkali metals, the atoms of which are mono- 
valent, each atom forms 8+6 = 14 bonds. The 8 bonds with atoms of the first co- 
ordination sphere are stronger than the 6 bonds with atoms of the second coordina- 
tion sphere, the radius of which is only 14°% more than the radius of the first sphere. 
The mean number of bonds can be taken as ~12 (which corresponds to the co- 
ordination number in close packing of spheres). On time average an atom gives +4, of 
an electron to each bond, and two neighbouring atoms in conjunction give 4 of an 
electron, instead of the two electrons which enter into a ‘normal’ identical covalent 
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bond. In the structures of metals we are dealing with fractional bonds, with multi- 
plicity less than unity. A similar situation obtains also in the molecular hydrogen 
ion H;, considered previously, for which the multiplicity of the bond is 4 (‘single- 
electron bond’). 

The molar sublimation energies of the alkali metals are 1-5-2 times the disso- 
ciation energies of their diatomic molecules. 


Sublimation Energies Q and Shortest Inter-Atomic Spacings ro 
in crystals of the alkali metals 


Li 
O,eV | 17 
Vos A 3-03 


However the energy of each bond in a metallic crystal is less than in a molecule. 
In the lithium crystal the energy of a single bond amounts on average to =, x 1:7 
0-14 eV as against 1-14 eV in the Li, molecule. The weakening of the bonds in 
metallic crystals is confirmed by the increase in the interatomic spacings, which are 
10-15°% greater than those in diatomic molecules. The weakening of each bond in 
metals compared to the single bond is more than compensated by the increase in the 
number of bonds, so the formation of a coordination crystal is energetically more 
favourable than the formation of the corresponding set of molecules with low co- 
ordination numbers. 

The metallic bond is unsaturated. In such a bond there is usually a tendency to 
form structures with the highest possible coordination numbers such as are found in 
dense packing of spheres. However it cannot be said that the field of a metallic atom 
has complete spherical symmetry. This is indicated by the fact that crystals of cubic 
metals do not obey Cauchy’s relations, which equate certain elastic constants in 
crystals where central forces act between the particles. It is also indicated by the fact 
that metals crystallise not only in the closest packing (packing of spheres), but also 
in other close packings (the body-centred cubic structure). 

The fundamental and characteristic physical properties of metals—high electrical 
conductivity and metallic lustre—confirm the theory that the valence electrons are 
collectivised and can move throughout the volume of the whole crystal. These pro- 
perties had been considered evidence for the existence of free electrons in metals long 
before Drude (1905), in the very earliest electron theory of metals, ascribed to them 
the properties of an ideal gas. However this turned out to be incorrect, and in the 
later development of the theory of metals the classical Boltzmann statistics had to be 
replaced by quantum statistics taking into account the Pauli principle. 


Metallic Hydrogen 


The symmetry of the wave function for the hydrogen atom is the same as for the 
lithium atom. Starting from the concept of maximum overlapping of wave functions, 
we would find it interesting to examine the possibility of forming hydrogen with a high 
coordination structure like the structure of the alkali metals—of forming, that is, 
hydrogen in the metallic state. The calculated energy curve for such a hypothetical 
substance (Wigner and Huntingdon, 1935) has a minimum, the depth of which, with 
a correction for the zero point energy, gives the crystal energy as 10-6 kcal./mole and 
the density as 0:59 g./cm.°. The equilibrium state corresponds to a value a = 1:78 A 
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for the length of the edge of the unit cube and to an interatomic distance of r = 1:54 A. 

Metallic hydrogen can exist in principle, but only by use of higher quantum 
states. So at normal pressure (and low temperature) the crystal of molecular hydrogen 
H, is more stable. The energy of the molecular modification amounts to 52:4 kcal./ 
mole at a density of 0-087 g./cm.°. With increasing pressure the energy of the mole- 
cular modification increases more rapidly than that of the metallic modification. An 
approximate calculation shows that the point of transition from one modification to 
the other lies at a pressure of the order of 300,000 atm. 

The possibility of hydrogen existing in the metallic state is indicated, as Ubbelohde 
observed (1937), by the hydrides of certain transition metals which conserve their 
metallic properties and have the same lattice as the original metal. Palladium has a 
great capacity for absorbing hydrogen. The formation of the hydride of palladium, 
which contains 39 at. °% of hydrogen, is accompanied by an increase of 3-5°% in the 
lattice constant of palladium. If we suppose that the coefficient of compressibility of 
palladium hydride is roughly the same as for metallic palladium, we can calculate that 
this corresponds to an increase of 2:75 x 10° atm. in the internal pressure, in agree- 
ment with the results of theoretical calculations. 


3. The Heteropolar Bond 


The Quantum Treatment of Heteropolar Compounds 


Heteropolar molecules and crystals are formed from atoms with different 
electronegativities and are a very common class of compounds. For heteropolar 
molecules AB | A| + 1 in formula [3.22]. However the conditions for the formation 
of effective bonds (approximate energy equality, maximum overlap and identical 
symmetry about the bond line of the initial atomic orbitals) remain the same and 
enable us to choose the most important orbitals y, and w,. The division into o- and 
n-bonds also retains its significance but because there is no centre of symmetry in the 
molecule, the division of its levels into levels of types u and g does not take place. 
The molecular levels for divided atoms transform into non-coincident atomic levels 
in view of the difference between the atoms a and 6. 

The most fundamental difference between heteropolar and homopolar molecules 
lies in the appearance of electric dipole moments. If | A | > 1, then in the molecular 
orbital yw, +A, the atomic orbital y, has greater weight than the orbital y,. The 
valence electron moves in such a way that for most of the time it is near atom B. Thus, 
when a molecule is formed, the electron density is redistributed such that it is increased 
near atom B and reduced near atom A. This produces in the molecule a dipole 
moment determined by the magnitude of 4. To a first approximation we can take it 
that the electron densities corresponding to the functions yw, and wz, enter in the pro- 
portion 1:A*. If the centres of gravity of the electron charges ier and =z bound 
to the atoms A and B, coincide with the positions of the nuclei A and B, then the 
molecule’s electric dipole moment yp, created by the redistribution of the valence 
electrons around the nuclei, is given approximately by the formula 


A*—-1 
= {| ——_ J eR. 2. [4.31 
. (ei) (437) 
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A more accurate expression for ju can be obtained by using the function / to calculate 
the electron charge distribution more accurately. 


Dipole Moments of Heteropolar Molecules and Electronegativities 
of the Atoms 


From formula [3/], knowing the factor 4 which determines the polarity of the 
bond, we can find the dipole moment of the molecule. Since it is difficult to calculate 
4 accurately, the opposite procedure is often followed and 4 found from the experi- 
mental value for ». Table 19 gives the dipole moments of certain polar molecules and 
the values of A calculated from them, the quoted values referring to the halogen atoms, 
which contain the negative end of the dipole. The fourth column gives the effective 
charges of the dipoles, these charges being concentrated on the nuclei and expressed 
in fractions of the electronic charge. For homopolar molecules with purely covalent 
bonds these charges are zero, while for the limiting case of ionic monovalent molecules 
these charges must be equal to +1-0e. 

The bond in heteropolar molecules is sometimes considered as an intermediate 
ionic-covalent bond and the ionic bond percentage is measured by the effective 
charges of the dipoles. In the hydrogen halide molecules the ionic character of the 
bond increases considerably as we pass from HI to HF. The polarity of the bond 
depends on the difference between the electronegativities of the atoms. The dipole 


Table 19 
Dipole Moments of Certain Molecules 


moments of the molecules are comparable to the differences of the electronegativities: 
U~X,4—Xg, the latter being calculated according to the data of Table 14 (p. 84). For 
a number of hydrogen halides there is a good agreement between the figures (Table 19). 


Approximate Calculation of the Energy of the Ionic Bond 


Typical ionic compounds are the alkali halides. We shall find the energy re- 
quired to form a molecule from the neutral atoms. 

The first stage consists in the formation of ions. The formation of the positive 
ion Na™ requires the expenditure of energy equal to the ionisation potential, I,,,, of 
the sodium atom. The formation of the negative ion Cl” is accompanied by a gain 
in energy, E.;, corresponding to the energy of affinity of the electron to the chlorine 
atom. In all, the process of ion formation requires the expenditure of an amount of 
energy equal to 


—lIhatEci = — 5§-14+3:7 = —1-4 eV 


The second stage consists in electrostatic attraction between the ions and is accom- 
panied by a considerable energy gain. The potential created by a univalent ion at a 
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distance r = 2:5 A, equal to the interatomic distance, in the molecule NaC! will 
(according to the spectroscopic data) be 


ye a eee gs. units = 19x 1072 its = 5-7 eV; 
= = sx fore OBS units = 1:9 x c.g.s. units = eV; 
2 
the electrostatic energy of the ions in the molecule is E = = 5°7 eV. Conse- 
r 


quently the energy of formation of the ionic molecule Na*Cl~ from neutral atoms 
is Unac: = 4:3 eV = 101 kcal./mole. This value agrees well with the dissociation 
energy of the molecule, D = 98 kcal./mole, determined spectroscopically. If we were 
to take the bond to be covalent, then calculation of the energy of the NaCl molecule 
as the average of the binding energies in the sodium crystal and in molecular gaseous 
chlorine, 


Enact = 4 [Una eryst + 3Dei,] x 37 kcal./mole 


gives a much smaller value. 

The ionic character of the bond in the gaseous molecules of alkali-halide com- 
pounds is confirmed by the observation that they have constant electric dipole 
moments. The latter are somewhat nearer to the calculated moments than are the 
moments obtained for hydrogen halide molecules, in which the bond approximates 
more closely to the covalent. The dissociation of salts in aqueous solutions with the 
formation of electrolytes may also serve as an indirect confirmation of the existence 
of ions. The ionic character of the bond in the NaCl crystal is indicated by data on 
X-ray scattering intensity. 


Stoichiometry, Nonsaturation and Coordination Relationships 
of the Ionic Bond 


Ions of alkali metals and halogens have the same electron configurations as 
atoms of the adjacent noble gases; that is, they possess close-packed spherically 
symmetrical electron shells. If the ions were not charged, there would be no chemical 
interaction between them, just as in the case of atoms of the chemically inert noble 
gases. The electric charges on the ions bring about their attraction or repulsion and 
in general determine the stoichiometric composition of the ionic compound, since 
the sums of the charges on anions and cations must be equal. Among binary ionic 
compounds the most frequently encountered are compounds of simple stoichiometric 
compositions AB, AB,, AB;, A,B3;, A3;B,, examples of which are NaCl, CaF, BiF3, 
Fe,03, Fe,0, etc. 

The interaction of spherically symmetrical ions is undirected and unsaturated. 
The nonsaturation of the ionic bond is shown by the fact that each ion tends to draw 
the oppositely charged ions as closely as possible to itself, that is, to form a structure 
with coordination numbers as large as possible. The possible values of the coordina- 
tion numbers are determined by the ratios of the ionic radii. Fig. 63 shows the 
simplest configurations formed by anions of radius r, around cations of radius rc. 
An increase in coordination number is accompanied by an increase in the ratio 
r,/tc. These configurations lose their stability if the cations are so small that they are 
freely distributed between the anions and can ‘wander around’ in their respective voids. 
It can easily be shown that in this case the electrostatic energy of the system of ions 
will decrease, that is, the stability of the system will grow, if a cation approaches some 
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of the anions surrounding it, or if, in other words, it lowers its coordination number. 
If the cation is sufficiently large and separates the anions, then the corresponding 
configuration will be stable. However, if the ratio of the radii r¢/r4 is such that close 


Q b FIG. 63 


The simplest configurations in binary 
molecules and crystals: (a) triangle, 
(b) square and octahedron, (c) tetra- 
hedron, (d) cube. 


C d 


contacts are possible between the cations and a large number of anions, then 
there will be a reconstruction of the configuration in such a way as to increase its 
coordination number. Table 20 shows the critical ratios of ionic radii for some of the 
simplest and most symmetrical configurations. 


Table 20 


Critical Ratios of the Ionic Radii for Configurations with Different 
Coordination Numbers k 


Configuration 


2 dumb-bell 0. 

3 triangle 0-15 = ./$-1 

4 tetrahedron 0:22 = ./3-1 

4 | square 0-41 = /2-1 

6 octahedron 0-41 = ./2-1 

8 cube 0:73 = ./3-1 
12 1:00 


The nonsaturation and nondirectivity of the ionic bond lead to the result that in 
the condensed state, ionic compounds like the majority of substances with metallic 
bonds, form crystals of the coordination type. Because of the high energy of the 
ionic bond these crystals have considerable rigidity and high melting points. Many 
ionic crystals are transparent and diamagnetic, and are insulators. At high tempera- 
tures, with the increased mobility of the atoms, there is electrical conductivity of the 
ionic type, accompanied by a transfer of ions (solid electrolytes). 


Experimental Determination of the Electron Density in 
Heteropolar Compounds 


Depending on the differences between the electroncgativities of 
atoms, it is possible to form compounds in which the bonds have greater 
or less ionic character. In the study of these intermediate types of bond 
one has to determine the effective charges on the ions arising from the 
partial redistribution of electron density. Several methods are known for 
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investigating this experimentally (paramagnetic resonance, X-ray spectra, 
X-ray structural analysis). From the curves of the atomic factors (by extra- 


; sin 0 
polation to the case > -— Q) we can determine the effective electron 


charges of atoms in crystals. X-ray structural data for the atoms of nickel 
and nitrogen in nickel phthalocyanine show that Z, = 26 and Z* = 7-5, 
instead of Zy,; = 28 and Z, = 7 for the free atoms. In this compound the 
metallic atom is bound to four nitrogen atoms, which in turn enter into 
the more complex framework of the molecule. Experimental data show that 
part of the electron density of the nickel atom (AZ ~ 2 electrons) passes 
over to the neighbouring, more electronegative, nitrogen atoms, and as a 


O 425= 04e 


Fic. 64. Electron density distri- 
bution in the water molecule. 


+ 


A 2 =1:2e 


result the charge on each of them is raised by —4 an electron. In the 
crystal HNO,.3H,O, on the other hand, there is a deficit of electrons on 
the nitrogen atom, Zy = 5-4, and an excess of them on the oxygen atoms, 
Z6 = 8:5; this is connected with the greater electronegativity of oxygen 
atoms compared to nitrogen atoms. For the hydrogen atoms in the water 
molecule (Fig. 64) we find a slight electron density deficit (AZ, = 0-2e) and 
there is an increase in the negative charge on the oxygen atom (AZ* ~0-4e). 
Hence it is possible to calculate the dipole moment of the water molecule, 
p = 2p, cos $/2 = 1:2x107'% e.s.u. Within the limits of experimental 
accuracy (the error in the determination of the effective charge on the 
hydrogen atom is about 0-le) this value agrees with the directly measured 
dipole moment of the water molecule, p = 1:84x 107 7° e.s.u. 


The Structure of the Molecules As,S, and N,S, 


The important influence exercised by the difference between the 
electronegativities of atoms on their bond can be seen by comparing the 


-s 


AS, Se 


°o AS 
an) 


Fic. 65. Structure of realgar and 
sulphur nitride molecules. 


structures of the molecules of realgar As,S, (Fig. 65) and sulphur nitride. 
In the realgar molecule the sulphur atoms are arranged at the vertices of 
a square and form two bonds each with the arsenic atoms, which in their 
turn form three bonds each (two with S atoms and one with As). The 
structure of this molecule agrees with the normal valencies of As and S 
atoms and with the rules for directed valencies, since the bonds are formed 
by p-electrons. The sulphur atoms are more electronegative than the 
arsenic atoms, so the bonds have a partial ionic character, as is shown in 
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particular by the slight increase in the distance As*’—-As*?, due to 
electrostatic repulsion as compared with the distance As—-As in the 
arsenic crystal. 

The sulphur nitride molecule has a structure analogous to the realgar 
molecule, with the sole difference, unexpected at first sight, that the nitro- 
gen atoms have taken the places of the sulphur atoms and the sulphur 
atoms have replaced the arsenic atoms. In the sulphur nitride molecule 
there is a special case of isomorphism in which an element of the VI group 
in the Periodic Table replaces an element of the V group (S— As) and, 
conversely, an element of the V group replaces an element of the VI group 
(N—>+S). The explanation is that the nitrogen atom is more electronegative 
than the sulphur atom. The difference between the electronegativities of 
the atoms leads to a redistribution of the electron density S*® and N~°; 
this raises the valency of the sulphur atom and lowers that of the nitrogen 
atom. 


The Donor-acceptor Bond 


Molecules formed from atoms whose valence shells are filled to differ- 
ing degrees can form more or less stable molecular compounds with one 
another. We shall consider the molecules boron trifluoride BF, and 
ammonia NH,. The BF, molecule has a plane triangular configuration 
(sp*-hybridisation). One valence level of the boron atom (the acceptor) 
remains free. 

The molecule NH, has a pyramidal configuration. In the valence shell 
of the nitrogen atom (the donor) there is a free electron pair. The mole- 
cules BF, and NH, form together the molecular compound F3;B.NHs3, 


F H 
with the structure F—B...N—H, in which the boron and nitrogen atoms 
FY N\A 


are joined by a donor-acceptor bond, which makes use of the electron pair 
from the nitrogen atom and the vacant level of the boron atom. The 
formation of a molecular compound 1s accompanied by a marked change 
in the valence state of the boron atom, with an approximation to tetra- 
hedral sp*-hybridisation while the BF, group acquires a pyramidal con- 
figuration. The length of the B—F bond grows to 1-38 A, which exceeds 
the length (1-30 A) of the B—-F bond in the molecule BF, and approaches 
the length of the B—F bond in the tetrahedral ion BF3. The length of 
the donor-acceptor B—N bond (1:60 A) is considerably greater than the 
length of the B—_N bond in boron nitride BN (1-45 A). The structure of 
boron nitride is based on sp?-hybridisation. Accordingly the strength of 
the molecular compound F3B.NH; is low and amounts to Ex 17 kcal./ 
mole. The donor-acceptor bond is fundamental to the understanding of 
catalysis processes in chemistry, the properties of semiconductors etc. 
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Problems 


1. Using the Bohr quantisation condition, calculate the internuclear distance, the 
radius of the molecular orbital and the energy of the molecular hydrogen ion H>. 

2. Do the same for the hydrogen molecule H,. Determine the binding energy of this 
molecule. 


Chapter 5 


THE SYMMETRY OF ATOMS, MOLECULES 
AND CRYSTALS 


1. The Symmetry of Finite and Infinite Figures 


Symmetry and Symmetry Operations 


The wave functions of the hydrogen atom, the hybrid wave functions formed 
from them and the electron density distributions in the atoms all possess symmetry. 
The symmetry of atoms and the bonds formed by them leads to a definite symmetrical 
structure in molecules and crystals. A knowledge of the fundamentals of symmetry 
theory and the methods of representing symmetry is essential for the understanding 
and description of the structure of molecules and crystals and the analysis of their 
properties. 

The symmetry of any body consists in its property of self-coincidence in different 
positions in which it may be placed. This property is shown in the spatial repetition 
of the parts of the body. 

Symmetry extends the idea of congruence of figures. Figures may be called 
congruent if the distances between corresponding points are the same. This condition 
is necessary, but not sufficient for ordinary congruence, in which the figures coincide 
on superposition. The condition is observed alike for right-handed and left-handed 
figures, but these do not coincide with one another when superimposed (for example, 
right-handed and left-handed gloves, right-handed and left-handed molecules of 
tartaric acid, right-handed and left-handed quartz). Such figures coincide only after 
mirror reflection, which transforms a right-handed figure into a left-handed and vice 
versa. The difference between the right-handed and left-handed forms of molecules 
and crystals appears not only in their structures but also in certain physical properties, 
and may be revealed, for example, by a rotation of the plane of polarisation. 

Coincidence of different bodies or self-coincidence of a single body is accom- 
plished by means of reflections, rotations, inversions and parallel translations. These 
are called symmetry operations or symmetry transformations. Symmetry trans- 
formations are transformations of coordinates (x, y, z) > (x’, y’, z’) without exten- 
sions, contractions or shears, in other words such that the distances between points 
are not altered during the transformation. 

The symmetry of crystals can be described in two ways. Firstly, crystals are 
finite bodies with properties which exhibit anisotropy, which is often apparent from 
their regular form. In this case the crystals may be replaced by polyhedra having the 
same symmetry as they have, and this symmetry may be described (subject to certain 
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limitations, to be considered later) in an analogous manner to the symmetry of atoms 
and molecules and of finite figures in general. Secondly, crystals possess regular 
periodic structures and they may be looked upon as infinite bodies which are self- 
coincident under parallel translations which are multiples of the periods of the 
structure. In this case the symmetry operation is a parallel translation, which does 
not occur for finite figures. 


The idea that crystals had a regular periodic structure was reached a 
long time ago, being then based on their macroscopic properties. The 
study of symmetry provided a sufficiently rigorous basis for the theory of 
lattice structure and the symmetry law for crystals was established in the 
first instance by observation. Long before the arrival of accurate methods 
of investigating and observing the atomic and molecular structure of matter, 
Federov (1890) developed the theory of space groups, which describes the 
symmetry of the atomic structures of crystals. A weighty, though indirect, 
argument for the lattice structure was Laue’s discovery (1912) of X-ray 
diffraction in crystals. The subsequent development of new methods of 
microscopy has enabled us to observe the molecular and atomic structure 
and actually see the space lattice. Fig. 66 shows an electron micrograph of 
a crystal of the tobacco mosaic virus (obtained by Wyckoff); its molecules 
have a diameter of about 250 A. The great depth of focus enables us to see 
the structure in perspective and the photograph graphically reproduces the 
model of the space lattice. Fig. 67 is a photograph of the surface of a 
spherical crystal of tungsten with diameter about 100A, obtained by Miller 
using his field ion microscope. The high resolving power of this type of pro- 
jector (2-3 A) enables us to see the atomic structure of the metal. The 
spherical crystalline form of the crystal gives a picture resembling the spherical 
projection of a crystal. The circular and oval contours mark the points of 
emergence of the normals to the individual planes of the crystal. The 
central region corresponds to the point of emergence of the normal [011 }. 
The four larger circular regions on the periphery of the photograph repre- 
sent the points of emergence of the normals [112], [112], [121] and [121]. 


The operations of rotation and parallel translation (the latter can be looked on 
as a rotation through an infinitesimal angle about an infinitely distant axis) do not 
alter the type of figure. Thus a right-handed figure remains a right-handed figure 
under these operations. Reflection and inversion alter the type of figure, transforming 
a right-handed figure into a left-handed. Accordingly symmetry operations may be 
divided into two groups, those of the ‘first’ and ‘second’ kind, depending on whether 
they do, or do not, alter the type of figure. 

The simplest symmetry operation is a reflection. All the other symmetry opera- 
tions can be reduced to reflections in a series of mirrors. A rotation through an 
angle « is equivalent to reflections in two planes intersecting along the axis of the 
rotation, and forming between them an angle 4a. Reflections in a kaleidoscope con- 
sisting of intersecting mirrors m, and m, (Fig. 68a) bring about the formation of a 
series of points B,, B,, B;,..., lying on a circle and inclined at angles x to one 
another. 

The parallel translation determined by the vector @ is equivalent to reflections 
in two planes perpendicular to the vector of the translation and a distance 3a apart. 
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On successive reflections in the kaleidoscope consisting of the parallel mirrors a 
rectilinear periodic series of points A,, 42, A3,... is formed (Fig. 685). 

Inversion in the centre of symmetry is equivalent to reflections in three mutually 
perpendicular mirrors passing through the centre of symmetry. Compound symmetry 
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Fic. 68. Translation and rotation as two successive reflections. 


operations are formed by a combination of reflections, rotations and inversions, so 
any symmetry operation, whether of the first or second kind, may be replaced by a 
number (even or odd respectively) or reflections. 

The symmetry of any body may be described in terms of reflection operations 
alone. This was carried out in its application to the symmetry of crystalline forms by 
the eminent Russian crystallographer Yu. V. Wulf. However for greater clarity and 
convenience it is better to describe symmetry by use of compound symmetry operations. 


Symmetry Elements 


Symmetry operations are carried out by means of geometrical elements called 
symmetry elements. In three-dimensional space these elements are the plane, straight 
line, point, translation vector and also the more complex symmetry elements arising 
from combinations of them. The concept of ‘symmetry element’, like that of ‘ele- 
mentary particle’, is relative. All symmetry ‘elements’, except the mirror plane, are 
compound. The system of units (elements) in symmetry theory is based on the same 
principle of uniting units of lowest order to form units of higher order, as the decimal 
and similar systems of counting. Table 21 gives the most generally used symmetry 
elements, their symbols, the coordinates of the groups of equivalent points which 
arise when the symmetry operations prescribed by the symmetry element are per- 
formed, and their multiplicities. The multiplicity is the number of equivalent points 
formed by the symmetry element. 

The elementary rotation angle «, for an n-fold axis of symmetry C is determined 
by the cyclic condition 


2n 
=~, = |, 2, eee eee . 
O, alin 3 [5.1] 


Any straight line is a one-fold axis of symmetry, C,. If these are the only one-fold 
symmetry elements present in a body, it indicates a lack of symmetry. Rotation- 
inversion axes correspond to a rotation about an axis and reflection in a perpendicular 
plane. In axes of even order S,, there is neither a separate axis of rotation C, nor a 
symmetry plane perpendicular to it. This can be seen in the example of the crystal 
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pentaerythritol (Fig. 69), which has an axis S,. The rotation axis of symmetry de- 
generates into an axis C, with multiplicity halved. The odd rotation-inversion axes 
disintegrate into a rotation axis and a plane S,,,, = C,4.,+m perpendicular to it. 
So only the even rotation-inversion axes S,, are regarded as independent symmetry 
elements. The group of inversion axes is equivalent to the group of rotation-inversion 


axes: S, = 1 =i; S, = 4; S, = 3. 


Table 21 
Symmetry Operations, Symmetry Elements and their Symbols 


Symbol 
Multi- 
Schoen- Inter- Coordinates plicity 
Symmetry Symmetry | flies national | of equivalent | (number of 
operation element | system | (Hermann- points equivalent 
Maugin) points) 
system 
Reflection in a plane of Cy m xyZ; XYZ 2 
plane symmetry (plane m 
perpendicular 
to Y-axis) 
Rotation through axis of C,, n xyz; xyz (axis n 
angle a, about symmetry C, coincides 
an axis with Z-axis) 
Inversion in a centre of C; i=] XYZ; XYZ 2 
point symmetry (centre of 
symmetry at 
origin of 
coordinates) 
Rotation about axis | rotation- Son 
and reflection in inversion 
perpendicular plane 
Rotation about axis | inversion ni n 
and inversion in AXIS 
centre of symmetry, 
lying on axis 
Parallel translation x = ma; ©O 
translation vector y=na; 
Z = pa; 
a, b,c m, n, p 
integers 
Reflection in plane | glide plane a, b,c CO 
and translation n,a 
parallel to plane 
Rotation about axis | screw axis Nn 00 
and translation m= 
parallel to axis 1, 2, Jn 


EE ee, 
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Reflection and rotation leave in the same position points lying on a particular 
plane or straight line respectively. Inversion and operations connected with it (in- 
version and rotation-inversion axes) leave in the same place a single point of a body. 
These operations and symmetry elements, all 
of which leave at least one point of a body 
unmoved, are possible both in finite and in 
infinite bodies. The multiplicities of these 
elements are finite. 


Fic. 69. Rotation-inversion axis S, in 
a crystal of pentaerythritol. 


The multiplicities of symmetry operations connected with the parallel translation 
are infinite. These symmetry operations do not leave a single point of a body un- 
moved and are possible only in infinite bodies with a periodic structure. Successive 
application of the parallel translation a to the initial point, which we shall call a node, 
Jeads to the formation of an infinite, rectilinear and periodic series of nodes, the 
position of each being determined by the vector of the linear grid, p = ma, where a 
is the length of the axial scale, and m is an arbitrary integer, the coordinate of the 
nodes in the series. The combination of two translation vectors leads to the formation 
of a two-dimensional periodic network. The positions of the nodes in a plane network 
are determined by the binary linear form p = ma+nb. The combination of three 
noncoplanar translation vectors a, b, c leads to the formation of a three-dimensional 
infinite and periodic network, called a space lattice. The coordinates of the nodes in 
a space lattice are determined by the trinomial linear form 


p = ma+nb+ pe, ... [5.2] 


where [m, n, p] are the integral coordinates of the nodes. 
The combination of a plane of symmetry with a translation a, perpendicular to 
it brings about a translational multiplication of planes of symmetry and the formation 
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Fic. 70. Transformation in glide plane. Fic. 71. Group of fourfold screw axes. 


of a kaleidoscope of parallel mirrors in which the mirror-symmetrical node is multi- 
plied into a periodic series. When reflection is combined with a parallel translation 
a new symmetry element appears—the glide plane. In Fig. 70 ab marks the position 
of the glide plane; the direction of the displacement is parallel to the plane of the 
diagram. The glide plane causes the formation of a periodic series A 1, 42, A3, A 

in the pattern of a ‘herring-bone’ with period 2a, along the glide plane. The combina. 
tion of a rotation with a displacement parallel to the axis of the rotation gives a screw 
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motion which corresponds to a new symmetry element—the screw axis. The displace- 
ments along a screw axis of the nth order are a, = (m/n)a, where m = 1, 2,...,7. 
The total number of screw axes of the nth order is n, including the rotational axis for 
which m = 0 (m = n). Fig. 71 shows the group of screw axes of symmetry of 4th 
order. The axes 4, and 4, are mirror-symmetrical right-handed and left-handed screw 
axes. The axis 4, contains the rotational axis 2. 


2. Symmetry Groups and the Laws of their Formation 


The Symmetry Group as a Closed Set 


Combinations of symmetry elements generate new symmetry elements, in as 
much as the corresponding symmetrical transformations may be applied both to the 
points of a body and also to symmetry elements. The combination of two symmetry 
elements A+ B generates at least one other symmetry element C, which belongs to the 
group A+B+C. If the multiplicities of the elements A and B are greater than two, 
then, not one, but several new symmetry elements C,, C,... arise. The performance 
of the symmetry transformations prescribed by these elements will lead to the 
multiplication of the initial elements, A,, A,,...and B,, B,... 

If no limitations are imposed on the initial set of symmetry elements 4 +B, then 
the continuation of the symmetry transformations with the newly arising elements 
brings about a chain process in which the number of symmetry elements grows with 
a high multiplication coefficient. As a result the symmetry elements in a body may 
be distributed as densely as we please. This is possible in only one case—that of an 
isotropic body, which possesses the highest form of symmetry—spherical symmetry. 
In order to obtain other forms of symmetry it is essential that the symmetry elements 
be combined, not arbitrarily, but in accordance with strict rules. The basic condition 
for such a combination is that it must give rise to a group, that is, to a set of symmetry 
elements closed for all symmetrical transformations prescribed by the elements belong- 
ing to the group. 


The Combination of Rotation Axes and Planes of Symmetry 


To any rotation axis of symmetry C,, with direction which we shall take as 
vertical, we may annex a horizontal plane of symmetry / perpendicular to it. Reflection 
in the plane of symmetry will convert the polar axis of symmetry C, into a bilateral 
nonpolar axis denoted by the symbol C,,. Polar axes of symmetry are characteristic 
of unclosed crystalline forms in the shape of pyramids (three-faced, square etc.). Non- 
polar axes of the type C,,, are characteristic of closed forms in the shape of bipyramids. 

Across a rotation axis of symmetry C,, we may draw a vertical plane of symmetry 
v. Rotations about the axis form a group consisting of m equivalent planes of sym- 
metry intersecting on the axis of symmetry. A second family of planes of symmetry, 
also parallel to the axis of symmetry, passes through the bisectors of the angles 
between members of the first family of planes. This combination of an axis and planes 
of symmetry is denoted by the symbol C,,. In the particular case C,, these two 
families of planes of symmetry coincide with one another. 

The combination of axes of symmetry with oblique planes of symmetry will 
produce equivalent intersecting axes of symmetry. This suggests that we should 
consider possible combinations of axes of symmetry. 
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Combinations of 2-Fold Axes of Symmetry. 
Axes of Symmetry of Regular Polygons 


Consider two intersecting axes of symmetry C, forming an angle B. Draw a 
plane P through the axis of symmetry. Transforming around the twofold axes of 
symmetry produces new axes lying in the plane P and forming angles between them 
which are multiples of #. From the cyclic condition it follows that nf = 27, 1.e. the 
twofold axes form a group of axes of symmetry of a regular n-gon. To the group 
there also belongs the perpendicular to the twofold axes of symmetry C,. This com- 
bination of axes of symmetry is denoted by the symbol D,,. 


Combinations of Higher Axes of Symmetry. 
Axes of Symmetry of Regular Polygons 


Let OA and OB (Fig. 72) be two axes of symmetry C,, forming the least possible 
angle B,. A rotation through an 
angle a, about the axis OA trans- 
forms the axis OB into the axis OC. 
A single rotation about the axis 
OC must transform the axis OA 
into OB. Consequently all the 


Fic. 72. The group of equivalent 
axes of symmetry C,,. 


angles are a, and the sides f, in the spherical triangle ABC. From the formula for a 
spherical triangle we obtain 

cos 8, = cot a, cot 4a, = 1/(2 sin? 4a,)—1 

= ]/(2 sin? n/n)—1. »6 6 [5.3] 

Formula [3] indicates the possible cases in which higher axes of symmetry may be 

combined. As the multiplicity n increases, the denominator in formula [3] becomes 


4 b 


Fic, 73. The regular polyhedra: 1, tetrahedron; 2, cube; 3, octahedron; 
4, pentagonal dodecahedron; 5, icosahedron. 
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smaller and the value of cos f, greater. The limiting value cos, = 1, B, = 0, 
corresponding to coincidence of the combining axes of symmetry, is attained for 
n = 6. This trivial case is possible for any axes of symmetry. Nontrivial combinations 
of higher axes of symmetry (f,+0) are possible for three types of axes, shown in 
Table 22. 

These combinations correspond to the arrangements of the axes of symmetry of 
the regular polyhedra. The faces of regular polyhedra are regular and congruent 
polygons; the plane angles at their vertices are equal. There are in all 5 regular 
polyhedra (Fig. 73), whose description is given in Table 23. 

The number of faces F, of edges E and vertices V satisfy Euler’s formula 


F—E+V = 2. ... [5.4] 


Table 22 
Combination of Higher Axes of Symmetry 


n B,, Characteristic arrangement of axes 

3 109° 28’ group of 3-fold axes of symmetry of a tetrahedron 
4 group of 4-fold axes of symmetry of a cube 

5 group of 5-fold axes of symmetry of an icosahedron 


Table 23 
Description of Regular Polyhedra 


Name Symmetry | Form of faces 
Tetrahedron triangle 
Cube square 
Octahedron triangle 
r etodeeahedron pentagon 
Icosahedron triangle 


The cube and the octahedron possess the same point symmetry, denoted by the 
symbol O. The complete group of axes of symmetry comprises the 4-fold, 3-fold 
and 2-fold 3C, 4C; 6C,. The symmetry group of the tetrahedron T 3C, 4C; is a sub- 
group of the group O. The pentagonal dodecahedron and the icosahedron also possess 
the same symmetry, denoted by the symbol J. In the group J there are mutual com- 
binations of fivefold, threefold and twofold axes of symmetry 6C,; 10C; 15C,. The 
groups 7, O and J exhaust the three possible cases of mutual combination of higher 


axes of symmetry. 
Combinations of Rotation Axes with Perpendicular Translations. 
Fundamental Symmetry Law of Periodic Structures 


The combination of a rotation with a translation parallel to the axis of the 
rotation, which we considered earlier, does not impose any limitations on the multi- 
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Ag 


Fic. 74. Combination of a rota- 
tion axis with a perpendicular 
translation. 


Ay 


plicity of the axis of rotation. On the other hand, the combination of a rotation with 
perpendicular translations does impose important limitations. 

Fig. 74 shows the start of the process of multiplication of a rotation axis C,, 
perpendicular to the plane of the diagram and initially in position A,. The translation 
a gives the axis A,. Rotations about the axes A, and A, generate new axes A, and Ag, 
lying on a straight line parallel to the nodal series A, and A,. The distance between 
the points 4, and A,, a(i+2 cos «,), must be a multiple of the length of the transla- 
tion vector. Hence we obtain the equation 


2 COS &, = DP; » [5.5] 


where p is an integer. Equation [5] has 5 solutions (« = 0, 180, 120, 90, 60°). If we 
discount the trivial axis C,, there are only 4 possible types of rotation axes in periodic 
structures—C,, C3, C, and C,. An illustration of this theorem can be found in 
parquet patterns. Continuous covering of a plane with identical parallel polygons is 
possible only with parallelograms, rectangles, squares, regular rhombuses and 
hexagons. 

The space lattice represents a set of equal, parallel and periodically arranged two- 
dimensional lattices. So in crystals only the 4 previously indicated types of axes of 
symmetry are possible. This conclusion, which contains the gist of the fundamental 
law of symmetry in crystals, is confirmed by all the experimental crystallographic 
material which has been accumulated in the course of several centuries. 


Point Groups and Space Groups 


Symmetry groups containing only the operations of reflection, rotation and in- 
version, and not containing any translations, are called point groups. These groups 
leave at least one point of a body unmoved and describe the symmetry of finite figures: 
atoms, molecules, crystalline polyhedra and other symmetrical bodies. They also 
describe the symmetry of continuous anisotropic media. 

Symmetry groups containing parallel trans- 
lations describe the symmetry of infinite bodies 
with a periodic structure. The most important 
for us are plane and space groups, which contain 
two and three independent translations respec- 
tively. As a result of the application of the trans- 
lation, each symmetry element is multiplied into 


Fic. 75. Combination of fourfold axes 
of symmetry with perpendicular trans- 
lations. 
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a family of identical and parallel elements. Fig. 75 shows a set of fourfold axes with 
a perpendicular translation; this leads to the formation of two families of parallel 
fourfold axes and two families of twofold axes parallel to them. The set of these 
symmetry elements constitutes one of the 17 plane symmetry groups. These groups 
describe the symmetry of the faces of a crystal, and also the symmetry of the pro- 
jection of its structure onto one of its faces. 

Space groups characterise the symmetry of three-dimensional periodic structures, 
including the structures of crystals. The structure of a crystal may be obtained if its 
space group is known and the positions of its particles are given relative to the 
symmetry elements of the group for one independent region. By means of the sym- 
metry operations determined by the space group the independent region is multiplied 
infinitely and fills space completely. Within each space group it is possible to distin- 
guish a subgroup of parallel translations, which is characterised by a trio of independent 
translation vectors forming in conjunction with each other a space lattice. In this 
process the whole crystal is subdivided into a series of identical and parallel parallel- 
epipeds—its unit cells. The elementary parallelepipeds are formed by adding together 
a certain number of independent regions transformable into one another by means of 
reflections, rotations and inversions. 

Combinations of symmetry elements of space groups are analogous to combina- 
tions of symmetry elements of the corresponding point groups. If we suppose that 
the translation vectors in the space group are null, that is, if we produce its symmetry 
elements across the origin of coordinates, we obtain one of the point symmetry groups. 


3. The Symmetry of Atoms and Molecules 


Point Groups 


Let us consider point groups, that is, possible combinations of reflections, rota- 
tions and inversions. 

1. Groups C,,. Each group contains only one symmetry element—an n-fold 
rotation axis. The group C, does not have any symmetry elements. 

2. Groups S,,. Each group has only one rotation—inversion axis of even order. 
The group S, = C; =i has only a centre of symmetry. Centres of symmetry are 
also possessed by groups with 2n = 4p+2, where p is an integer. 

3. Groups C,,. Each group contains a nonpolar axis C, and a perpendicular 
plane of symmetry. The group C,, = C, = mcontains only one plane of symmetry. 
Groups with even n have a centre of symmetry. 

4. Groups C,,. Each group contains an n-fold axis and 1 planes of symmetry 
passing through it. The group C,, = C,, = C, = m has only a plane of symmetry. 

5. Groups D,. Each group contains an axis of the n-th order and n double axes 
of symmetry perpendicular to it. The group D, = C,. The group D, consists of 
three mutually perpendicular nonequivalent twofold axes. 

6. Groups D,, are obtained by adding a horizontal plane of symmetry passing 
through the twofold axes. The combination of a twofold axis with a plane of sym- 
metry gives rise to a perpendicular plane of symmetry. So the group D,,, apart from 
the horizontal plane, has 1 vertical planes of symmetry. Even groups with n = 2p 
possess a centre of symmetry. 

7. Groups D,4 With vertical diagonal planes of symmetry passing between the 
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twofold axes. For odd n, the axes of symmetry C, are perpendicular to the planes of 
symmetry, so the corresponding groups possess a centre of symmetry. 

The following groups are the symmetry groups of the regular polyhedra, and 
contain only one representative each. 

8. The group T—the axial group, consisting of the axes of symmetry of the regular 
tetrahedron: 3C,4C3. The twofold axes are mutually perpendicular; the threefold 
axes form with each other tetrahedral angles: @ = 109° 28’. 

9. The group O—the axial group consisting of the axes of symmetry of the 
regular octahedron or cube: 3C, 4C; 6C. 

10. The group T,—the complete symmetry group of the tetrahedron; it is ob- 
tained by adding to the group 7, 6 planes of symmetry passing through an axis C, 
and two axes C3; axes C, are transformed into axes S4. 

11. The group T, is obtained by adding to the group T three mutually perpen- 
dicular planes of symmetry passing through two axes C,; axes C3 are transformed 
into axes S¢. 

12. The group O, is obtained from the group O by adding a centre of symmetry 
and represents the complete symmetry group of the octahedron or cube; axes C; are 
transformed into axes S¢. 

13. The group J—the axial group containing the axes of symmetry of the regular 
icosahedron. 

14. The group J,—the complete symmetry group of the icosahedron, obtained 
by adding a centre of symmetry to the group J. 


Regular Systems of Points (Complexes) 


With a given point group we may associate in a rational manner a chosen system 
of coordinates. We shall take an arbitrary point with coordinates (x, y, z) in general 
position, that is, a point not lying on any of the symmetry elements. The symmetry 
transformations of the group multiply this point, and we obtain a group of N equi- 
valent points forming a complex or regular system of points. By using the symmetry 
transformations, it 1s not difficult to express the coordinates of all these points in 
terms of the coordinates of the initial point. The number AN is called the multiplicity 
of the general position. 


Multiplicities of General Positions of Point Groups 


Group Cy Sn Cans Cov» Dans Dna T O, Ty, O, J Ji, 
D n T, h 
Multiplicity NV n 2n An 12 24 48 60 120 


If the initial point is taken in a particular position, that is, on a symmetry element 
with multiplicity 1;, then its own multiplicity is diminished. The multiplicity of a 
particular position is n’ = N/n,. 

lf instead of a point in general position we take a plane lying obliquely in relation 
to the symmetry elements, then we obtain a set of equivalent planes forming a figure 
(polyhedron). The multiplicities of the figures are the same as the multiplicities of 
the complexes. Fig. 76 shows the general figure of the group O,, which is a 48-hedron, 
formed from identical triangular faces. This polyhedron can be obtained from par- 
ticular figures, for example from a cube if we divide each face into 8 sections, or from 
an octahedron by dividing each face into 6 sections. Stereographic projection is often 
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used for the representation of point symmetry. Fig. 77 represents the stereographic 
projection of the point group O,. The nine planes of symmetry dissect the sphere 
into 48 identical spherical triangles. The intersections of the planes are the axes of 
symmetry of the 4th (square), 3rd (triangle) and 2nd (oval) orders. The crosses (points 


ram, 


FIG. 76. General figure of the Fic. 77. Stereographic projection 
point group O,,. of the point group O,. 


on the upper hemisphere) and circles (points on the lower hemisphere) represent the 
projections of the 48 equivalent directions. These directions may be regarded as the 
normals to the planes of the general figure, or as straight lines drawn through the 
points of the general complex. 


4. The Symmetry of Crystals 


The Crystal as an Anisotropic Continuum and as a 
Homogeneous Discontinuum 


A crystal is a discontinuous medium with a triply periodic distribution of matter 
(homogeneous discontinuum). All the properties of a crystal are determined by its 
composition and structure. However in many cases a crystal may be regarded as an 
unbroken continuous vector medium whose properties depend on direction (aniso- 
tropic continuum). The properties of a crystal are determined by the cumulative 
influence of a sufficiently large number of its constituent particles. For example, the 
density of a crystal, as determined by weighing, represents the density averaged over 
the unit cells, no account being taken of the discreteness of the density distribution 
within the elementary cell, although it is an immediate consequence of the X-ray 
structural data. The macroscopically measured thermal expansion of a crystal is the 
averaged resultant of the relative displacements of the equilibrium positions of the 
atoms caused by the variation in temperature. 

A knowledge of the atomic structure is not essential in order to measure the 
thermal expansion tensor; however, it is absolutely necessary in order to understand 
the properties of these tensors in individual concrete cases. 

Some properties of a crystal, such as for example its density, are scalar. The 
majority of the other properties, for instance thermal expansion (in non-cubic crystals), 
velocity of sound, elastic moduli, strength, electrical conductivity etc. are vector pro- 
perties and are represented by vector models. The length of a radius vector in such 
a model gives the magnitude of the property when measured in the direction of that 
radius vector. The symmetry of the vector model is described by one of the point 
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groups and may be greater, but never less, than that of the point symmetry group of 
the crystal, since it also depends on the character of the property being measured. 
The symmetry of a crystal as an anisotropic continuum is described by a point group, 
while its symmetry as a homogeneous discontinuum is described by a space group. 


Systems and Crystal Classes 


The description of the geometry and properties of crystals is considerably simpli- 
fied if we take the symmetry of the crystal into consideration when choosing our 
system of coordinates. This means that the axes of coordinates are chosen parallel or 
perpendicular to the principal axes and planes of symmetry. From the symmetry law 
for crystals it follows that there are six types of crystallographic coordinate system. 
Table 24 gives the descriptions of these systems. 

In Table 24 C, is the symbol for an n-fold axis of symmetry, a, b, c are the lengths 
of the edges, «, B, y are the angles of the unit cell opposite to them and Z is the 
number of particles in unit cell. 


If in choosing the coordinate axes we limit ourselves to considering 
the properties of the crystal as a continuous medium (anisotropic con- 
tinuum), then we cannot distinguish rhombohedral crystals from hexagonal 
and they are described by a single crystal coordinate system. These crystaJs 
do however differ in their type of space lattice, and this can be established 
by studying the crystal as a discontinuous medium (homogeneous discon- 
tinuum). The Bravais lattice for rhombohedral crystals is a rhombohedron, 
and for hexagonal ones a hexagonal prism. These Bravais lattices can be 
distinguished by the extinction laws established by structural methods. 
The indices of reflection, hkl, of the rhombohedral crystal satisfy the well- 
known rhombohedron condition h—k+/ = 3n, n= 0, +1, +2,... 


The point groups detailed in §3 describe the symmetries of atoms, molecules, 
regular polyhedra etc. The study of the symmetry of crystals usually begins with a 
study of the symmetry of their external shapes, which is described by one of the point 
groups. The fact that there are so few types of axes of symmetry in crystals limits the 
number of point groups that are possible. From the first seven types of point groups 
(§3), which contain an infinite number of members, we choose those groups for 
which n takes one of the following values: 2, 3, 4 and 6. This gives 27 groups, which 
are shown in the first six rows of Table 25. 

From the remaining seven groups, which are each the sole representative of its 
type, we choose 5 groups (Nos. 8-12) related to the cubic system. The groups J and 
J,, which contain 5-fold axes, are impossible in crystals. Thus the total number of 
crystalline classes is 32. The derivation of the crystal symmetry classes was given by 
Hessel (1836), but passed unnoticed in the literature. The complete derivation of 
crystalline classes was given independently of Hessel by the great Russian engineer 
and crystallographer A. V. Gadolin (1876). 


Unit Cells 


The subgroup of parallel translations subdivides the crystal into a set of equal 
parallelepipedal unit cells the edges of which are the three basic translation vectors. 
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Fic. 78. Symmetry and structure of the pyrites crystal. 


Corresponding to the seven systems, there are seven types of simple unit cells, differing 
in their symmetry. Table 24 gives the shapes of the unit cells and the ratios between 
the lengths of the translation vectors (lattice periods). Cubic symmetry is found 
not only in crystals with three fourfold axes, but also in those with three equivalent 
twofold axes. In the latter case three mutually perpendicular twofold axes are chosen 
as the axes of coordinates. An example of such a crystal is pyrites FeS,, which 
crystallises in the form of cubes (Fig. 78a). As the structure of pyrites shows (Fig. 
786, c), there are twofold (screw) axes passing perpendicularly across the faces of the 
cube. The lowering of the symmetry in the crystals is shown by the etch figures 
which on the cube faces of a pyrites crystal are striations parallel to the edges of the 
cube. 


Simple Treatment of Monoclinic and Triclinic Crystals 


In crystals of high and medium symmetry the coordinate axes are chosen simply 
to suit the symmetry of the crystals. In crystals of lower symmetry (monoclinic 
and triclinic) there is some freedom of choice of axes which is greatest in the triclinic 
system. In the triclinic lattice the unit parallelepiped can be chosen in an infinite 
number of ways, with the sole condition v = v,,;, = 1, where v is the volume of the 
elementary parallelepiped, and v,,;, = 1 1s the volume associated with 1 node of the 
lattice. 

B. N. de Launay gave the analytical algorithm for reducing the elementary 
parallelepipeds to the basic form. By means of successive transformations of the axial 
vectors of the lattice we can arrive at a unique triad of vectors. This solves the problem 
of choosing a single system of coordinates to describe a given lattice. This unit cell 
approximates as closely as possible to a cell in which the diagonals are so far as 
possible not shorter than the sides and the coordination angles approximate to right 
angles. 

For monoclinic crystals, which in practice are encountered experimentally much 


Fic. 79. Transformations of 
monoclinic unit cell. 
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more frequently than triclinic, the b axis is readily established and the problem reduces 
to the simple choice of a unit parallelogram in the monoclinic plane. In this case it is 
possible to use a simple geometrical reduction algorithm which consists in comparing 
the lengths of the diagonals and the edges of an elementary parallelogram. If we first 
find the parallelogram ABCD (Fig. 79), in which the diagonal BD is shorter than the 
sides, then on carrying out the transformation mentioned we obtain successively the 
elementary parallelograms ABCD BDCE->CEDF. The last is the basic parallelo- 
gram, since its sides are shorter than its diagonals. 


Subgroups of Parallel Translations, Bravais Lattices 


In each space group we can distinguish the subgroups of parallel translations. 
This enables us to consider the set of al] possible translational symmetry subgroups 
independently of the rotational subgroups. This was first done by Bravais in the 
middle of the last century. Apart from the seven simple lattices the cells of which are 
shown in Table 24 and contain one node each, it is possible to form complex lattices 
by either body-centring or face-centring the cells, there being 2 or more nodes per cell. 
A consideration of the possible cases of cell-centring shows that there are in all 14 
different types of translational lattices; they are known as Bravais lattices. These 
14 types of lattices, shown in Table 24, represent the set of subgroups of parallel 
translations which are possible in space groups. 

In the cubic system, apart from the simple cubic lattice, body-centred cubic 
(b.c.c.) and face-centred cubic (f.c.c.) lattices are also possible; they contain 2 and 4 
nodes per cell respectively. It is not possible to have a cube with only one pair of 
faces centred, since this would lead to a lowering of the symmetry and transform the 
cubic cell into a tetragonal one. In a complex Bravais lattice it is always possible to 
choose the base vectors in such a way that the new cell contains only one particle. 

Formally such a cell belongs to a lower symmetry 
class, which disguises the true symmetry of the crystal. 
| Fig. 80 shows the choice of a primitive rhombo- 
hedron with angle «,, = 60° in an fi.c.c. cell. If struc- 
tural investigations reveal the presence of a rhombo- 


Fic. 80. Primitive rhombohedron in a 
| cubic face-centred cell. 


hedral cell with angle «,, = 60°, then one should make sure whether the crystal is 
cubic, since then it is convenient to transform the coordinate axes and describe it as f.c.c. 


Space (Federov) Groups 


The derivation of all possible space groups is considerably more complicated 
than that of the point groups and symmetry classes in crystals. This derivation was 
first given by Fedorov (1890). The total number of space groups is 230. The idea 
behind the derivation is based on the connection between space and point groups. 
For any crystal class we consider in succession the sets of symmetry elements in that 
class with translational subgroups which are possible in the system to which the given 
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crystal class is related. As a result we obtain the space groups related to that sym- 
metry class. 

For example, the point group C,—2 of the monoclinic system contains one 
symmetry element—the axis of symmetry 2, the combination of which with a trans- 
lation parallel to it leads to the formation of the screw axis of symmetry 2,. The 
combination of twofold axes of symmetry with translations perpendicular to them 
leads to two space groups P2 and P2, with primitive cells containing only rotational 
or only screw axes. The combination of twofold axes with a translation inclined 
obliquely to them gives rise to the space group C2 with a cell centred in a single pair 
of faces and containing both types of axes of symmetry, 2 and 2,. The three space 
groups P2, P2, and C2 exhaust the set of space groups of class 2. 

Table 26 shows the distribution of space groups by crystal classes. 


Table 26 


Distribution of Space Groups over Crystal Classes 


Cass | tars | Os | tarps | Ch | tous | Cs | ot grup 
1 I 4 6 3 2 6mm 4 
1 1 4 2 3mm 6 62 6 
m 4 4/m 6 32 7 6/mmm 4 
3 42m 12 3m 6 23 5 
2/m 6 4mm 12 6 6 m3 7 
2mm 22 42 10 6 1 43m 6 
222 9 4/mmm 20 6/m 2 43 8 
mmm 28 ee oe 6m 4 m3m 10 


! 


11 pairs of space groups differ only in the directions of rotation of the screw 
axes. Dextro- and laevo-rotatory crystals can only belong to these groups. The 
X-ray extinctions enable us to distinguish 120 space groups. If we take into account 
the ratios of the period lengths, the number of space groups that are distinguishable 
by X-ray spectroscopy goes up to 122. 


Distribution of Crystals by Space Groups 


A statistical study of the results of X-ray spectrographic determination of the 
space groups for ~4000 crystals where the structures have been sufficiently well 
investigated reveals a number of interesting laws. We may note especially the extra- 
ordinary inequality of distribution of the crystals among the 219 (not counting the 
11 enantiomorphic) space groups. For 53 groups not one crystal has yet been found, 
32 groups have a single representative each, and 20 two. Thus 105 Fedorov groups 
(that is, almost half) account for only about 0-2%% of the crystals investigated, or 
21 times less than the share of a single Fedorov group if the distribution were uniform. 

An analysis of the distribution of crystals according to their numbers within each 
space group shows that the selective choice of this or that space group Is governed by 
general principles of crystal chemistry. Many inorganic coordination crystals with 
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the ionic or metallic type of bond crystallise in the more symmetrical space groups 
related to the cubic and hexagonal systems, whereas organic molecular crystals in the 
majority of cases crystallise in the less symmetrical space groups related to the mono- 
clinic and rhombic systems. 

The crystal structure of any substance is determined in the last analysis by 
thermodynamic factors. Out of the innumerable varieties of conceivable structural 
types a given substance in equilibrium conditions ‘chooses’ that type which corres- 
ponds to its minimum of free energy. For crystals with nondirected bonds the 
thermodynamic minimum free energy condition can in many cases be replaced with 
sufficient accuracy by the geometric condition of minimum volume, that is, by using 
the principle of closest packing. These cases provide the simplest way of establishing 
the connection between Fedorov’s geometrical theory of crystal structure and Gibbs’ 
thermodynamic theory. 

The structures of inorganic crystals with ionic and metallic bonds can be repre- 
sented very conveniently by close packing of spheres. The number of close packed 
systems is infinitely large but Belov showed that they are all related to only eight space 
groups, belonging to the cubic, hexagonal and rhombohedral systems: C3m, R3m, 


~ x 6 , 
C6m2, Comc, C3m, R3m, Come, Fm3m. These space groups contain the subgroup 


C3m, which is the group of minimum symmetry for any close packed system. The 
cubic group Fm3m accounts for about 10% of all crystals whose structures have been 


6 , , , 
determined, and the hexagonal group cme for 4-3°%. Inorganic crystals, including 


minerals, often crystallise also in the rhombic group Puma. The explanation is that 
in this group it is possible to have close packing with a slight distortion which 
reduces its symmetry to rhombic. 

In molecular crystals we have to consider packings of molecules with shapes 
which are only more or less spherical. Kitaigorodsky showed, on the basis of a 
consideration of the packing of ellipsoids, that in these cases close packing is achieved 
in space groups containing as their principal symmetry elements glide planes and 
diad screw axes; this results in low symmetry space groups. Such are the rhombic 
groups P2,2,2,, Pbca, Pca, the monoclinic P2,, P2,/c, the triclinic 1 and some others. 
The frequency of these groups can be judged from the following figures: the group 
P2,/c accounts for about 9% of crystals, and the group P2,2,2, for 4%. 


Shubnikov Groups 


The 230 Fedorov groups describe the symmetry of a periodic scalar field whose 
value at each point is determined by a single parameter. In order to describe the 
symmetry of a periodic vector field, which is determined by three components at each 
point, or of a tensor field, it is necessary to broaden the concept of symmetry, and 
this leads to an increase in the number of symmetry groups. An important generalisa- 
tion of the concept of symmetry was suggested by Shubnikov, who introduced the 
idea of positive and negative or black-white figures besides the monochromatic figures 
considered in previous symmetry theory. The use of sign or colour in a figure (in the 
gencral case each point in space can have / ‘signs’, where / is a positive integer) leads 
to the introduction of the new concept of antiequality, the relationship between figures 
with different signs, and the new symmetrical transformation of antisymmetry, which 
changes the sign of a figure. The operation of antisymmetry, when transforming the 
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various figures, changes a positive figure into a negative one and vice versa. The 
application of this operation to self-symmetric figures renders them neutral. 

Latterly Soviet crystallographers have derived all point and space groups by 
using the operation of changing the sign of a figure. The system of generalised 
symmetry groups thus obtained has applications in the description of the symmetry 
of dipolar structures (magnetic structures, ferrites etc.), the symmetry of generalised 
projections of crystals, where the maxima may be positive or negative, and so forth. 
The generalised point groups together with the 32 ordinary ones contain 58 black- 
white magnetic groups. The generalised space groups contain in all 1651 groups, 
including 230 monochromatic and 230 grey Fedorov groups, and in addition 1191 
black-white groups. The black-white groups describe the symmetries of periodic 
magnetic structures, and the grey groups that of paramagnetic crystals. The number 
of Bravais lattices also increases if we take antisymmetry into account. Apart from 
the 14 ordinary types, there are 22 black-white Bravais lattices. 


5. The Symmetry of Atoms and the Types of Simplest 
Periodic Structures formed by them 


Let us consider the simplest periodic structures arising when identical atoms are 
joined together. The type of structure is determined by the symmetry of the atoms 
and the properties of the bonds formed by them. With the homopolar bond we have 
to distinguish two cases: atoms with directed and saturated bonds (covalent bond) 
and atoms with undirected and unsaturated bonds (metallic bond). 


Atoms with Directed and Saturated Bonds 


As models for these atoms we can take little spheres with some of their radii 
produced to represent the lines of the bonds. Let us consider atoms forming (a) a 
single bond; (b) two bonds: linear (valence angle ¢ = 180°) and orthogonal (¢@ = 90°); 
(c) three bonds: plane (¢@ = 120°) and pyramidal (¢ = 90°); (d) four tetrahedral bonds 
uniformly distributed in space (@ = 109° 28’). 

Atoms with a single bond are united into diatomic molecules, which on further 
interaction form a molecular crystal, for example the crystals of the halogens Cl,, 
Br,, I, (see Fig. 86a (171). Atoms with two bonds form chains which may be either 
infinite and unclosed (selenium and tellurium lattices) or closed in rings with a finite 
number of links (the molecules S,) (see Fig. 865 and c (171)). Atoms with three 
plane bonds form infinite plane layers consisting of hexagonal loops (Fig. 81a). The 
unit cell of such a network is a rhombus comprising two particles with coordinates 
(0, 0) (2, 4). The graphite lattice is composed of plane atomic networks as shown in 
Fig. 86f (171). In the case of three pyramidal bonds similar layers of hexagons are 
obtained, but here the atoms are arranged on two different levels. Such layers are 
found in the lattices of arsenic, antimony and bismuth (Fig. 86d (171)). Atoms with 
tetrahedral bonds form a three-dimensional spatial structure of the diamond type 
(Fig. 815). The elementary cell of this structure is cubic, and it contains 8 atoms; the 
Bravais lattice is face-centred (Fig. 86e (171). The coordinates of the initial nodes of 
the two interpenetrating face-centred lattices are (000), (4 4 4). 

The atomic network of graphite and the structure of diamond are examples of 
lattices of identical particles. These lattices cannot be formed by means of transla- 


tions alone, without rotations and reflections. 
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Fic. 81. (a) Atomic network formed by atoms with three coplanar bonds 
(graphite lattice); (b) space structure formed by atoms with tetrahedral 
bonds (diamond structure). 

Structures formed by particles with saturated bonds are characterised by low 
coordination numbers. In crystals consisting of diatomic molecules the coordination 
number k = 1. In crystals composed of linear chains or rings k = 2. In stratified 
crystals like graphite or arsenic k = 3. In structures of the diamond type k = 4. 


Spherical Particles with non-directed Bonds. Close packing 
of Spheres 


Particles with undirected and unsaturated bonds may be represented to a first 
approximation by equal incompressible spheres of radius R, which attract each other. 
From the principle of minimum potential energy of interaction it follows that each 
particle tries to interact with the maximum possible number of other particles, and 
this leads to the formation of structures with maximum coordination numbers. 
Accordingly the packing fraction, that is, the ratio of the volume of the spheres to the 
total volume (including the voids between the spheres), will be larger than that of any 
other possible packing. Packings of spheres which satisfy these requirements will be 
called close packings. One-dimensional close packing is a linear periodic chain of 
spheres with period 2R and coordination number two. Two-dimensional close packing 
(plane spherical layer) is shown in Fig. 82a. This represents a two-dimensional, 
periodic structure with hexagonal symmetry and coordination number six. The plane 
unit cell of this structure is a right rhombus 44 AA with sides 2R (Fig. 825). Between 
the spheres in the plane layer two families of trigonal (triangular) voids BB... and 
CC... are formed, across which pass two families of threefold axes of symmetry. 
Each of these families forms a similar plane hexagonal network with the same period 
2R. The point symmetry group for the positions B and C, C3, —3m, is a subgroup of 
the symmetry of the position A, C,,—6mm. 

Three dimensional close packing is obtained by a compact combination of the 


4 A 


A A 


Fic. 82. (a) Close-packed layer 
of spheres; (5) unit cell. 
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close packed plane spherical layers. We take an initial plane layer, which we assume 
to be horizontal, and lay on it a sphere of a second layer. This sphere attains its most 
stable position if it is placed in one of the trigonal depressions. In this position, a 
sphere of the second layer is in contact with the greatest possible number, namely 
three, spheres of the first layer, forming with them a right tetrahedron. We continue 
adding spheres to the second layer in such a way that they in their turn also form a 
close packed plane layer. The spheres of the second layer will occupy one of the 
families of trigonal holes and will be in close contact both with spheres of the first 
layer and with each other. In the packing of two neighbouring layers the alternatives 
of placing in accordance with either of the families of holes B and C are equivalent, 
but starting with the third layer these two methods of adding each succeeding layer 


N=4 
N=4 
h=3 
N=2 d 
C 
‘b 
a 
Fy A fg" 4 48 ff A A Sot 4 
‘{° co. 22 {: 
 LAG/AB... [ABCAEC.. (aes ig08 ee rasabikeac A... 
Lah hh.. LCCC] C... hehe] hone  LAACHNCHNL, 
a—Ce, Gd, Tb f-\a/fs-CeYb a—La, Pr, Nd sm 


Fic. 83. Close-packing of spheres: (a) two-layer (hexagonal), (6) three-layer 
(cubic), (c) four-layer (hexagonal), (d) nine-layer (rhombohedral). 


lead to different types of space packings. Any three-dimensional close packing can 
be obtained by the successive threading of dense spherical layers onto the families of 
axes of symmetry A, B and C drawn perpendicular to the plane of the initial layer. 
Such a system of close packing is uniquely characterised by a symbol of the type 
... ABACABC..., in which each letter relates the positions of spheres of the corres- 
ponding layer to the axes A, Bor C. From the condition for close fitting of neighbour- 
ing layers it follows that letter symbols with two adjacent letters identical are im- 
possible. In three dimensional close packing, the coordination number & = 12. Any 
close packing of spheres conserves the minimal point symmetry C3, —3m. 

From the various kinds of three dimensional close packings we can distinguish 
the periodic packings, those which are described by periodic letter symbols. To 
indicate them it is sufficient to give the sequence of letters in a single period. The 
number n of letters in a period determines the stratification of the packing. With 
increasing stratification the number of close packings grows without limit. The 
packings of greatest physical importance are those with a low stratification. One of 
the simplest is the two-layer packing ... ABABAB (Fig. 83a) (alternatively denoted 
ACAC or BCBC...), which is related to the hexagonal system. The structure of the 
hexagonal close packing I, is shown in Table 33. 

The hexagonal close packing (h.c.p.), like the structures of graphite and diamond, 
cannot be obtained by means of translations alone. The unit cell of this packing, 
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which has a ratio of axes c/a = 2,/2 = 1-633... , has two particles with coordinates: 
(000) (4, 2, 4), the space group is Dé,—C°/mmce. 

The three-layer close packing is describable by only one letter symbol 
... ABCABCABC... (Fig. 83b). This is the only close packing related to the cubic 
system, and has the face-centred cubic structure IZ (see Table 33). The space 
group is O; —Fm3m. Unlike other close packings, the three-layer packing contains 
not one but 4 equivalent families of densely packed planes, parallel to the faces of 
the octahedron [111]. Cubic close packing is an example of a structure in which 
the positions of the particles coincide with the positions of the nodes in a Bravais 
lattice and provide an immediate model of the subgroup of parallel translations. 
Figs. 83c and d show the more complex 4- and 9-layer packings; the first is hexagonal 
and the second rhombohedral. These packings are encountered amongst the struc- 
tures of the lanthanides (Ch. 6, §1). 

In Fig. 80 a primitive rhombohedron with volume equal to } that of the cubic 
cell and containing a single particle has been marked out. This rhombohedron can 
be dissected into an octahedron and two tetrahedra possessing identical triangular 
faces with sides equal to the shortest periods of the close packing, 2R. Thus, space 
can be completely filled without any voids by a combination of octahedra with double 
the number of tetrahedra. The geometrical meaning of the octahedra and tetrahedra 
it close packed lattices is that the centres of these polyhedra correspond to the centres 
of the two types of greatest voids between the spheres; these are called octahedral or 
tetrahedral according to the type of coordination formed by the spheres which 
surround them. The number of octahedral voids is equal to the number of spheres in 
the packing; the number of tetrahedral voids is double that. Any system of close 
packing can be represented by a model composed of such polyhedra combined in a 
definite order. 

In the formation of some compounds the voids are for one reason or another 
filled by atoms of a different chemical sort. The atomic structures of such compounds 
can nevertheless be conveniently described by the theory of close packing. 

The symmetry of the spheres differ between the hexagonal and the cubic close 
packings because of the difference in the configurations caused by the different 
packings of neighbouring layers. The two ways of adding a layer of spheres give rise 
to two ‘types of spheres’: those with hexagonal symmetry (type 4) and those with 
cubic symmetry (type c). If a spherical layer lies between layers with identical letter 
symbols, then it will contain spheres of type h. Horizontal planes of symmetry pass 
across them; the spheres do not have centres of symmetry; their point symmetry is 
D3,—6m2. Ifa layer of spheres lies between layers with different letter symbols, then 
it will contain spheres of type c with point symmetry O, —m3m. These spheres possess 
centres of symmetry, but no horizontal planes of symmetry pass across them. 

The hexagonal and cubic close packings can be denoted by the symbols 
.. Ahhhhh.. and ...ccc.. Any other close packing is denoted by a mixed symbol 
containing the appropriate number of h’s and c’s in a definite order. 


Numerical Symbol of a Spherical Close Packing 


A symbol of the type h, unlike a symbol of the type c, causes a 180° change in the 
orientation of the layer; this is shown in the form of zigzags in Fig. 83a. Any periodic 
close packing is uniquely defined by the thicknesses of the successive layers with parallel 
and antiparallel orientations. We shall write this sequence as a numerical symbol 
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..+Py+P2-P3-+++Pj++Pm--+, Where p; is the number of elementary layers of 
spheres in the jth layer (packing). The point sign in the numerical symbol indicates 
the boundaries of the packings and is not a multiplication sign. The numbers p, are 
positive integers; the number of layers in packing period m must be even. Cyclic 
permutation of the digits in the symbol, or writing the symbol in the reverse order, 
does not alter the type of packing. Numerical symbols differing in the sets or order 
of their numbers represent different packings. 


The numerical symbol enables us to give a complete description of a 
spherical packing, using the following rules. 

1. The stratification of the packing according to the shortest possible 
translation and the (equal) number of particles in a primitive unit cell is 


n=) p,. ... [5.6] 


The stratification along the normal to the basal planes (i.e. along the axis c) 
ism, = n for hexagonal packings and n, = 3n for rhombohedral packings. 

2. The dimensions of the unit cell of the packing in hexagonal axes 
are 


c=n,h, a=.J2h, < = ne JZ = 081TH, ».. [5.7] 


where h = 2R,/2 is the height of a tetrahedron with sides 2R. 
3. The type of Bravais lattice is determined by the difference between 
the total thicknesses with different orientations. 


A = poj41—2 Poy = N—-2ZL oj. ».. [5.8] 


With A = 3k the primitive lattice is hexagonal, and with A = 3k +1 it is 
rhombohedral. 


c 


4. The coordinates of the particles in hexagonal axes are (0. 0, ®) 


r 
(3 i, 4) (3 2, ") and are determined by the displacements p, q, r of the 
c c 


particles along the axes of symmetry A, B and C. The numbers p,q, r 
(the numbers of the layers) can be found from graphs like the ones shown 
in Fig. 83, which can easily be drawn given the numerical symbol. 

5. The symmetry elements of the packing are determined by the 
symmetry of the numerical symbol: 

(a) if the packing symbol contains two identical half-periods with an 
odd number of members, then the packing has a two-way six-fold screw 
axis of symmetry 6, (space groups Dé, and Cé,); in other cases the packings 
contain only three-fold axes of symmetry; 

(b) if the packing symbol is mirror-symmetrical relative to the boun- 
dary between the layers (points), then there is a plane of symmetry passing 
between the corresponding layers (groups Dé, and Dn); 

(c) if the packing symbol is mirror-symmetrical relative to any layer 
(digits), then there are centres of symmetry lying in the middle of the layer 
(groups Dé,, D34, D34). 
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The above-mentioned symmetry elements uniquely define the appropriate space 
group out of the total of seven single-axis space groups D#,, D3,, D:,, C4,, D4, 
C3», C3, which, according to Belov, are possible for close packings. Each of these 
groups contains infinitely many close packings. Table 27 gives the classification of 
packings up to and including the 8-layer type; the crosses and two parallel lines 
show the centres of symmetry and planes of symmetry. 

The stratifications of rhombohedral packings are trebled; this corresponds to the 
description of these packings in terms of hexagonal axes. The table does not include 
the eighth possible space group O}—Fm3m, which is associated with cubic close 
packing. This packing does not contain spheres of the type h, successive layers in it 
are parallel and it is a limiting case characterised by the numerical symbol © - 0. 
Packings with the symmetry Cj, are first encountered among the 9-layer ones: 
1-1-2-5;1-2-2-4; 1-1-1-2-1-3. Packings with the symmetry C¢, appear 
when we reach m = 12, and are 1-2:3-1-2-3. 

A number of crystalline substances crystallise in close packed form. Of the 
simple substances, metals in many cases crystallise in cubic (co - 0) or hexagonal (1 - 1) 
close packing. Neodymium and samarium crystallise in more complex packings: 
4— x (2:2) and 9-layer (1 - 2) 3 respectively. Of the binary compounds, NaCl and 
ZnS (sphalerite) (Fig. 96) and many substances isomorphic to them crystallise in 
cubic close packing with filling of the octahedral and tetrahedral voids respectively. 
The other modification of ZnS (wurtzite) has a structure based on hexagonal close 
packing. In Al,C, the aluminium atoms form a 9-layer close packing (1 - 2) 3; in 
CaSi, the silicon atoms form the 12-layer packing (1 - 3) 3. The exceptional variety 
of close packings is shown in the polymorphic and polytypal modifications of silicon 
carbide SiC, for which hexagonal (2: 2), (3 - 3), (4-4) and rhombohedral (2 - 3) 3, 
(2°3-3-3)3, (2:3-3-3-3-3)3 structures etc. have all been established. The 
theory of close packing has made it possible to decipher a number of complex struc- 
tures belonging to minerals, metallic compounds and the superperiodic structures of 
silicon carbide, zinc sulphide etc. 


Coordination Number and Packing Fraction 


The packing fraction qg of a structure is equal to the ratio between the volume 
of the particles from which the crystal is formed and the total volume of the crystal: 


» ZY; 


rn ».. [5.9] 


where Z; is the number of particles of type i in unit cell, v; is the volume of a single 
particle, v, that of a unit cell, and the summation extends over all particles in the cell. 
For spherical packings formed from identical spheres, the formula simplifies to 


_ 4nZR? 


30, [5.10] 


Table 28 gives the values of g for a number of structures made up of equal spheres 
with different values of the coordination number k. 

As k decreases, so does the packing fraction. The packing fraction attains its 
maximum value (¢ = 74°%) in the densest packings, for which about } of the total 
volume is accounted for by the voids between the spheres. In the simple cubic struc- 
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ture [., the volume of the voids constitutes almost half the volume of the crystal. 
In the diamond structure the volume of the spheres is only 4 of the total volume of 
the crystal. From the point of view of compactness this structure is extremely 
crumbly. In the b.c.c. structure I’. g is nearer to its value g = Ymax in the closest 
packings than to its value in the simple cubic structure, although the coordination 
number of the structure I’! is nearer to the coordination number of the structure I, 
than to that of [”. This is connected with the fact that in the structure I, the 


Table 28 
Packing Fractions g for Lattices made up of Equal Spheres 


Numerical 
Lattice type Symbol value of g 
close packing of spheres Pe, Ty and 74:04 
tetragonal 
c 
= WES z=? 69-8 
body-centred cubic 68-1 
simple cubic 52:3 
34 


diamond type 


second coordination sphere is close to the first, the radii of these spheres 
(roo0:'111 = /4:,/3) differing by only 15°%. Although the interatomic interaction 
diminishes rapidly with increasing distance and the main part of the energy of a 
homopolar crystal is due to the interaction of nearest neighbours situated on the first 
coordination sphere, in a structure of the type I’; there is appreciable energy due to 
interaction with particles of the second coordination sphere. So in this structure the 
effective coordination number k = k, +k, = 8+(6) has a value greater than 8. A 
high packing fraction q ~ 70% is found in the body-centred tetragonal structure I” 


with a ratio of axes c/a = [2 = 0:817. The structure I’ is obtained by compressing 
the structure I’; along one of the edges of the cube by 18°%; this leads to an increase 
in the coordination number calculated from the first coordination sphere to 8+ 2 = 10. 
In the tetragonal structure I,’ the two mutually orthogonal families of planes (110) 
and (110) are planes of the close packed type. From the condition for close packing 
of spheres, a, /2 = C4 /3 we obtain the above-mentioned ratio of axes for a tetra- 
gonal structure with coordination number k = k, = 10. This is the structure found 
in protactinium. 
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Problems 
1. How many particles are there in the unit cell of (a) a body-centred; (5) a face- 


centred lattice? 
2. Calculate the packing fraction for close packing of equal circles on a plane. 
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Chapter 6 


THE STRUCTURE OF CRYSTALS: CRYSTAL 
CHEMISTRY 


1. Crystal Chemistry of the Periodic System of the 
Elements 


Consider qualitatively the simplest structural and chemical characteristics of an 
element, the coordination number k and basic valency v. From these crystal-chemical 
indications two regions can be distinguished in the periodic table (Table 29): on the 
left-hand side and in the central parts of the table including the lanthanides and 
actinides, the relationship k>v is characteristic of elements with the metallic type of 
bonding. On the right hand side of the table the relation k = v is characteristic of 
elements which tend to form covalent bonds. Some elements (carbon, nitrogen, 
oxygen and sulphur) in the early periods of this part of the table form structures with 
lower multiplicity k<v. Atoms of these elements are capable of forming multiple 
bonds. 


Elements of the A Subgroups 


Among the elements of the A subgroups three types of structure predominate: 
cubic close packing (f.c.c.—indicated in Table 29 by an octagon) hexagonal close 
packing (h.c.p.—a circle) and body centred cubic (b.c.c.—a square). The difference 
in energy between these structural types is small so, among the metals, polymorphism 
is widespread. In cases where there is polymorphism, the innermost symbol (Table 29) 
refers to the lowest temperature modification. 

The alkali metals are all b.c.c., but recently, low temperature modifications of 
lithium and sodium have been found which are h.c.p. and plastic deformation of 
lithium at low temperatures has been shown to lead to the appearance of a new f.c.c. 
modification. Calcium and strontium exist in three modifications. 

The transition metals show the following regularities: when the filling of the 
d-electron shells passes the half way mark, modifications arise with close packed 
structures; 1f the d-shells are half-filled (chromium sub-group) or somewhat less full 
(vanadium and titanium sub-groups) the b.c.c. structure arises. We have to exclude 
from these the b.c.c. structure of low and high temperature modification of iron and 
also the structure of the polymorphic modification of manganese, where, in the cubic 
unit cell there are 58 atoms occupying 4 structurally different positions. The structure 
of «-Mn is analogous to that of the intermetallic compound Mg,,Al,5. f-Mn also 
crystallizes in the cubic system; the unit cell contains 20 atoms, occupying 2 struc- 
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turally different positions so that the structure is analogous to that of the compound 
Ag,Al. f-Mn is interesting in that its structure has no centres of symmetry while all 
the other metals, and, with rare exceptions, almost all intermetallic compounds have 
centro-symmetric structures. y-Mn has a structure of the f.c.c. type, but somewhat 
squashed as a result of 6°% contraction along one of the cube edges giving a tetragonal 
face centred structure with c/a = 0-934 and a similar structure to that of the ordered 
modification of AuCu. 

The lanthanides crystallize in forms corresponding to close packing of spheres. 
Here, for the first time amongst simple substances, there appears a form of packing 
with a higher degree of complexity than the two-layer h.c.p. (1.1) and the three layer 
f.c.c. (00 .0). This is a four-layer hexagonal packing (2.2) (Fig. 83c) which is the 
crystal structure of a-lanthanum and also of praesodymium and neodymium. Lan- 
thanum is dimorphic and transforms above 300°C into the B-modification which has 
the f.c.c. structure. Samarium crystallizes in nine-layered rhombohedral packing 
(1.2)3 (Fig. 83d). There are interesting data on the polymorphic transition of cerium 
under the influence of pressure: at 12,430 atmospheres cerium acquires a much 
smaller volume and it has been established by X-rays that this transition, although 


Av . . . 
accompanied by a considerable change of volume (% = 10% is not associated with 


a change of structural type: both above and below the transition point the structure 
of cerium is the same—f.c.c. It seems that the transition corresponds to the transfer 
of one of the 4felectrons to the Sd valence level, i.e. it is connected with the excitation 
of a new valence state of cerium. From spectroscopic data the energy of the transition 
4f—5d is small (AE ~ 0-04 eV) and the transition can be stimulated by external 
pressure which causes an overlap of neighbouring electron levels. It is known that 
cerium has, in addition to trivalent compounds, e.g. Ce,O,; analogous to those of 
the other neighbouring lanthanides, also tetravalent compounds (CeO,). A reduction 
of the atomic radius of cerium from 1-82 to 1:71 A produced by external pressure 
corresponds to a difference of the ionic radii of 3- and 4-valent cerium (Ce“”—1-02 A 
and Ce”—0-88 A). 

The actinides where, beginning with neptunium there is an overlap of the 5f, 6d, 
7s and 7p valence levels have extremely complex structures. The number of poly- 
morphic modifications increases rapidly as we pass from thorium to plutonium, 
reaching in plutonium the record number of six. Fig. 84 gives characteristic structures 
of the actinides: thorium has the f.c.c. structure, protactinium has a distorted tetra- 
gonal body centred structure with axial ratio c/a = 0-825 and coordination number 
k = 10. As can be seen from the diagram the coordination polyhedron of protactin- 
ium is obtained by removing two atoms (9 and 11) from the coordination polyhedron 
of thorium which has a cubic octohedral shape. The high temperature modifications 
of uranium, neptunium, and plutonium have the b.c.c. structure. The low temperature 
modification of «-uranium belongs to the rhombic system with four atoms in the unit 
cell. The structure is an isotype of the intermetallic compound CdAu and represents 
a very heavily compressed hexagonal close packing. As a result of this compression 
the coordination number is reduced to four. The relation to the coordination poly- 
hedron of hexagonal packing is shown in Fig. 84. The configuration of atoms in 
a-uranium corresponds to a trigonal bipyramid from which one atom has been re- 
moved. f-uranium crystallizes in the tetragonal system with 30 atoms in the unit 
cell, occupying 7 different structural positions. The structure is an isotype of the 
o phase encountered amongst the compounds of transition metals (FeCr, FeV etc.). 
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a-neptunium has a rhombic unit cell containing 8 atoms occupying two struc- 
turally different positions. The configurations around the neptunium atoms corres- 
pond to a trigonal bipyramid from which either the side or the top atom has been 
removed (Fig. 84). In the former case the configuration is the same as in a-uranium. 
B-neptunium crystallizes in the tetragonal system and the unit cell contains 4 atoms 
occupying two structurally different positions. The coordination number is 4 as in 
a-neptunium but the configurations are different: a tetragonal pyramid and a distorted 
tetrahedron. 

y-plutonium has a rhombic cell containing 8 atoms. The coordination number 
k = 10. The coordination polyhedron is obtained from the polyhedron of close 
packing by taking away 2 atoms (Fig. 84). 6-plutonium has the f.c.c. structure. The 
strange thing about this modification is that, in all the regions where it exists, it has a 
negative coefficient of thermal expansion «,,.,, = —8°6x10~°/°K. This, it appears, 
is connected with a thermally produced perturbation of the highest valence state of 
the atoms of plutonium. The atomic radius of the high temperature modification, 
e-plutonium is less than the atomic radius of the lower temperature modification, 
6-plutonium, even though the change in coordination number has been put right. 
The intermediate modification 6’-Pu has the structure of 6-Pu but flattened by 6% 
along one of the edges of the cube. This structure is analogous to that of y-manganese. 
Americium has a hexagonal four-layered packing (2.2) analogous to the structure of 
praesodymium and neodymium. 

Because of the link with polymorphism the structure of thin metallic films has 
become especially interesting following on the recent investigations on low temperature 
polymorphism which arises under the influence of plastic deformation (Khotkevich). 
Electron diffraction studies of the structure of thin crystalline layers often reveal new 
structural types along with the usual modifications revealed by X-rays. Similarly, 
electron diffraction investigation of thin metallic foils show the existence of unusual 
structural types. Thus in the case of f.c.c. metals it was discovered some time ago 
(Quarrell, 1937) that there were also structures of the h.c.p. type. Recently Aggarwal 
and Goswani (1957) discovered that molybdenum, which usually has the b.c.c. 
structure, also had an f.c.c. modification. Uranium in the form of a thin film was 
found (Chatterjee 1958) to have a B-modification at room temperature, whereas this 
modification normally exists only in the temperature range from 660°-760° C. 

The problem of the structure of thin metallic films is of great importance for the 
explanation of the nature of their peculiar properties. Thus, for example, thin films 
of Be and Bi exhibit superconductivity, while the common macroscopic modifications 
are not super conducting. Gallium in thin film form has transition temperature 7, 
so different from that of a macroscopic specimen of gallium that it is reasonable to 
assume that there is an essential difference of structure. In thin films of Bi and Ga 
condensed at 4-2 K there are changes in the lattice parameter (Buckel 1954). 


Atomic Radii of the Metals 


The majority of metals have simple symmetrical structures in which the atoms 
are structurally equivalent. This makes it possible to define an important structural 
characteristic of atoms, that is, the crystal-chemical atomic radius which is equal to 
half the shortest interatomic distance and is a measure of the strength of binding. 
The atomic radius depends on the coordination number. 


Values of the atomic radii of metals M 12 with coordination number k = 12, and 
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values of the corrections to the coordination number are given in Table 37 (see pages 
192-3). In Fig. 85, curves are reproduced which show the dependence of the atomic 
radius M 12 on the number of electrons in the valence shell for elements in various 
periods of the periodic table. As the atomic number and the number of valence 
electrons is increased at the beginning of each period there is a marked reduction in 
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Fic. 85. Curves of atomic radii. 


the atomic radius and at the same time an increase in the melting temperature. As the 
valence shells fill up, the curves of atomic radius pass through a minimum and then 
rise towards the end of the period. The transition from the second to the fifth period 
is accompanied by a movement of the corresponding curves parallel to the axis of 
ordinates; this is connected with an increase in the dimensions of the atoms. 

In the sixth period the behaviour of this curve is interesting for it forms two 
branches. The basic curve 4A,A,A, has a plateau which corresponds to the rare 
earth elements. The gradient of this plateau is small and thus shows that the 4f elec- 
trons make practically no contribution to binding. After the 4f shell is filled, the 
curve of atomic radii begins to fall rapidly (branch A,A;) and this is connected with 
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the increase in the number of 5d electrons. If we exclude the rare earths from the 
curve of atomic radii, that is we move branch A,A, fourteen elements to the left, then 
we obtain curve 4A,BB, which is very similar to the curve of the fifth period. The 
difference is that the sixth period curve has a deeper minimum in the region where it 
is almost coincident with the fifth period curve. This lowering of the values of the 
atomic radii of the elements following the rare earths is called the lanthanide contrac- 
tion. As a result of it, the lattice parameter of gold (a,,. = 4:0704 kX) is less than 
that of silver (a,;- = 40779 kX). 

The initial parts of the curve of the atomic radii of the elements of the seventh 
period are now known. By analogy with the sixth period we can draw the plateau 
which would correspond to the 5f electrons. However the experimental values of the 
atomic radii of the heavy elements from thorium to neptunium clearly lie on a lower 
branch, which corresponds to transition metals with 6d electrons. 


Elements of the B-Subgroups 


The elements grouped on the right-hand side of the periodic table have a much 
greater variety of structural types. As well as coordination structures we meet here, 
layer, chain and island (molecular) structures. Some of the elements have close-packed 
structures with large or small distortions. The complications of the pattern of struc- 
tures in this region of the periodic table is a result of rapid change in the character 
of the binding, and of the transition from metallic unsaturated to covalent saturated 
binding, as we move towards the right hand side of the table. On the basis of struc- 
tural data the elements of the B-subgroups can be divided into two parts: B, mainly 
metallic, B, mainly covalent. The line of division between them in general passes 
between the IJJ B and IV B subgroups. 

The characteristic features of the structures of the B, elements are determined in 
the first place by the symmetry of directed covalent bonds which are formed by atoms 
of corresponding elements. These structures have small coordination numbers which 
are determined by the octet rule 


k =v = 8-—n. ... [6.2] 


where n is the number of the subgroup of the B, element. The number 8 here is equal 
to the electron capacity of the s-p levels. Crystals of the inert elements have the f.c.c. 
structure, which agrees with the spherical symmetry of the atoms of these elements. 
It follows from formula [/]| that for the elements of group VIII, k = v = 0. Since 
there are only van der Waals’ forces between the atoms of the inert elements, the 
crystals of these elements can be considered from the point of view of crystal chemistry 
as molecular crystals in which the molecules are the chemically inactive atoms. The 
rhombic crystals of the halides are constructed from diatomic molecules (k = 1) and 
are typically molecular (island). Thus in the chlorine crystal the spacing of atoms 
within each molecule is 65° less than the shortest distance between the atoms of the 
neighbouring molecules. These dumbbell molecules are distributed according to a 
face centred law (Fig. 86a), each molecule having 12 neighbours; the molecular 
packing is dense. Topologically, crystals of the halides and the inert elements all 
belong to the same type and the lowering of the symmetry of the crystals of the halides 
from cubic to rhombic is a result of lowering the symmetry of the structural elements 
arising from the transition from sphere to dumbbell. 

The atoms of nitrogen and oxygen have a tendency to multiple bonding. Thus 
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oxygen and nitrogen form stable diatomic molecules with double and triple bonds 
respectively. Oxygen also forms the less stable tri-atomic ozone molecule. In the 
solid state the molecules of these elements are preserved intact and the respective 
crystals are of the molecular island type. The atoms of carbon also have the possi- 
bility of forming multiple bonds. Since it is impossible from quantum chemical con- 
siderations to form fourfold bonds, the barely stable molecules of C, which have 
been shown to exist spectroscopically are unknown in the solid state. In the solid 
state the carbon atoms form three co-planar multiple bonds and this leads to the 
development of the layered structure of graphite (Fig. 86f). Structural data show 
that in the periodic table there is a small region of elements which includes carbon, 
nitrogen and oxygen which in the solid state form structures with lowered coordina- 
tion k<v. 


& 


Fic. 86. Structures: (a) Cl, crystal, (6) Sz molecule, (c) tellurium, 
(d) arsenic, (e) diamond, (f) graphite, (g) white tin, (4) gallium, 
(i) coordination polyhedron of gallium. 
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In the gascous state, sulphur is known to form diatomic molecules of S, with 
double bonds. However, in the solid state the molecules S, do not survive. For the 
atoms of the elements of the VI B subgroup beginning with sulphur the formation of 
two single bonds is more favourable, the bonds being inclined at an angle to each 
other. This leads to the formation of zig-zag chains by the atoms of the elements 
mentioned. The chains can be closed as in the Sg molecules (Fig. 865) in the rhombic 
modification of sulphur and the Seg molecules in the monoclinic modifications of « and B 
selenium or not closed as in the plate-like modification of sulphur and the hexagonal 
structures of y-Se and Te (Fig. 86c). The unclosed chain structures are denoted by 
the symbols S,,, Se,,, Te,,. The valence angles in the .—, B— and y— modifications 
of selenium are ¢ ~ 105°. The valence angle in the tellurium structure is ¢ = 102”. 

Atoms of elements of the fifth group beginning with phosphorus form three bonds 
directed along the edges of a triangular pyramid. This leads to the formation of 
tetrahedral molecules P, and layer type crystals As,,,, Sb2,,, Biz.., which are built 
up of double atomic layers (Fig. 86d). Table 30 gives structural characteristics of 
elements of the V B subgroup.f 


Table 30 
Structural Characteristics of Elements of the VB Subgroup 


Structural characteristics As Sb Bi 
Valence angles 73 and 97° 79 and 96° 80 and 93° 
Ratio of short to long interatomic 0-8 0-85 0:9 


spacings 


The atoms of the elements of group IV form four bonds directed along the 
apexes of a tetrahedron. This leads to the formation of three-fold coordination 
structures of the diamond type C,,, Si;,,, Ge3,, and Sn,,, (Fig. 86e). As the atomic 
number of the atom is increased, the vacant energy band narrows leading to the 
development of metallic binding. This transition can be seen by the example of tin 
and lead. The structure of tetragonal white tin (f-tin) can be considered as a highly 
distorted diamond structure in which the coordination number has increased from 
4to 6. Lead is a typical metallic structure of the f.c.c. type. In group VI the structures 
of «- and B-polonium can also be considered as approximating to metallic: «-polonium 
is a simple cubic lattice and B-polonium is rhombohedral, being a slightly distorted 
cubic. Both have coordination number 6, i.e. considerably greater than in the chain 
structures of selenium and tellurium. 

The elements B, occupy an intermediate position between the metals (elements 
of subgroup A) and the elements B, with the covalent type of bonding. With the 
exception of boron and gallium these elements of group B, have simple or slightly 
distorted metallic structures. The elements of the copper subgroup are all f.c.c. Zinc 
and cadmium have structures of the h.c.p. type extended by 15-18°% as a result of 
which the coordination number falls to 6+6. Mercury has a simple rhombohedral 
structure formed as a result of compression of an f.c.c. lattice by 50°%% along the body 


t As the atomic number of the element increases, the valence angle tends to the value ¢ = 90° 
which is characteristic of hybridisation. This can be explained by the reduction of the role of the 
s state in the bond as a result of the completion of the pairs of s? electrons (see page 82 and the 
footnote on page 119). 
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diagonal. The coordination number in the mercury crystal also falls to 6 nearest 
and 6 second nearest neighbours. 

We meet with great variety and complexity of structure in the elements of 
group III. Aluminium and dimorphic thallium are typical metallic structures. Indium 
has a tetragonal structure which is produced by extending an f.c.c. lattice by 8°% 
along one of the cube edges; the coordination number thereby falls to 4+8. In 
indium, nearest neighbours form a plane configuration in the form of a square, while 
in the neighbouring elements, zinc and cadmium, nearest neighbours also form a 
plane configuration but in the form of a hexagon. The tendency to the formation of 
plane configurations in crystals of these elements appears to be connected with the 
influence of the electrons of the d-subgroups. 

Investigation of the structure of boron is a matter of considerable difficulty since 
it is not easy to obtain boron pure and in single crystals because of its high chemical 
activity and its high melting point. The needle-shaped crystals of boron have a tetra- 
gonal structure; the unit cell contains 50 atoms. In the structure, one can distinguish 
four groups of twelve boron atoms forming almost regular icosahedra arranged 
according to the tetrahedral law (4, 43,4; #, #,4; 4, 3, $; 2,4, 2). Two other boron 
atoms are located on the apexes and in the centre of the cell. In the unit cell of the 
plate-shaped crystals there are about 200 atoms. 

Gallium has a rhombic structure, the unit-cell containing 8 atoms situated in 
two parallel planes (Fig. 864). In each plane the atoms form a net of irregular hexa- 
gons in which one pair of sides are shorter than the others. Of every three neighbours, 
one atom is the nearer and we can distinguish two pairs of neighbouring atoms from 
neighbouring planes. The total coordination number is 7. The coordination poly- 
hedron has an irregular shape and can be thought of as the intersection of a rectangle 
with a triangle perpendicular to it (Fig. 86i). 


2. Structures of Solid Solutions 


Ways of distributing Atoms in Structures of Substances with 
Complex Compositions 


In single phase materials with complex chemical composition there are three 
ways of placing the atoms. These we shall consider by the example of binary sub- 
stances: (a) substitutional (A, A’) (4) interstitial (A, B), and (c) the formation of a 
new crystalline structure A,B,,. Substances falling into the first two cases and for 
which the phase composition is variable are usually called solid solutions. In the 
third case we speak of the formation of a chemical compound or of a new crystalline 
phase if that phase forms solid solutions (A, A’), (B, B’),,. Phases of variable com- 
position which do not obey the law of simple multiple proportions are often formed, 
not only in the gaseous and liquid, but also in the solid state. The majority of phases 
in metallic alloys, many compounds of the periodic metals with elements of the 
B subgroups and others, belong to phases with variable composition. 

Whether substitutional phases or interstitial phases are formed depends on the 
chemical nature of the interacting atoms. For the substitution of any atom in the 
structure of another atom to be possible, it is necessary that the chemical properties 
of these atoms should be similar. The probability of forming substitutional solid 
solutions is greatest when the interacting atoms belong to the same subgroup of the 
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periodic table, A, A’ or B, B’, and also when the interacting atoms are metals M and 
M’ from different subgroups. The latter case arises because of the ‘impersonal’ 
nature of metallic bonds which are the result of collectivisation of the valence electrons. 
These three cases for binary systems can be written in the form (A, A’), (B, B’) 
and (M, M’). 

The formation of interstitial structures on the other hand requires a considerable 
difference in the properties of the interacting atoms A and B and of these, the most 
important is a difference in the atomic volumes. This is because the radii of the empty 
volumes between atoms in any structure are usually less than the radii of the atoms 
of that structure. Thus the atomic volumes of atoms going into interstitial positions 
must be less than the volumes of the atoms of the basic carcase of the lattice. This 
requirement for atomic volumes is necessary but not sufficient, since putting atoms 
into the structure is accompanied by chemical interactions and it is impossible to 
consider this purely geometrically like filling free volumes with spheres of suitable 
radius. In some complex compounds which have a crumbly structure there are quite 
large voids and the volume condition is not a factor limiting the possibility of inserting 
additional atoms or atomic groups (water molecules, ammonia molecules, and so on). 


Substitutional Solid Solutions 


Experimental results show that elements belonging to the same subgroup have 
a tendency to form substitutional solid solutions both in the case of metallic binding 
and in the case of covalent binding and in many favourable binary systems a con- 
tinuous series of solid solutions is formed. 

A necessary condition for the formation of a continuous series of solid solutions 
of the components K and K’ is that they have the same crystal structure. This re- 
quirement greatly limits the possibility of such solutions between elements of B sub- 
groups and, in particular, of subgroup B,. For elements of subgroup B, where the 
binding is of pronounced covalent character, some well known cases of continuous 
series of solid solutions are given in Table 31. 


Table 31 


Continuous Series of Solid Solutions of Elements of Subgroup B, 


Subgroup Structural type System 

IV B Coordination Si— Ge 
VB Layer As—Sb As—Bi 

Sb—Bi 

VIB Chain Se—Te 

I—Br* 


VIIB Molecular 


* The solubility range has been investigated as far as 38 mol % Br. 


Thesc cases belong respectively to structures of the coordination, layer and chain 
types. A wide range of solubility is found in molecular island crystals in the Cl—Br 
system. A continuous range of solid solutions of elements of subgroup B, is formed 


only in the copper subgroup: Cu- Au, Ag—Au. The corresponding systems are 
typically metallic. 
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Fic. 87. Concentration dependence of the lattice parameter of the cubic 
cell of a solid solution with (a) face-centred structure, (6) body-centred 
structure. 


Change of the Cell Parameters of Solid Solutions with Concentration 


In the early days of X-ray studies of solid solutions it was found that the parameters 
of the unit cell varied linearly with concentration (Vegard’s law). Later measurements 
showed that in most cases the linear dependence was a first approximation. Fig. 87a 
gives experimental data for a variety of metallic solid solutions with face-centred 
structure and shows that the calculation of the cell parameter from the concentration 


a=a(c) = a,+cA,a+c7A,a+ 


requires the square term also to be taken into account. The second approximation 
is thus a parabolic dependence. The departures from the linear law (indicated by the 
dotted line in Fig. 87a) may be such that the parabola lies below the straight line 
(Au— Ag, Pd—Ag, and Ni—Cu) or above it (Au—Cu). In Fig. 875 curves are given 
for several solid solutions of the transition metals which have body-centred structures. 
The Fe—Cr system has a complex S-shape for the dependence of parameter on 
concentration. 


Local Strains in the Atomic Structure of Solid Solutions 


Differences in the atomic sizes of the components leads to local strains in the 
lattice and these have important effects on the properties of the solid solutions; in 
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particular they lead to changes of the mean lattice parameter. Local strains are 
shown schematically in Fig. 88 for the two cases where the atoms of the solute are 
respectively larger and smaller than the atoms of the solvent. The lattice positions 
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occupied by the solute atoms are centres of maximum strain and at them the major 
part of the strain energy is concentrated. 
The amount of lattice strain in a solid solution is determined by the magnitude 
of the mean square static displacement of the atoms from the equilibrium position uz. 
From the elastic model of a solid solution it follows that 


u2 = ycAR?, 2» [6.2] 


where c is the concentration of solute (assumed small), AR the difference in the 
atomic radii and y is a numerical factor equal to 7.8 for an f.c.c. lattice and 7.3 for a 
b.c.c. The magnitude of the static stresses has to be corrected by taking account of 
the dynamic displacements u? of the atoms from their equilibrium sites as a result of 
thermal motion in the crystal. For a monatomic cubic crystal 


— 3h?T x 
2 = ———— — @ 6@6 6 6.3 
Ha An*mk@? E (x) + Al [6.3] 


where k and h are the Boltman and Planck constants, m is the mass of the atom, T 
us 0 
the absolute temperature, 9 the Debye characteristic temperature and x = 7 ® (x) 


is the Debye function (see Chapter 14 §1). At sufficiently high temperatures (x <1) 
the expression in square brackets differs little from unity. The characteristic tem- 
perature depends on the forces of interaction between particles. 

In a solid solution the magnitude of the dynamic displacements can change, 
either on account of changes in the masses of the atoms or on account of changes in 
the forces of interaction. The total value of the mean squared displacement of atoms 
in a solid solution is determined by the sum of [2] and [3] 


u> = ust 


Sl 
N 


and can be measured by the intensity of X-ray scattering. Investigation of scattering 
at different temperatures enables us to separate static and dynamic strains. In Fig. 89 
experimental data are given on the concentration dependence of static strains in solid 


Yaa solutions of titanium or chromium in nickel. These 
st show that in the alloys there is a linear dependence 
010 throughout a fairly wide range of concentration. 
008 . A At the same concentration the amount of lattice 
a6 A x gv Strain is greater for alloys of titanium in nickel 
O04 Fic. 89. Concentration dependence of static 
strains in Ni-based solid solutions containing 
O02 Ti (0) and Cr (+). 


Gt 02 03 04 O5 We 


than for alloys of chromium in nickel because titanium differs more from nickel in 
its atomic radius than does chromium. Table 32 gives data on the static and dynamic 


displacements in solid solutions and shows that these displacements are of comparable 
SIZe. 
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Table 32 


Static and Thermal Displacements of Atoms in Some Solid Solutions 


Vu2, A 


nd leermeren ear te 


Ordered Solid Solutions 


In solid solutions of simple rational composition A,B,, there are two possible 
ways of distributing the atoms: statistical order and disorder. In the former case 
the probability of finding atoms of different kinds on the different lattice sites is either 
zero or unity. In the second case the probability is proportional to the concentration. 
In Table 33 the ordered atomic arrangements (superlattices) which exist in metallic 
alloys with simple rational composition are given for the three basic types of metallic 
lattices. 

Table 34 gives the symmetry relations between the cell of the superlattice and of 
the initial lattice, the factor by which its volume changes (this can be obtained from 
the number of atoms in each unit cell) and the coordination correlations. 

In the b.c.c. structure we can distinguish two types of structural sites « and B 
lying at the vertices and centres of the cells. For a disordered alloy with composition 
AB the probability of finding an A or a B atom on a given lattice site is the same and 
is one half. These are the structures of the FeAl, CuZn and other alloys at high 
temperatures. In the fully ordered state there are only A-atoms on the a-sites and 
B-atoms on the f-sites. The probability of finding an A-atom on an a-site is unity 
and on a f-site zero. This is the structure of annealed alloys below the transition 
temperature. 

A more complex superlattice is formed in the case of the composition A;B but 
it is not difficult to see that by superposing four f.c.c. structures displaced by 3 of the 
body diagonal, a b.c.c. structure is formed with its cube edge reduced by a factor of two. 

Conventionally this is written in the form 


Bri = 40% = 4(a+B+yt+o) = 4038, 


where a, f, y, 6, are four families of lattice sites. If three of them are occupied by 
A-atoms and the fourth by B-atoms we have the superlattice of the Fe3Al alloy. In 
this type of structure there is the possibility of forming ternary superlattices with 
composition A,BC as indeed exist in the Heusler alloys (Cu,MnAl, Cu,MnSn). 
These alloys are interesting in that, although formed of non-ferromagnetic com- 
ponents they become ferromagnetic when an ordered structure is produced in them 
by annealing. 

There are several types of superlattice based on the f.c.c. structure. For the AB 
composition the simplest ordered structures are formed by a layer-type alternation 
of A and B atoms such as ABAB..... along parallel axes of symmetry. By arranging 
the layers along a fourfold symmetry axis one gets a tetragonal structure of the CuAu 
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type, and by arranging them along a threefold axis one gets a rhombohedral structure 
of the CuPt type. In both these cases ordering is accompanied by a small distortion 
of the original cubic lattice. For the tetragonal CuAu structure the distortion is 
measured by the ratio of the axes of the cell c/a’ = 0-93. For the rhombohedral 
structure we can measure it by the ratio of the body and side diagonals of the rhombo- 


hedron; for CuPt this ratio is c,/a, = 1-205 while for a perfect cube it is /3/2 = 1-225. 


. ; . 422 
Thus the distortion of the CuPt structure is described by the ratio = 


value somewhat less than that for CuAu. Alternating the layers along a diad axis 
does not give a new structure and leads to a superlattice of the CuAu type. The 
ordered structure with composition A,B is formed by placing the B-atoms on the 
vertices and the A-atoms in the centres of the cell faces; in this arrangement the cubic 
symmetry is not spoiled. This type of ordering is found in a large number of alloys. 
Composition A,B has also a possible ordered distribution which is found in Ni,Mo 
and Ni,W; the corresponding superlattice has a tetragonal unit cell with axial ratio 
ela’ = JI. 

In the h.c.p. lattice there are two types of ordered structure: composition AB 
has a rhombic superlattice of the MgCd type with a doubled unit cell and composition 
A3B has a hexagonal superlattice of the Mg,Cd type with a unit cell four times larger 
than that of the original structure. 

Comparison of the coordination of disordered and ordered distributions (Table 
33) shows that in the majority of cases the ordered form corresponds to an enhance- 
ment of the fraction of unlike atoms on nearest neighbour sites. This is so in alloys 
such as FeAl, Fe,;Al, CuAu, Cu,Au, Ni,Mo, MgCd and Mg,Cd, where the reason 
for the existence of atomic ordering may be the high strength of the bonds between 
unlike atoms relative to that of the bonds between like atoms. In CuPt, both in the 
ordered and disordered states, each atom is surrounded by six neighbours of one 
kind and six neighbours of the other and the different coordination lies only in the 
coplanar arrangement of atoms of one type within the ordered structure. Thus the 
reason for ordering in CuPt is different from that in the alloys listed above. 

An interesting type of superlattice—the ‘defect lattice-—occurs in pyrrhotite, 
which is a sulphide of iron with composition close to FeS. Because there are quadri- 
valent iron ions, there is usually some deficit of iron as described by the formula 
Fe,_,S where 0<x<0:20. For compositions with x<0-08 pyrrhotite is antiferro- 
magnetic, while for x>0-08 it is ferromagnetic, the maximum ferromagnetism being 
at x = 0:14 corresponding to the formula Fe,S,. The basic structure of pyrrhotite is 
hexagonal, of the NiAs type with a = 3-45, c = 5-67 A, c/a = 1-63 and the unit cell 
containing 4 atoms (Fig. 90). As was shown by Bertaut, pyrrhotite at room temperature 
forms a superlattice with a monoclinic cell where A = 2a/3 = 11:9 A, B= 
2a ~ 6:865A, C = 4c = 22:72A, B = 89° 33’ and the unit cell contains 8 Fe-S, units. 

In each cell there are 8 vacant sites (vacancies) arranged in an ordered manner 
as is shown in Fig. 91. (In this figure only the odd planes of iron are shown; the even 
planes which do not contain vacancies and also the planes of sulphur atoms are 
omitted to simplify the drawing.) This superlattice corresponds to the maximum 
relative separation of vacant lattice sites, the maximum distance between them being 
~2a. The structure described above affords an explanation for the magnetic pro- 
perties of pyrrhotite: it is antiferromagnetic because there is complete compensation of 
the magnetic moments of two identical sub-structures formed by the iron atoms in 


= 0:98, a 
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Table 


Types of Superlattice based on 


No. of atoms 


Space 
Group 


same 


Type System Bravais Cell (or sites) 
attice | parameter in the cell 
I. b.c.c.. cubic I: a 2 
FeAl-CuZn cubic Ir. awa la+1p 
Super- NaTl cubic 1% a’ = 2a 84+ 8B 
lattices 
Fe,Al cubic rr. a’ & 2a 12«+48 
II. f.c.c. cubic V% a 4 
CuAu tetragonal Tr 
/2 
c’xa— A’ 
Super- CuPt rhombo- lr, rw qld 4a+4 
lattices hedral " a ~ a 4 


+ Ferromagnetic alloys of non-ferromagnetic components (Heusler alloys). 
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34 


the Simplest Metallic Lattices 


Coordination 
Coordinates of Examples of 
lattice sites Arrangement superlattices 
Ordered Disordered 
(2a): 000; 444 8 
la: (la): 000 a: 8B O\ ad FeAl; CuZn 
1B: (1b): $44 B: 8a g) +48 | B'-AgZn, B,-AgCd 


B,-AuCd, y—-CuBe 
(000; $40; 404; 044) a: 46+4a 
8a: (8a): 000; $44 
8B: (86): $44; 332 


(000: $40: 404: 044)~x a,: 8a, (4) 6+ 2 Fe,Al; 
4B: (4a): 000 P B-Fe,Si 
4a,: (4b): 444 a2: 4a,+48 B-Cu,Al 

8a,: (8c): 444: $33 B: 8a, es 
(4a): (000; $40; 404; 034) 12 
la: (la): 000 88 +4 CuAut 
Te tia 444 B byt 4p (5) 6a+ 6B MnAu 
la,: (la) 000 a,: 68,+ 6a, @ 6u+ 6B 
3a,: (3e) 044; 404; 440 | a: 60,468, P 
1Bj: 1b): $33 B,: 6a,+ 6B, CuPt 


3B,: 3d): 400; 040; 004) B,: 60,468, 


t The CuAu superlattice is usually described as face-centred. 
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No. of atoms 
(or sites) 
in the cell 


3a+B 


Table 


Types of Superlattice based on 


Space 
Group 
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34 (cont.) 


the Simplest Metallic Lattices 


Coordination 


Coordinates of 


lattice sites Arrangement Examples of 


superlattices 
Ordered Disordered 


Cu,Au; Cu,Pt; 
a: 84+46 Pd,Fe; Ni,Mn; 


OL NizFe; Ni,Pd 
B: 120 (5) se es 
Cu,Pd; Au,;Mn* 


1B: (1a): 000 
3a: (3c): 044: 404: 4140 


(000; 444)x ela 
2B: (2a): 000 a: 90+38 (5 9-6c4 Ni,Mo 0-623 
8a: (8h): +(xyo; Yxo) B: 120 + 2-48 Ni,W, 0°620 
x= 04; y=02 
000;i244 12 
2a: (2e): Oy; 0 y? a: 88+4a w MgCd 
2B: Of): 4¥4: 453 B: 80+48 B ) OX + OB AuCd 
OB: ( ary 80+4B c Mesa, 
: Cc): a: of 3 
B: 120 (j) 9a + 38 Co,Mo; 
6x (6h): $00: 040: 440 Co,W 


* These lattices have tetragonal compression. 


CPN 
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the ideal composition FeS. As a result of the ordered arrangement of vacancies in a 
crystal of composition Fe,S,, the substructures are no longer identical, and do not 
give full compensation. This leads to ferromagnetism similar to that in ferrites. 


e@-Fe O- vacancy 


Fic. 90. Basic unit cell. Fic. 91. Superlattice of vacant sites in 
pyrrhotite Fe,S,. 


Interstitial Solid Solutions 


In the iron-carbon system the solubility of carbon in y-iron may be as high as 8°%. 
The solid solution of carbon in y-iron is called austenite and, because of the great 
practical importance of the phase in quenching processes, its structure has been 
extensively studied. In austenite, as in y-iron, the iron atoms form an f.c.c. lattice 
in the octahedral gaps of which the carbon atoms are randomly distributed. This was 
recently shown by neutron spectroscopy (V. N. Bykov) of austenite alloyed with 
manganese. Here the neutron scattering by the iron atoms is weakened by the pre- 
sence of the manganese, the scattering amplitude of which is negative. The dimensions 
of carbon atoms exceed the dimensions of the octahedral voids, so putting carbon 
atoms into interstitial positions in the y-iron lattice is accompanied by an increase in 
the lattice parameter and density of austenite and also by the development of local 
static strains in the lattice. If the octahedral voids were all occupied by atoms of the 
second component the corresponding phase would have the composition AB and be 
an ordered structure of the NaCl type. Many transition metals form compounds of 
this type with carbon, nitrogen and oxygen. These compounds include TiC, TiN and 
TiO and are called interstitial phases, but this is, strictly speaking, incorrect since they 
are metals in the majority of cases and are not f.c.c. However the interstitial phases 
have interesting physical properties: carbides and nitrides are very hard substances 
with high melting points and good electrical conductivity; some of them, for example 
NbC, NbN and ZrN, are superconducting with a high temperature of transition to 
the semiconducting state. 

The explanation of the nature of interstitial phases is very interesting. They arise 
because of the directed octahedral bonds such as are formed by the mutually-perpen- 
dicular p-valence electron clouds of carbon, nitrogen and oxygen. Formation of 
octahedral bonds by transition metal atoms is also well known on the example of the 
complex octahedral ions. The atomic radius of carbon in these compounds corres- 


STRUCTURES OF SOLID SOLUTIONS 185 


ponds, as was shown in Chap. 4 §1, to electron deficiency bonding with multiplicity 
less than unity, while in oxides the bonds are largely ionic because of the great differ- 
ence in electronegativity between atoms of oxygen and of the metal. 


3. The Structures of Some Compounds 


From the very wide subject of the crystal chemistry of compounds we shall consider 
the structures of only a few groups of compounds which are of greatest interest for 
the theory of solids. | 


The Structure of Alloys (Electron Compounds) 


In binary alloys of metals of the I B subgroup, Cu, Ag and Au, with elements of 
the other B-subgroups, the number of valence electrons n, in the alloy increases with 
increasing atomic concentration of the second component. This leads to an increase 
in the concentration of the electron gas, as measured by the ratio n,/n,, and to a 
change in the internal energy of the alloy. As was shown at first empirically by Hume- 
Rothery, a change in the electron concentration of the alloy is accompanied by the 
appearance of structurally similar phases which are known by the name of ‘electron 
compounds’. We shall consider the structures of typical such electron compounds 


0 
5? 
atoms 


Fic. 92. Cells of electron compounds («-, B-, y-, €-phases). 


taking the Cu— Zn system as an example. In this system there are 5 phases, «, B, y, € 
and 7; their structures are shown in Fig. 92. The «-phase is a solid solution of zinc 
in copper with limiting concentration around 38 at. ’%. Zn has an f.c.c. structure. 
The f-phase, which exists at concentrations of about 50 at. % Zn, is b.c.c. The 
y-phase is also cubic but with a more complex structure in that it has 52 atoms in its 
unit cell (Fig. 93). This structure is formed from the f-phase structure as follows: 
pick out of the B-phase structure a cube with edge parallel to the cell edge and con- 
taining 27 unit cells and 54 atoms; from this large cell take away 2 atoms according 
to the body centring law (from the cube corner and centre); then fill the vacancies thus 
formed by moving in the surrounding atoms. As a result we arrive at the y-phase 
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Table 35 


Electron Compounds 


cubic 


giant cell 
Compounds Ag;ZNg 
Ag;Cdg 
AgsHgs 
Au,Zng 
Au,Cd, 
Cu;Zng 
Cu,Cd, 
Cu;Hg, 
Cu,Al, 

Cu,Ga, 
Cu,In, 

Cu; Si, 

Cu,,Sng 


Co,Zn,, 
Cu.,Zn,AL 


structure (Fig. 93) which can be considered as a distorted B-phase superlattice. The 
é-phase is h.c.p. with axial ratio c/a = 1-55. The y-phase is a solid solution of copper 
in zinc and is a stretched h.c.p. with c/a = 1-85. The first four phases form a group 
of electron compounds. Phases with analogous cells and structures are found in 
a large number of alloys, as can be seen from Table 35 where some of them are listed. 

In the majority of cases, electron compounds have well marked solubilities, and 
the chemical formulae give their approximate compositions. If one element is re- 
placed by a homologous one e.g. Cu-Ag—Au or Mg—Zn—Cd—Hg and so on, 
the stoichiometric composition of 
the corresponding compound is 
unchanged. Ifthe second compon- 
ent is replaced by one of higher 
valency e.g. Zn— Al—Sn-— Sb, this 
leads to a regular movement of the 
region of stability of the electron 
compound on the composition dia- 
gram and a marked change in 
stoichiometric composition. Thus, 


Fic. 93, Structure of the y-phase. 
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in the case we were considering, the B-phases are described by the formulae CuZn, 
Cu3Al, Cu,Sn all of which have the same concentration of valence electrons, viz. 
n,[n, =~ 3/2. At concentration n,/n, ~ 21/13, compounds are found with the y-phase 
structure and also having different stoichiometric compositions (Cu;Zng, CugAlj, 
Cu3Sng). Finally the e-phase appears at electron concentration n,/n, ~ 7/4 (AgCd,, 
Ag;Al;, Ag3Sn). 

As a rule the stoichiometric formulae of the electron compounds do not corres- 
pond to the number of lattice sites in the unit cell since there is a statistical distribution 
of atoms of the different kinds. When n,/n, = 3/2 there is sometimes a second 
structural type—the f’-phase which has a cubic lattice with 20 atoms in the unit cell. 
The structures of the B- and f’-phases correspond to those of the two modifications 


Temperature °C 


4446 48 50 52 54% 56 58 60 62 


at.% of solute metal at.% Ni 
Fic. 94. Dependence of the solubility Fic. 95. Dependence of the lattice period and 
range of the a-phase on the valency of density of the 8-phase of Ni- Al on concen- 
the second component. tration. 


of manganese, 6-Mn and B-Mn. The limit of solubility of the «-phase occurs when 
n./n, = 1:36, and the range of solubility falls as the valency of the second component 
Increases (Fig. 94). 

Electron compounds are also formed when transition metals belonging to the 
I B subgroup (the ferromagnetic triad and Mn, Pd, Rh and Pt) are melted together 
with elements of the B subgroups. Some compounds of this type are given in Table 35. 
The law of electron concentrations is observed for these compounds if the number 
of electrons given to the electron gas by the transition metal atoms is taken as zero. 
This difference between the transition metals and the metals of the I B subgroup is 
connected with the fact that the former have unfilled bands. 

Interesting results on the structure of the f-phase of the Ni-Al system were 
obtained by X-rays. This phase exists in the 40-55 at. °% Al range; the variation of the 
lattice parameter in this range is shown in Fig. 95 (curve a). At first, as the aluminium 
increases in concentration and replaces nickel atoms, the lattice parameter increases 
since the atomic radius of aluminium is greater than that of nickel; the density mean- 
time falls (curve b). After the concentration passes 50% further increase in aluminium 
content leads to reduction of the lattice parameter and to a steeper fall of the density 
(a similar phenomenon is found also in B-CoAl). Analysis of this strange occurrence 
in B-NiAl showed that in the Al-rich region an increase in Al content proceeded not 
by replacement of nickel atoms but by removal of some of the nickel atoms to leave 
vacant sites in the lattice (‘subtraction solution’). The number of aluminium atoms 
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in the cell remains constant and equal to unity but the number of nickel atoms is 
progressively reduced from unity to 0°83. The total number of atoms in the unit cell 
of B-NiAl is thus reduced and this phase can be considered amongst those which have 
a variable number of atoms in their unit cells. In a subtractional solid solution the 
electron concentration increases more slowly than in a substitutional solid solution; 
this leads to an increase in the width of the region in which the phase exists. 


Diamond-like Compounds 


Consider a binary compound formed from elements of the B-subgroups which 
are symmetrically placed on either side of the IV B subgroup, that is from elements 
B, = B’~4 and B, = B’*? where g = 0, 1, 2. The corresponding compounds ex- 
hibit simple stoichiometry and structure. Stoichiometry is described by the formula 
B'Y~4 B'*4 which shows that the total number of valence electrons per pair of com- 
ponent atoms is (4—g)+(4+q) = 8 thus filling all the s-p valence levels. When the 
difference in electronegativity of the components is small (q small) the structure of 
the compound is determined by tetrahedral sp* hybridisation which is typical of 
structures of elements of the IV B subgroup. 

The simplest structures with tetrahedral bonding are those of the two modifica- 
tions of zinc blende: the cubic sphalerite (a-ZnS) and the hexagonal wurtzite (B-ZnS) 
(Fig. 96). These structures can be described by the numerical symbols (co, 0) and 
(1, 1). The structure of sphalerite goes over to that of diamond if both components 


e Na Of els O tl ezin OS 
NaCl CsCl ZNS, — sphalerite 


Fic. 96. Structure of ionic crys- 
tals with composition AB. 


ZnS, wurtzite Fe § 
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are of the same kind. There is only one compound known for which g = 0; this is 
SiC (silicon carbide), which forms a variety of modifications, the lattices of which are 
held together by tetrahedral bonds but have a high degree of stratification. The 
commonest are the hexagonal modifications: six and four-layer with numerical 
symbols (3, 3) and 2, 2). One also encounters rhombohedral 15-layer crystals with 
numerical symbol (2, 3) 2, and more complex ones. In individual cases crystals have 
been found with a very high degree of stratification into hundreds of atomic layers 
(superperiodicity)—a phenomenon which finds its explanation in the spiral growth 
of crystals (Chapter 13). As the difference in electronegativity of the components 
increases (q—3) the bonds become fundamentally ionic and structures of ionic type 
appear. The succession of morphotropic transitions in these compounds can be 
described as a function of the difference in electronegativities by the following scheme. 


Structural type: Graphite — BN 
Diamond — a-ZnS — p-ZnS — NaCl 
sphalerite wurtzite —_ rock salt 


O-— gq (difference in electronegativity of the components 
of the compounds). 


For compounds formed by elements of the second period—BN, BeO (wurtzite 
structure) and LiF (NaCl structure) we may note the following properties: Boron 
nitride has a layer structure formed from planes of hexagonal atomic nets based on 
sp” hybridisation and similar to the nets in the graphite structure. Trigonal hybridisa- 
tion which takes place in boron nitride is typical of a series of the compounds of both 
boron and nitrogen. Boron and nitrogen can also form tetrahedral bonds based on 
sp°> hybridisation, as is shown by the existence of the tetrahedral ionic complexes 
BF; and NHj which form, for example, KBF, and NH,F. This leads us to suppose 
that there should be a second modification of boron nitride with the diamond struc- 
ture and recently crystals have been made of a cubic modification of boron nitride 
(borazon) with properties close to those of diamond. 


The Structures of the Simplest AB and AB, Compounds 


In compounds with composition AB (Fig. 96) the coordination number k for 
the atoms of both components is the same. In a cubic structure of the CsCl type it is 
8 and the coordination polyhedron, a cube, is the same for both types of atoms. The 
structures of a series of inorganic compounds can be considered as close-packed, and 
formed by the particles with the largest volume (in most cases these are the anions), 
the gaps between them being filled by the cations according to a rule which is typical 
of the structural type. Thus in the NaCl structure, the chlorine ions form an f.c.c. 
structure all the octahedral voids of which are occupied by sodium ions. The co- 
ordination polyhedron is an octahedron and is the same for both types of ions. 

The hexagonal lattice of iron sulphide (or nickel arsenite) is similar to the NaCl 
structure. The difference lies in the fact that sulphur atoms form a hexagonal close- 
packed lattice in the octahedral voids of which the iron atoms are distributed. The 
coordination number in this structure is also 6, but here the coordination polyhedra 
are different for the different types of atom: the iron atoms are situated in the centres 
of the octahedra while the sodium atoms occupy the centres of trigonal prisms 
(Fig. 90). 
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The lattices of both polymorphic modifications of zinc sulphide, the cubic sphal- 
erite (a-ZnS) and the hexagonal wurtzite (B-ZnS) are constructed on a similar principle. 
The sulphur atoms in these structures form cubic and hexagonal close-packing, while 
the zinc atoms occupy half of the tetrahedral voids. The coordination polyhedra in 
both structures are the same for both types of atoms and are tetrahedra. In the boron 
nitride lattice the coordination number is 3; the coordination polyhedra for both 
atoms is the same and, corresponding to the layer character of the structure, are 
similarly situated triangles. | 

Fig. 97 shows the structures of some compounds with composition AB,. In 
these compounds the coordination numbers for the two types of atoms are in the 
ratio 2:1 (if nearest neighbours are atoms of different kinds). 

In the cubic structure of fluorite CaF, the calcium ions form up in cubic close 
packing, all tetrahedral voids of which are occupied by fluorine ions. The coordina- 


CaF, Ti0, $10, 


Fic. 97. Structure of ionic crystals with composition AB,. 


tion polyhedron for the calcium atoms is a cube and for the fluorine atoms is a 
tetrahedron. In the hexagonal lattice of molybdenite MoS, (Fig. 270c) the molyb- 
denum atoms form an h.c.p. array, the tetrahedral voids of which are occupied by 
sulphur atoms. The atoms of molybdenum are situated in the centre of trigonal prisms 
formed by the sulphur atoms. The sulphur atoms are situated inside trigonal prisms 
formed by molybdenum and sulphur atoms and are displaced on the side of the three 
nearest molybdenum atoms. 

In the hexagonal structure of CdI, (Fig. 270b) the iodine atoms form an h.c.p. 
array, one half of the octahedral voids of which are occupied by atoms of cadmium. 
The cadmium atoms are situated in the centres of octahedra and the iodine atoms are 
inside the octahedra formed by the atoms of cadmium and iodine and are displaced 
towards the three nearest cadmium atoms. In the tetragonal structure of titanium 
dioxide (rutile) (Fig. 97) the titanium atoms form a body-centred structure and are 
surrounded by the oxygen atoms arranged in octahedra. The oxygen atoms are 
siiuated in the centres of isosceles triangles formed by the titanium atoms. 

In the cubic lattice of pyrites (FeS,) the iron atoms form a face-centred Structure, 
the octahedral spaces of which are occupied by pairs of sulphur atoms. The sulphur 
atoms are situated inside tetrahedra, three vertices of which are occupied by iron atoms 
while the fourth vertex is occupied by a sulphur atom. The iron atoms are octa- 
hedrally surrounded by six sulphur atoms. In the cubic lattice of cuprite (Cu,O) the 
copper atoms form a body-centred cubic structure, one quarter of the tetrahedral 
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spaces of which are occupied by oxygen atoms. The oxygen atoms form four tetra- 
hedral bonds while the copper atoms form two linear bonds. The coordination 
numbers of these atoms are respectively 4 and 2. The same coordination ratios are 
found also in various modifications of silicon dioxide, which are built up on the basis 
of silicon-oxygen tetrahedra. The silicon atoms form four tetrahedral bonds while 
the oxygen atoms form two bonds at an angle. The most symmetrical structure is that 
of the cubic crystobalite in which the silicon atoms, taken alone, form a diamond 
type structure (Fig. 97). 

In conclusion, let us consider the structure of solid carbon dioxide which has a 
lattice of the molecular type. The linear triatomic CO, molecules are placed on the 
corners and centres of the faces of a cubic cell (a primitive Bravais lattice). The 
coordination numbers are respectively 2 and 1. It is not difficult to see the topological 
similarity of the structures of carbon dioxide and pyrites—if we increase the length 
of the molecules in the carbon dioxide crystal, without changing the orientation and 
position of their centres and the dimensions of the unit cell, we arrive at a lattice of 
the pyrites type with pairs of neighbouring oxygen atoms. In spite of the topological 
similarity the structures of carbon dioxide and pyrites are different from the point of 
view of crystal chemistry, for the structure of carbon dioxide is of the molecular island 
type while the structure of pyrites is of the coordination type. The difference in the 
structural types of these substances is shown up by differences of their properties. 


Ionic Compounds 


When the difference in electronegativity between the components of a compound 
is large, the bonds between the atoms remain heteropolar and, in the limiting case, 
ionic. Valence electrons are rearranged between the atoms which are thus trans- 
formed into ions and as a result of ionic interaction the interatomic distance becomes 
different from the sum of the atomic radii, d,, 4+ 74+/rg, and equal to the sum of the 
ionic radii, d,+3- = (r4+)+(rg-). To determine the ionic radii we have to know only 
the ionic radius of one of the components or alternatively the ratio of the ionic radi. 
The latter can be determined from the molar ionic refractive indices which are pro- 
portional to the ionic volumes, or it can be determined with the aid of the formula 


n 


for the radius of the atomic electron orbits, R = 7S Here C,, is a constant deter- 


mined by the principal quantum number of the electrons of the outermost shell of 
the ion, Z is the nuclear charge and s is a screening constant which can be calculated 
from X-ray data or from molar refraction. Numerical values of the radii of some 
anions can also be determined from the dimensions of the unit cells in those cases 
when it is possible to assume that the anions are in immediate contact: let us consider 
a group of isomorphic substances with the NaCl structure (Table 36). 


Table 36 


Interatomic Distances in Isomorphic Compounds with the NaCl 
Structure 
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Table 

Crystal-chemical Radii (RX): Atomic (Metallic M,, 

Table 37a: Correction to coordination no. k Table 

Sn Correction to the 

Li Be Radius, % covalent bond 
1* 0-68 | 2* 0-34 ——— 

K 1:33 | K (1:00) Multiplicity of the 


M 1:55; M 1-13 


bond 


Mg 
2* 0°74 
K (1°38) 
M 1:60 
Ca Sc 
2t 1-04 | 3* 0-83 5* 0-4 
4* 0-61 
3* 0-67 
2* 0°72 
lsssuuuseeeeeees Sega Wr Ved i en Be M134 rae wile. M130 vese[ececcccsceeccenseese[soeeeeceecaeess 
Sr Y Z Nb Mo Tc 
2* 1-20 | 3* 0:97 5* 0-66 | 6* 0°65 
4+ 0-67 | 4* 0-68 
M 2:15|M 1-81 M 1-45 |M 1-39} M 1:36 
Ba La H Ta W Re 
2+ 1-38 | 4* 0-90 5* (0:66) | 6* 0°65 | 6* 0-52 
3* 1-04 4* 0-68 
M 2:21 |M 1-87 M 1:40} M 1-37 
Ra Ac IVA VA VIA VILA VITIIA VITILA 
2+ 1-44 | 37 1-11 


Lanthan 


IA IIA WIA 


Actin 
| Th” Np | Pu 
4+ 0-95 4* 0-88 | 4+ 0-88 
3* 1:08 |3+* 1:06] 3* 1-04 3+ 1:02 |3* 1-01 
M 1:62| M 1-53 
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37 
H 
or Covalent K,); Ionic I, and van-der-Waals V I~ 1-36 He | 


37 1* 0-00 
multiplicity of the > oe 
for C, N etc.) B C N O F 
3* (0:20) 5* 0-15 

K 0-83 3+ 


bond length % . SOO Sn =F 
M089 1k 0-77|/K 074 |K 0-73 |K 0-71 


100 3- 1-48 127 1:36 [17 1-33 
86 es 
78 Si P S Cl 
4* 0:39 |5* 0-35 | 6* (0-29) |7* (0-26) 
3 
K 1:17/K110 |K 1-04 |K 0-99 
3- 1-86 [271-82 |17 1-81 
Ni Cu Ge AS Se Br 
4+ 0:44 | 5* (0-47) 16+ 0-35 | 7* (0-39) 
2* 0-65 |3* 0-69 | 4+ 0-69 
2* 0-80 K 1-22|K 1-21 |K 117 |K 1-14 
2* 0-74 | 1* 0-98 
STRETIIVER TMRETRTAITEC Te stor lo- p93 1-196 
Pd Ag Sn Sb Te I 
4* 0:64 4+ 0:67 | 5* 0-62 | 6* (0-56) | 7* (0-50) 
1* 1-13 2* 1-02 |3* 0-90 |4* 0-89 
sessueeessasesea|ssouescssuvecssusd| essseeesssessea|saeeesssesessseee K 1-40/K 1:41 |K 137 |K 1-33 
M 1:58|M 1-61 
M 1:37) M 1-44 3-208 {272-11 {17 2:20 
Pt Au Pb Bi Po At 
4+ 0-76 | 5* (0-74) 
4+ 0-64 | 1+ (1-37) 2* 1-26 |3* 1-20 
ssosuvsssssseesafeseecersvesessssse| cessevessseseesa|essecssseeeessseed|essteeeessseee K 
M 1:38/M 1-44 |M 1-60|M 1-71 |M 1-75 ps 


i me 
_ 


3+ 0-85 |3* 0-85 
M 1:75 |M 1:74 
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The interatomic distance in cach case is half the length of the edge of the unit 
cell. As the atomic number of the anion is increased from oxygen through sulphur 
to selenium, the dimensions of the unit cell increase, because the radius of the anion 
increases. If we replace Mg by Mn the cell dimensions of the oxides increase some- 
what; this can be explained by the increase in the radius of the Mn ion as compared 
with the Mg ion. However in the sulphides, the difference of cell dimensions is very 
small and in the selenides the dimensions are practically the same. What has happened 
is that, due to the large radius of selenium, the octahedral spaces in the close-packed 
lattice of selenium ions are large enough to accommodate easily the ions of magnesium 
and manganese. If we take this to mean that in the selenide lattices the anions are in 


contact we arrive at the radius of the divalent ion of selenium Se~~ = > = 1:93kxX. 


From the structure of CaSe we find that the radius of Ca** is 1 03KX and from 
the structures of CaO and CaS we obtain the radius of oxygen O77 = 1:35kX and 
sulphur S”~~ = 1:81kX. From anion contacts in the silicates, Bragg obtained the 
value of 1-35kX in agreement with that given above. Determination of interatomic 
distances by means of molar refraction gave a smaller value—1-32kX and determina- 
tion with the aid of the formula for radii of electron orbits gave a larger value— 
1-40kX. Hence we see that the uncertainty in the absolute magnitudes of ionic radii 
may be as large as +3°%, but the greatest interest lies in the sum of the ionic radii and 
not the magnitude of the individual radii. Tables of empirical ionic radii make it 
possible to obtain the interatomic spacings in ionic crystals with an accuracy of 1-2°%. 
Using the Goldschmidt Table as a basis, the value of the radius of oxygen is 1-32kX; 
the Pauling Table gives 1:40kX and in the recent table by Bokii and Belov the mean 
value is 1-36kX. 

Table 37 lists data on crystal-chemical radii for the basic types of chemical bond; 
metallic, covalent and ionic (based on the Bokii-Belov Table) and also for inter- 
molecular and van der Waals interactions. The table also gives magnitudes of 
metallic and ionic radii, corresponding to coordination numbers 12 and 6, and co- 
valent radii for monatomic bonds. Tables 37a and 37b give corrections to the co- 
ordination numbers for metallic and ionic bonds and for the multiplicity of covalent 
bonds. 

In the structures of binary compounds considered above, the coordination 
numbers vary within wide limits, and the coordination polyhedra are correspondingly 
various types of solid; cube, octahedron, tetrahedron and so on. For the same 
stoichiometry the type of structure may be essentially different and in many cases is 
determined by the type of coordination polyhedra. The choice of coordination poly- 
hedra for structures with predominantly covalent bonds is determined by the direction 
of the bonds, and for structures with predominantly ionic bonds by the ratio of the 
ionic radii of the cations and anions (see Table 20). 

For crystals with predominantly ionic binding the limiting ratios of ionic radii 
make it possible to determine with accuracy the type of coordination. For compounds 
of the alkali metals with chlorine the corresponding data are given in Table 38. 

The majority of these compounds are isomorphic and have the NaCl structure 
with octahedral configuration. As the radius of the cation is increased the ratio r¢/r, 
increases and eventually becomes greater than 0-73, which corresponds to the initial 
limit of stability of cubic coordination. If a structure with cubic coordination has less 
binding energy than an octahedral structure there must be a change of structural type 
(a morphotropic transition) and in fact such a transition takes place in the CsCl 
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crystal. In the case of RbCl the ratio of ionic radii is 0-82, with an accuracy of a few 
per cent. This value lies above the boundary of the morphotropic transition but 
nevertheless the crystal retains a structure with octahedral configuration. Under 
pressure, RbCI and also RbBr and RbI experience polymorphic transitions. As has 
been shown by X-ray methods, rubidium chloride has the CsCl structure at pressures 
above 5000 atmospheres. The reason for this polymorphic transition is the dependence 
of the packing density of ions in the structure on the ratio of the ionic radii and on the 
coordination number. As Table 38 shows, the packing fraction which is equal to the 
ratio of the volume of the ions to the total volume of the crystal, falls markedly as 
rc/r4 increases. An increase of the coordination number from 6 to 8, as the data for 
RbCl and CsCl show, is accompanied by much closer packing and reduction of 


Table 38 


Ratios of Ionic Radii, Structural Types, Packing Fractions and 
Compressibilities for the Chlorides of the Alkali Metals 


Structural Packing Compressibility 
type fraction 9% 10° cm?/kg. | 
LiCl 0-38 NaCl 78:7 3-50 
NaCl 0-54 NaCl 65:7 4:18 
KCl 0-73 NaCl 56:0 5°65 
RbCl 0-82 NaCl 50:2 7-40 


CsCl 0-92 CsCl 68:4 | 5:90 


compressibility. Polymorphic transitions of the rubidium halides, which take place 
under high pressure, are accompanied by a reduction in volume of about 15%. 
If we took into account the increase of ionic radii of approximately 39% which 1s 
connected with an increase of coordination number from 6 to 8 then the total effect 
of compressing a structure in a polymorphic transition would be still bigger. 

In the CsCl structure the polymorphic transition is produced by lowering the 
temperature; the low temperature modification of caesium chloride has the NaCl 
structure. A complete picture of the polymorphic transitions which take place as a 
result of changes of the basic thermodynamic parameters is given for the compounds 
we are considering in the following scheme: 


Pressure 


> 

NaCl type = CsCl type 
Coordination no. 6 8 
<< 


Temperature 


Among the compounds in which ionic binding is a large factor we must include 
also the compounds of metals with the most electronegative elements—fluorine and 
oxygen. Here knowledge of the ratio r¢/r, also makes it possible to determine 
typical positions of the boundaries of morphotropic transitions. Table 39 gives the 
corresponding data for a series of fluorides and oxides of metals with composition 
ME,. 

All compounds for which the ratio r-/r,<0-73 have the rutile structure and 
compounds for which r¢/r,>0-73 have the fluorite structure. Zirconium oxide, which 
lies near to the transition boundary, does not have the coordination which would 
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follow from the ratio r-/r,. An exception of this type may be connected with the 
influence of the mutual polarisation of the ions which leads to a distortion of the 
spherical shape of the ions. It seems that zirconium oxide has the cubic fluorite 


Table 39 


Ratios of Ionic Radii and Structural Types for Fluorides and Oxides 
of Metals with Composition ME, 


a 


Rutile type . Fluorite type 


Compound 


0:39 0:77 | ZrO, 0-66 
0-49 0:80 Pro, 0-76 
0:52 0:84 CeO, | 0:77 
0-64 0:99 UO, 0-80 
0:67 1-08 ThO, | 0-84 


structure at high temperatures but that the low temperature monoclinic modification 
of ZrO, has a distorted fluorite structure. 

Analysis of the crystal chemical data shows that the structure of crystals is 
determined by the number, shape, size and polarisation properties of their constituent 
atoms, ions or groups of them and the conditions of their formation. This statement, 
which in a somewhat different form is due to Goldschmid, is the content of the basic 
law of crystal chemistry. 


Problems 


1. Given the length of the edge of the unit cube, find the atomic radius of a metal 
(a) with face-centred and (5) with body-centred lattice. 

2. Derive a formula for calculating the density of a crystal if its composition and 
structure are known. Carry out the calculations for tungsten, copper and mag- 
nesium. 


Chapter 7 


COHESIVE ENERGY 


1. Cohesive Energy of Molecules and Crystals 


Cohesive Energy and Internal Energy 


The forces of interaction between particles lead to the formation of molecules 
and crystals and at the same time help to determine their properties. Thus, for ex- 
ample, the larger the binding energy of molecules the higher are their frequencies of 
vibration and their heats of dissociation. In crystals, an increase in binding energy 
is usually accompanied by a rise in hardness, strength and melting point. Binding 
energy increases with increasing numbers of particles in the system. The binding 
energy, referred to a gram-molecule of the substance is called the cohesive energy. 

The cohesive energy is equal to the difference between the potential energies of 
he system in its initial and final states 


U = U,-U,. ... [7.1] 


The final state is that of equilibrium distribution of the particles of the system, 
at the absolute zero of temperature. The initial state is that in which the particles 
are so far apart that the interaction energy between them can be neglected. Putting 
U, = 0 we obtain from equation [/] 


U = —U;. .. [7.2] 


The cohesive energy of diatomic homopolar molecules is equal to the energy of 
dissociation Do, extrapolated to 0° K. To get Do, the internal energy E required to 
heat the system to temperature 7 must be subtracted from the heat of dissociation D 
measured at that temperature. In the case of thermal dissociation of complex mole- 
cules, break-up of the molecule takes place through its weakest bond and the energy 
of dissociation is then equal to the energy of that bond. As a result of dissociation a 
molecule breaks up into two fragments which have more or less complex structures, 
so if we are to compare the cohesive energy with experimental data from thermo- 
chemical, spectroscopic and other sources it follows that we must define what is the 
initial state and what are the ‘particles’ of the system. 

In molecular and homopolar crystals the particles are molecules and atoms and 
for the initial state we take that of a molecular or atomic vapour. The cohesive 
energy in these cases is equal to the heat of sublimation Ly extrapolated to 0° K; 


U = Lo. oe [7.3] 
197 
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In calculations of the cohesive energy of ionic crystals we take for the initial state, a 
hypothetical state of an ionized gas containing isolated positive and negative ions. 
For comparison with experiment we have the heats of formation of the corresponding 
compounds. In thermochemistry, heats of formation Q correspond to the case where 
the compound is formed from components in standard states at normal temperature 
and pressure. For example, the components of the thermochemical reaction which 
forms sodium chloride are metallic sodium and gaseous molecular chlorine 


Namet t (Clo) as = NaCl yst+ Q. 7° [7.4] 
The cohesive energy of ionic crystals U is not the same as Q but can be calculated 
from Q (§3). 
Cohesive Energy of a Diatomic Molecule 


We shall now consider a system formed from particles between which central 
forces act. The potential energy of interaction of the particles in this case depends 
only on the distance between them u = u(r). We can think of the potential energy 
as the sum of the attractive and repulsive potentials 


u(r) = uU(r)anrtU)rep: ..- [7.5] 


To simplify the problem further, we assume that both these potentials can be expressed 
in the form of powers of the separation distance r~? with different values of the 
exponent p 


u(r) = 545 (a, b > 0), ... [7.6] 


where a and 5 are positive constants. If this function is to have a minimum, the 
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Fic. 98. Potential energy curves for various values of m and n.’ 
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exponent of the repulsive potential must be greater than that of the attractive potential : 
n>m. In the case of van der Waals interaction we can take m = 6, for ionic inter- 
action m = 1. Fig. 98 shows curves of u(r) for various values of m and n. The value 
n = oo corresponds to that of absolutely rigid particles and the repulsive potential 
in this case appears as a vertical straight line parallel to the ordinate axis and at a 
distance from it given by rg equal to the diameter of the particles. 


es a du 
From the condition for an energy minimum a O we obtain the equilibrium 
r 
distance between the particles 


n—-m nb 


ma 


ro = 


2. [7.7] 


and the cohesive energy of a diatomic molecule 


Ug = U(ro) = -5 (1-7) ... [7.8] 


The first term in [8] is the attractive energy and the second is the repulsive energy. 
If n>m the repulsive energy can be considered as a small correction to the attractive 
energy reducing to zero when n- 00. 

If in [6] we replace a and b by parameters wp and ro, which have the obvious 
physical meanings, we obtain the following expression for the potential energy 


u(r) = Uo ai | -2 @ke (2) | ... [7.9] 
n—-m| m\r n\r 


Cohesive Energy of a Crystal 


Let us introduce a further simplification and assume that the energy of inter- 
action of two particles does not depend on the presence of other particles. In this 
case the potential energy of the system is the sum of the energies of interaction of all 
the pairs of particles and can be expressed in the form of a double summation 


DU (ri): ... [7.10] 


Mz 


U =} 


1 


The summation in [/0] can be carried out by the method of the ‘running vector’. 
To do this, the vector r;, is first attached to the first particle then to the second and 
progressively transferred to all the particles. When one end of the vector is attached 
to a given ith particle, the other end runs over all the remaining particles, that is the 
index k takes all values except kK = i. Formula [6], for a given configuration of 
particles, then enables us to calculate the energy of the given systems whether they 
are homogeneous or not. 

In homogeneous systems (which include crystals) the configuration and energy 
states for equivalent particles are the same except for those which lie in a surface 
layer. Thus, in homogeneous systems the double summation [/0] can be replaced 
by a single summation over a ‘coordination sphere’: consider any particle in the 
system which does not lie on the surface and take it as centre of a continuously 
enlarging sphere. Note the moments when this sphere successively cuts the various 
particles of the system beginning with the nearest, and let r,; r,...r,... be the suc- 
CPO 
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cessive radii of co-ordination spheres and v, v,...v,... the successive coordination 
numbers for these spheres (v, is the number of particles on a sphere of radius r, so 
v, is the usual coordination number). It is clear thatr,; = 2r,' is the smallest inter- 
atomic or intermolecular distance (r, is the atomic or molecular radius). The cohesive 
energy of a crystal for which this summation can be carried out is expressed by the 
formula 


U=N y v,U (Ty). ... [7.17] 
k=1 


A similar method of summation can be used for crystals which have a high degree of 
symmetry; for example crystals with structure of the type of simple packing of 
spheres. We must keep in mine the fact that formula [/] includes only the volume 
energy of the crystal. 


2. Cohesive Energy of Molecular Crystals 


Structural Sums 


The radii of the coordination spheres can be expressed as multiples of the radius 
of the first sphere r,; r, = r,6, where the coefficient 6, 1s uniquely determined by the 
type of crystal structure and the number of the coordination sphere. The series of 
coefficients 6, 6,... 6, and of coordination numbers v,, v,...v, are characteristic 
of a given type of structure and do not depend on the size of the unit cell. Substi- 
tuting in [//] the value of the potential energy from [6] we obtain the cohesive 
energy of a crystal in the form 


any buOY | aA, bA 
U = N{ —— N{ -—-— . ... 17. 
(r,) (- ny gmt pe »Y #) = ( r™ + r ) [7 12| 
where 
=>! 
5p . [7.13] 


are quantities which depend on p and are called structural sums. For a given lattice 
type the quantities A, can be calculated for any value of p. Table 40 gives the values 
of the structural sums for cubic lattices. 


Table 40 


Structural Sums A, for Cubic Lattices (Face-centred I”, Body- 
centred I°., Simple Cubic [’., and Diamond T',) 


Golder’s Golder’s 


_ Values — 


Jones-Ingham values Jones-Ingham values 


—_———— | — ff 
SS REE 


8 | 12-802 6946 | 4-331 
10 | 12-311 6-426 | 4-092 
12 12: -132 6202 | 4-039 


t In the discussion of diatomic molecules above, this distance was denoted by ro (see (7)). 
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For large values of p the value of the structural sum becomes approximately 
equal to the coordination number. Thus for a b.c.c. lattice the effective value of the 
coordination number is close to 9. This agrees with calculations of the packing 
fraction for these lattices (see Table 28, p. 162) according to which the packing frac- 
tion of a tetragonal lattice with coordination number k = 10 is higher than the 
packing fraction of a b.c.c. lattice. 


Nearest Neighbour Distance and its Dependence on 
Coordination Number 


From the condition for a minimum 


dU 
—_—_ = eee 7.14 
dr, [7.14] 
we obtain the equilibrium distance between particles in the crystal 
A 
= nm —, eee 7.15 
ry =T1o A, [7.15] 


where rg 1s the equilibrium spacing in a diatomic molecule. The spacing between 
nearest particles in the crystal is different from that in the molecule for, since the 
quantity A, becomes smaller as p increases, the distance r, is less in the crystal than 
in the molecule; this can be thought of as the effect of a pressure exerted by the outer 
coordination spheres on the innermost sphere. Making use of the data of Table 40 
we can obtain the dependence of the atomic radius of the particle on coordination 
number. From Golder’s calculations for various values of n and m we obtain the 
following contractions of the radius as we change from a lattice with coordination 
number 12 to others with coordination numbers: 


k 8 6 
—Ar, % 2:0—2°8 3-5—4.0 


The dependence of crystal-chemical radius on coordination number was estab- 
lished empirically by Goldschmidt; the data relevant to metallic and ionic crystals 
are in Table 37a. The contraction of the atomic radius as the coordination number 
becomes smaller has been measured for metals and these agree with the values 
calculated for molecular crystals except for diamond-type structures with k = 4. In 
this case, calculation gives a compression which 1s not much larger than that obtained 
for k = 6 whereas the empirical table gives Ar = 129%. However experimental data 
in this case is scanty. There is a large contraction of the atomic radius (about 9°%% as 
the coordination number is changed from 6 to 4) during the polymorphic transition 
of white metallic tin into grey semiconducting tin. This is due to the change in the 
type of chemical binding in this transition and the change of the valence state of the 
tin atom. 


Cohesive Energy 


Using the condition for a minimum, we can express the energy of a crystal [/2] 
in equilibrium in the form 


‘A, 
u, = —2NAn (1-”) = Nilo, *-") 4% [7.16] 
ry n n 
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where uw, is the cohesive energy of a diatomic molecule. Since A,,>A,,>2 the cohesive 
energy of a crystal is much greater than the cohesive energy of a diatomic molecular 
gas. The ratio between the energies is 


‘Am 
q = 24,,%-m/ 2m eee [7.17] 
Ay 


The quantity g can be called the energy strength of the crystal. It is larger in a crystal 
than in a molecule because the co-ordination number is larger (for a molecule k = 1). 
When m and n are large g~2A,, that is, g is about twice the coordination number so 
for the cubic lattices considered above g~8-24. With small values of m and x, q is 
even larger; thus for a face-centred lattice where m = 4 and n = 5 we have q = 75. 
This is connected with the broadening of the minimum of the potential curve u(r) 
and enhancement of the effect of distant coordination spheres. As the magnitudes 
of the structural sums show (Table 40) a system of particles which interact according 
to a central force law have a cohesive energy which increases with increase of co- 
ordination number. Of the four cubic lattices, the structure which is most favoured 
energetically is that with the closest packing so this calculation supports the basic 
idea which underlies the theory of close-packing. 

This is that, in the absence of directed forces, the thermodynamic condition for 
equilibrium which is that of minimum free energy (F = min) or, at absolute zero, 
minimum potential energy 

U=minimum ... [7.18] 


can be replaced by the geometrical condition of minimum volume of the given system. 


V=minimum ... [7.19] 


Energy and Intermolecular Spacing in the Surface Layer of a Crystal 


The reduction of energy of interaction of those particles which lie in the surface 
layer may lead to an increase of the intermolecular spacing. A similar effect was 
shown by Lennard-Jones (1925). The structural sums and the changes of the mole- 
cular radii in a face-centred lattice (m = 6, n = 8) were calculated by Golder for 
atoms which lay on the cube face (100) and at various distances below it. He found 
that in the surface layer there was an increase of the interplanar spacing a by 11°%. 
This effect falls off rapidly and at a distance 5a the expansion is only 2°%. It follows 
that electron diffraction measurements of lattice periods in layers a few tens of inter- 
planar spacings thick, will give values 0-8-1-89 above those measured by X-rays in 
thicker specimens. 


Cohesive Energy of Close Packed Spheres 


In the various forms of close packing of spheres the packing fraction is the same, 
so their cohesive energy must be very much the same. The greatest difference of 
energy of close packing must be expected to be between the cubic and hexagonal 
types. The structural sums, the lattice compression and the cohesive energy for h.c.p. 
were calculated by Golder for various values of m and n and various values of the 
axial ratio c/a. The minimum cohesive energy is that for the structure with axial 
ratio c/a = 1-633 which is the nearest to the axial ratio for ideal packing of spheres. 
With this axial ratio, the cohesive energy for hexagonal! close packing is somewhat 
less in absolute magnitude than that for cubic close packing. Thus in the case of 


COHESIVE ENERGY OF MOLECULAR CRYSTALS 203 


central forces of interaction, the latter structure is energetically more favourable, and 
this is confirmed by data on the structures of crystals of the majority of the inert 
elements. X-ray studies show that in the solid state, neon, argon, krypton and xenon 
have the f.c.c. structure. Only the isotopes of helium have a solid state structure 
different from f.c.c. 


Cohesive Energy and Heat of Sublimation of Molecular Crystals 


The total potential of the molecular forces can be expressed in the form 


u(r) = —<,tbe P+e,, ».. [7.20] 


where the first term expresses the energy of dipole and dispersion interaction, the 
second the repulsive energy, and the third the zero point energy. The results of 
calculations of the cohesive energy of some crystals by means of formula [20] are 
given in Table 41. For comparison, heats of sublimation are also given, these are 
calculated from the latent heat of evaporation 2 (L = A1— RT) where the second term 
measures the work of expansion in the transition from the condensed to the gaseous 
state. Cohesive energies of molecular crystals are very small and are all about 
0-5-3 kcal/mole. 


Table 41 


The Cohesive Energy U and Heats of Sublimation L for some 
Molecular Crystals 


kcal/mole 


The calculated values of U are in satisfactory agreement with experimental values 
of L. Any disagreements can be explained by the approximations in the calculations 
which arise from the difficulty of accurately determining the coefficients in equation 
[20]. The low melting points of molecular crystals are a consequence of the smallness 
of their cohesive energies. 


3. Cohesive Energy of Ionic Crystals 


The Madelung Constant 


In its simplest form the interaction energy of two ions can be expressed in the 
form 
2 
z,z,e° =b 
u(r) = —— = ... [7.27] 


where the first term is the electrostatic interaction of the ions considered as point 
charges, and the second term is the repulsion of the inner, filled electron shells. The 
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coefficients z, and z, are positive and negative numbers which express the magnitude 
and sign of the ionic charges. To carry out the summation, we use for the energy of 
the ionic crystal a formula analogous to [/2], 


U(r,) = y (PA) 2. [7.22] 


where the quantities A and B correspond to the structural sums [/3], but with the 
difference that A in equation [22] is expressed by a series of terms with alternating 
sign coming from the alternation of positive and negative ions in the crystal. The 
quantity A depends only on the structural type of the crystal and is known as the 
Madelung constant. Table 42 gives values for the Madelung constant for several 
simple structural types and also the coordination numbers for the first coordination 
spheres of ions of each type. 


Table 42 


The Madelung Constant A and the Coordination Numbers v, and v, 
for Simple Types of Structure AB and AB, 


NaCl | a—-ZnS | B-ZnS CaF rT; 
Crystal | CsCl Rock | Wurtz- | Sphaler- aF, | a TiO, 
Salt ite ite Fluorite| Rutile | Anatase 


ee ee 


Vai Vp 8:8 6: 6 4:4 4:4 8:4 


A 1-763 1-748 1:641 | 1-638 | 1-680 1-606 


For a given stoichiometry the Madelung constant decreases with decreasing 
coordination number and is not very dependent on the structural type. 

As is shown by the examples of the modifications of zinc sulphide and of titanium 
dioxide, the difference in energy between polymorphic modifications is very small, 
being only a few tenths of a per cent of the total cohesive energy. This is similar to 
the energy difference between the cubic and hexagonal forms of close packing and 
shows the basic difficulty of the theory of polymorphism since the magnitude of the 
cohesive energy itself can usually be calculated only approximately with an accuracy 
of several per cent. In such a calculation of the energy of a crystal, certain small 
terms may be neglected because they do not contribute much to the total energy 
balance. These small terms may, however, be important in deciding which structural 
modification is stable at low temperatures. 


Cohesive Energy 


Using the condition for a minimum of energy, 


dU 2,2,” n 
drt ATW cae B= 9, 
ry ro lo 


to determine B, 
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and eliminating it from [22] we obtain the expression for the energy of an ionic crystal 


2 
U, = —22e NA (1-7) 2. [7.24] 
ry n 


If we take it that the ionic charges are known, then in order to calculate the energy 
from equation [24] we need to know n—the power of the repulsive potential. This 
can be obtained if the compressibility of the crystal is known. 


The Coefficient of Compressibility 


The coefficient of compressibility 8B is defined as 


- oe. [7.25] 


p= 20 ... 17.26} 
dv 
Differentiating [26] we obtain 
dp d*U 
— = ——_,, ».. {7.27 
dv dv? [7.27] 
From [25] and [27] we obtain 
1 d’*U 
= . [7.28 
Bo dv? [7.28] 
The volume of a gram molecule of the crystal 1s 
vp = Nyr}. . 2. [7.29] 


Here N is Avogadro’s number, r, is the distance between nearest ions and y is a 
numerical coefficient of order unity, the magnitude of which is determined by the 
denseness of packing, that is by the structural type. Since from equation [29] 


dry 1 


do = 3Nyr? 
we get 


<a t ... [7.30] 


A second differentiation gives 
5 | 
re =) . + [7.31] 
dv ON*y*ri dr, \r; dr, 
To evaluate the expression in brackets differentiate [22] 


(- ~) _ 2422e7A_ nB 


r* pits’ 


Further differentiation gives 


2 2(n— 
d (2 wv) _ _42172€°A n(n+3)B _ 2726 (MDA 17 32) 


dr, \r? dr, r° pnt r 


where in the last operation the value of B has been substituted from [23]. 
Putting [32] into [3/] we obtain 


2 2(n— 1 
PU ane (nA A [73a 
dv? 9N*y*ri Bo BNyr 
Whence we get, for the coefficient of compressibility 
4 
Yr er 2. [7.34] 


~ 242,e2(n—1)A 242,€7(n—1) NA’ 


The coefficient of compressibility can be determined by experiment. In this case we 
can rewrite formula [34] to give n 


9ur, 


————_., 247. 
z,z,e°NAB [7.35] 


n= 


The values of n given below were obtained from the compressibility of alkali halide 
crystals. 


Values for n for Alkali Halide Crystals 


Crystal LiF LiCl LiBr NaCl NaBr 
n 5:9 8-0 8-7 9-1 9-5 


For the light ions one obtains the smallest values of n, while for the heavier ions 
n~8-10. As can be seen from equation [24], however, inaccuracies in the determina- 
tion of 1 have relatively little influence on the energy U since an error of 10°% inn 
gives an error of 1% in U. If the law of repulsion is taken in the exponential form 
[ 3.46] then in formula [24] the correction factor for repulsion is changed to (1 — p/r,), 
and we can determine p from the compressibility. The mean value of p for the alkali 
halide crystals is 0-345 A. 


The Born-Haber Cycle. Comparison of the Cohesive Energy 
with Experimental Data 


The cohesive energy U for an ionic crystal, as we have already said, is not equal 
to the heat of formation Q, but can be obtained from it. To obtain it, we make use 
of a cyclic process, due to Born and Haber as follows: 


Nazis + Clip 


anes 1—Ec 


NaCl, ys Nts Clias ».- [7.36] 
+Lya $+4De 
+ Onc~s Nass, + 2Cl, ° 
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In the first part of the process, the crystal is broken up into a gas of ions; this requires 
the expenditure of an energy equal to the energy of the crystal— Uy,c;. Next, the ionic 
gas is transformed into a mixture of the atomic gases, sodium and chlorine; this re- 
quires the absorption of energy equal to the ionisation potential of the sodium atom 
(+Jy,), and the emission of energy equal to the energy of affinity of the chlorine atom 
to its electron —E,.,. Then the sodium vapour condenses, forming metallic sodium, 
and the chlorine atoms unite to form diatomic molecules of chlorine. Both processes 
are accompanied by the emission of energy, equal to the heat of sublimation of the 
sodium crystal (+ Z,,) and half of the energy of dissociation of molecular chlorine 
(4.Dc),) respectively. The final part of the process consists of the formation of the 
sodium chloride crystal from its components, considered as being in standard states. 
In this process energy is emitted equal to the heat of formation + Qy,c;. The total 
energy change in the cyclic process is zero, hence 


Unact = Qnacim Fer + 4$Dey, + 1natLna ... [7.37] 


All quantities on the right hand side of formula [37] are known. Thus we can 
determine experimentally the energy of an ionic crystal. Table 43 gives data for 
calculating the energy of various crystals. 


Table 43 
Cohesive Energy of Alkali Halide Crystals 


U, erg/mole x 107 U, kcal/mole 


Crystal Experi- 


mental 


NaCl —14-18 
KI — 11-30 
RbBr — 11-60 


— 10-19 


This calculation takes account of the Coulomb energy of interaction of ions 
which is the basic contribution to the total energy, and also of the van der Waals 
energy of attraction c/r°, the repulsive energy, and the zero point energy &. In the 
final two columns the calculated and experimental values of the crystal energy are 
given side by side. The largest discrepancy is about 1-2°% and indicates good agree- 
ment of theory of ionic crystals with experiment. 

Fersman, Kapustinsky and others have suggested more accurate formulae, which 
make it possible to obtain the energy of ionic crystals from the characteristic para- 
meters of ions. One of Kapustinsky’s formulae which is obtained from formula [24] 
has the form 


x mz,Z 0-345 

Uy = —287-2 =a (1 ) .. [7.38] 
ratlc ratlc 

where r, and rc are the ionic radii, z; and z, the ionic charges, m the number of 

corresponding ions; the summation takes place over all the ions in the chemical 

formulae. 


Theoretical Strength of a Crystal 


The ionic model makes it possible to calculate the 
theoretical strength of a crystal, that is the resistance to 
fracture under the influence of external mechanical forces. 
To obtain the order of magnitude of the strength, con- 
sider uniaxial extension of a crystal by the external force 
F (Fig. 99). The least resistance to fracture is offered by 
a plane with a chess-board alternation of ions. The line 
AB is the trace of such a plane. In the first approxima- 
Fic. 99. Calculation of tion, consider the interaction of nearest opposite charged 
the strength. ions which lie on both sides of a possible cleavage plane. 
e? 


The force pulling these ions apart is f = ae and the 


, , ; . 1 , 
number of ions in unit area of the plane is N’ = —. Hence the resistance of the 
r 


crystal to fracture is 
e*  23x1077° 
r+ 81x 1073? 


The value thus found is the theoretical strength and gives the upper limit of the 
strength of a crystal. This limit is not usually attained in practice for a variety of 
reasons connected with defects in the structure of crystals, and non-uniformity in 
the way in which the stress is applied. The measured technical strength 1s always 
less than the theoretical. 


p= dynes/em? = 3x10! dynes/cm? = 300kg/mm? ... [7.39] 


Ionic Model of a Metal 


Consider an approximate ionic model for a metal. The crystal structure of a 
metal is formed of a framework of positively charged atoms the spaces between which 
are filled with negatively charged electron gas. Electrostatic interaction between the 
framework and the electrons gives a force of attraction. Assuming that the conduction 
electrons are uniformly distributed among the ions, we can determine the cohesive 
energy of a metallic crystal approximately by means of the formula for the energy of 
an ionic crystal. If z is the valency of the metal, then without taking account of the 
repulsive forces we have 

2,2 
Urea = oN 2. [7.40] 
ro 
where rg is the atomic diameter and A is the Madelung constant. 

The attractive forces are balanced by the repulsive forces. Now the atomic radii 
of metals are much greater than the ionic radii of the cations. This can be explained 
if we assume that in metals the repulsive forces are due, fundamentally, to the motion 
of the electrons in the electron gas. These forces can be thought of as the electron gas 
pressure which can be calculated using the formula of kinetic theory 


pv =24Ne= 2K, 


where ¢ 1s the mean kinetic energy of the conduction electrons in the metal and K is 
the kinetic energy of a gram molecule of electron gas. The kinetic energy of the con- 
duction electrons is much greater than the mean thermal energy (e> kT) and is deter- 
mined by the density of the electron gas n. 
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3/2 
For a monovalent metal n = =e where y is a quantity of order unity which 
0 
depends on the structural type of the metal. Thus 


2 2 
Wo 
8m 8mre 


ad 


2. [7.47] 


If the metal has valency z this formula requires also a factor z7/3. The kinetic energy 

of the conduction electrons is (per gram molecule of metal) 
h?z3/3 N 

K = ——_. ~2 | 7.42 

8mrz [7.42] 


In the approximation we are considering the total energy of a metal consists of 
two terms 


a b 
U =| -—4+— JN, ...[7. 
( +5) 17.43] 
where 
h2z3/3 
= 2Az2e2: b=? ... 17. 
a z“e 3m [7.44] 


Atomic Radii of Metals 
From the condition for equilibrium of a crystal we obtain 


dU a 2b ji 
> FETs SRG —2b) = 0. 
dr rr re (aro— 25) 
Hence we obtain the value of the atomic radius in metallic crystals: 


... [7.45] 


If we take z = 1; A = 1-74 and y = 1-3 we obtain rg = 2 A, which is of the correct 
order for interatomic spacings in metal crystals. 

Formula [45] gives the dependence of the atomic radius of a metal on valency. 
Fig. 100 shows a curve ro = ro(z), calculated by means of equation [45 ]—the points 
on it are measured values of the atomic radii of metals 
at the beginning of the fourth period (the theoretical 4% k 
curve has been brought into coincidence with experi- Ca 
ment at the value of the atomic radius of potassium). SC 7; ’ oF 


Fic. 100. The dependence of the atomic 
radius of a metal on the number of 
valence electrons. 123656 2 


The experimental points lie on the curve and its shape is that of the theoretical curve. 
This gives support to the conclusion we reached in an earlier chapter viz., that in the 
transition metals belonging to the subgroup from scandium to chromium the 
d-electrons take part in binding along with the s- and p-electrons. 
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Energy of the Alkali Metals 


A consequence of the virial theorem is that in equilibrium the kinetic energy of 
the electrons is equal to half their potential energy. From formula [43], the repulsive 
energy would be a factor two smaller than the attractive energy. Thus the energy ofa 
metallic crystal is equal to the energy to decompose it into ions and electrons 


2N 50 
2ro ro ro 


(here rp must be expressed in Angstroms). Table 44 gives values of the energy of the 
alkali metals calculated by means of equation [46 ]. 


Table 44 
The Energy of Alkali Metal Crystals in kcal/mole 


ccate Leas 


58 39 
30 26 
19 20 
17 18:9 


15 


An experimental value of the energy to sublime a metal into its neutral atoms 
differs from the energy calculated by means of equation [46] by the magnitude 
of the energy of ionisation L = U,—J. The last two columns are values calculated 
by means of the semi-empirical formula [46] and measured values of the energy of 
sublimation. Our formula predicts the order of magnitude and the general trend of 
the changes of energy of sublimation with increasing atomic number of the alkali 
metal. However the ionic model of a metal gives only rough quantitative agreement 
with experiment. 


The Modulus of Compressibility 


To calculate the modulus of compressibility of a metal we may make use of 
formula [34], which was obtained for an ionic crystal, if in it we put m = 2 and take 
twice the value of the Madelung constant. Hence we obtain 


_ volo 
B FANz2 02" ... [7.47] 
Calculations of the modulus of compressibility for alkali metals by n eans of this 
formula give satisfactory agreement with experiment. Thus, for potassium £ 
4-1 x 107° cm?/kg while B04, = 3°6 x 107> cm2/kg. 


cale 


Problems 


1. In the formula v = Nyr? which connects the volume of the coordination crystal 
with r, the smallest interatomic distance, there occurs the coefficient y. Find the 
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value of this coefficient for the following structures: (a) f.c.c. (6) b.c.c. (c) diamond 
type (d) NaCl type. 

. Find the value of the Madelung constant for a CsCl! type crystal (the summation 
is best carried out over electrically neutral volumes). 


. Calculate the energy for dissociation into neutral atoms of the following ionic 
molecules (a) Na*Cl~ (6) Na™~Clt*. 


Chapter 8 


THE ELECTRON THEORY OF CRYSTALS 


1. Classical Theory of the Electron Gas 


The electron theory of crystals was first worked out for metals. As a first approxi- 
mation, the conduction electrons can be considered as completely free and one can 
try to apply the ideal gas laws to them (Drude, 1905). If the mean kinetic energy ¢,, 
of the electrons is equated to the mean kinetic energy of the atoms in the lattice: 


e, = 3kT, ... [8.7] 


then the mean velocity of translational motion of the electrons at room temperature 
(e,, = 0:03 eV) would be v,, = 10’ cm/sec. Hence using the Clapeyron equation we 
can calculate the pressure of the electron gas p,: taking, for monovalent metals, the 
number of free electrons equal to the number of atoms we have 


_ 22400 atm 
Pe ~ V 9 


where V is the specific volume of the metal. For copper the volume of the gm. atom 
V = 7-1 cm, consequently p, ~ 3000 atm. 

To keep the free electrons in the metal we must postulate the existence of a 
potential barrier on the metal-vacuum boundary, the height of the barrier being 
W>s,,- This potential barrier 1s created by the circumstance that an electrical double 
layer is formed on the surface of a metal, and that its external face is negatively 
charged. The width of this double layer is very small, of the order of the atomic 
radius, or about 107° cm. Thus energetically, the model of the metal can be con- 
sidered as a right-angled potential well or box of depth W filled to a depth of the order 
of ¢,, by a layer of free electrons. 


The thermal conductivity of the crystal comes from the thermal conductivity of 
the electron gas and is 


K=t]v,, nc, ~+. [8.2] 


where n is the number of free electrons in one cm’, / is the mean free path and c, is the 
specific heat per electron. On the classical theory c, = 3k/2 hence 


K = 4 lv, nk. ... [8.3] 


If the metal is brought into an electric field, the free electrons, still keeping their 
random thermal motion, begin to take part in directed motion along the lines of force 
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of the field. In the intervals from one collision to the next the electrons travel with an 
, eE . 

acceleration given by om? where E is the strength of the electric field in the metal, e 


and m are the charge and mass of the electron. If t is the time of free flight, then the 
mean additional velocity of the electrons in the direction of the electric field is 


u=4—t, 
m 


As a result of this directed motion of the electrons in the metal, a current arises, 
the density of which is 


i= neu = —E=oE ~+ 18.4 

am o [8.4] 
and is proportional to the strength of the electric field. Thus this model of the electron 
gas leads to the basic law of electrical conductivity of metalsk—Ohm’s Law. Assuming 
that the mean velocity of the electrons v,, is much greater than the additional velocity 


v,,>u, we obtain t = a and for the electrical conductivity 
ne? 
= e ee 6 8.5 
° 2mv,, [8.5 


From [3] and [5] the ratio of the thermal to the electrical conductivity of a metal is 


¥ =3 (f) 7 .. . [8.6] 


a é€ 


which 1s proportional to the absolute temperature if we take for the kinetic energy 
of the electrons the classical value mv, = 3kT. This expresses another experimental 
law: the Wiedemann-Franz Law. The numerical value of the coefficient in formula 
[6] is in good agreement with experiment. Thus for silver at room temperature we 


have 
(*) = 1:64 10!° and (*) = 1:59x 101°. 
O } meas 0 / calc 


However a further refinement of the classical theory of the electron gas carried 
out by Lorentz (he introduced the Maxwellian velocity distribution instead of the 
mean velocity) did not alter the essentials of the formulae but led, not to an improve- 
ment, but to a deterioration of the numerical agreement. 

Since with the aid of this model of the electron gas we obtain two basic laws of 
the metallic state, we may suppose that the model is on the right lines. In fact, as a 
result of later refinements of the theory on the basis of quantum methods, the general 
form of the expressions, in particular of [5], are not changed although the content 
and interpretation of the individual parameters which come into them are essentially 
different. The necessity for a radical revision of the basis of classical theory became 
clear when attempts to broaden the region of applicability of the theory and further 
refine it led to insurmountable disagreements with experiment. We shall show two 
of these disagreements: 

If in formula [5] we replace v,, by an expression involving the temperature, 
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assuming that the kinetic energy of the free electrons is equal to the mean thermal 
energy, then for the resistivity we get 


2mv 2,/mkT 
= 2m MAT a JT. ... [8.7] 
Consequently the resistivity should vary with temperature as J T, while experiment 
gives a variation proportional to 7. 

Fundamental disagreement is also obtained with the specific heats of metals. 
If we assume that the number of free electrons is equal to the valency of the atoms of 
the metal, then for a monovalent metal the number of free electrons is equal to the 
number of atoms. Thus the electron gas should contribute to the total specific heat 
its own share which is half the specific heat of the lattice. This leads to an increase 
of the specific heat by a factor of 14, that is to a value of 9 calories/gm. atom °C for 
the atomic heat of a metal, whereas the empirical law of Dulong and Petit gives 
6 cal/gm. atom °C. Thus we must accept the fact that the number of free electrons 
is much less and does not exceed 1-2°% of the total number of atoms. On this sup- 
position, the electrical resistivity of the metal calculated from formula [7] comes out 
much larger than is found by experiment. A large number of free electrons is also 
necessary to explain the high thermal conductivity of metals. A way out of these 
contradictions was discovered in the quantum electron theory of crystals. 


2. Bringing the Electron Model of a Metal into 
Agreement with Experimental Data 


Consider a model of a metal with the form of a potential box. Take the internal 
potential of the crystal to be W, the work to remove an electron from a metal to be @, 


€ max 


Fic. 101. Potential box energy model of a crystal. 


and the maximum kinetic energy of the free electrons to be «¢,,,,. The crystal 
potential is the depth of the potential box (Fig. 101). 

The work function or the work to remove an electron from the metal is the 
distance from the upper surface of the full energy band to the outer boundary of the 
box. The maximum kinetic energy ¢,,,, of the electrons is determined by the height 
of the upper surface of the layer of electrons above the bottom of the box. 


The Internal Potential of a Crystal 


If there is an electrical double layer at the metal-vacuum interface, then on taking 
electrons through this Jayer from the vacuum into the crystal their kinetic energy 
increases and on taking them in the opposite direction it is reduced. The change of 
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energy of the electrons in both cases is equal to the internal potential of the crystal W, 
and this can be measured by diffraction of electron waves. The de Broglie formula 
in vacuum has the form 


A=— =— = —-— A, ... [8.8 
mo ./2meV—/V 18.8] 
where / is the electron wave length (in A) and the accelerating potential difference V 
is in volts. The velocity of the electron is somewhat increased as it comes into the 
crystal and its wavelength becomes shorter: 
12:22 
i =——— ... (8.9) 


— IVAW 


The refractive index for electron waves passing from vacuum into a crystal will be 


A / W 


Refraction of electron waves is observed in electron diffraction experiments, and from 
them the internal potential for various substances is found to be between 5 and 
20 volts. 


The Electron Work Function 


The work function for electrons—their heat of evaporation—determines the 
density of thermionic emission current 


_¢ 
i=aT’e *". ... (8.17] 


Thus by measuring the temperature dependence of thermionic emission we can 
find the work function for a given metal. Another experimental method for measuring 
@ is based on determining the red cut-off of the photoeffect. The general equation 
for the photoeffect is 


hy = 4mv?+ 64+ @,, ... [8.12] 


where hv is the energy of the light quantum absorbed by the crystal, ¢, is the ionisa- 
tion energy, ¢ is the work function and 4mv” is the kinetic energy of a photoelectron. 
In dielectrics there are no free electrons so the work function ¢ = 0. Only the 
lonisation energy ¢, is needed to free a photoelectron. In metals, the ionisation 
energy for free electrons ¢, = 0, but the work function ¢@ 4 0. The equation for 
the photoeffect in metals is thus 


hy = 4mv? + o ».. [8.13] 


Table 45 
The Work Function ¢ (eV) for Several Metals 


¢@ from thermionic emission 
@ from the photoeffect 


CPP 
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and from this we can find the work function by measuring the frequency v, of the 

red cut-off. The actual value of v, is determined by using the linear relation between 
the maximum kinetic energy of the photo- 

Umax: electrons and the frequency of the light ab- 
sorbed (Fig. 102). Table 45 gives values of the 
work function for several metals determined 
from thermionic emission and from the photo- 
effect. 


Fic. 102. The red cut-off of the photo- 
effect. 


The Maximum Kinetic Energy of the Free Electrons 


Comparison of the magnitudes of the lattice potential and of the work function 
shows that the filled energy layer is filled to quite a considerable depth, and that its 
upper limit ¢,,,, corresponds to an electron energy of from 2-12 eV. Table 46 gives 
values of the internal potential and the maximum energy of free electrons for several 
metals. From these it is evident that the potential well in a metal is filled to half or 
more of its total depth. 


Table 46 


The Internal Potential W and the Maximum Energy <,,,, of 
Conduction Electrons for Several Metals (eV) 


The results show that the kinetic energy of the conduction electrons in a metal 
is about a hundred times greater than their mean thermal energy. According to the 
classical theory of the electron gas, the potential well should be filled to only some- 
thing of the order of +545 - zd, of its total depth. The classical theory cannot explain 
the large kinetic energies of electrons corresponding to temperatures of the order of 
tens of thousands of degrees. 

Experiments on the scattering of X-rays by conduction electrons in beryllium 
show an extraordinary large broadening of the Compton lines. From the breadth of 
these lines the velocities of motion of the conduction electrons can be calculated and 
turn out to be about ten times greater than the velocities which the electrons would 
have tf they had a Maxwellian distribution of energy and were in thermal equilibrium 
with the lattice. 

These results are supported by investigations on the annihilation of positrons in 
metals: fast positrons, which enter the crystal, experience a large deceleration. The 
time to decelerate positrons to thermal velocities (the time of thermalisation) is 
theoretically ~3 x 107** sec. The mean lifetimes of positrons in various metals is 
approximately the same for all, and from experimental data is ~1-5x 107?° sec., that 
is, much longer than the time of thermalisation. The thermalised positrons interact 
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preferentially with free electrons since, with their small energies, they cannot penetrate 
into the interior of the atoms. The measured width of the spectral lines of the anni- 
hilation photons is increased as compared with the width determined from the geo- 
metrical parameters of the apparatus; this indicates a large velocity of motion of the 
free electrons. Study of the profile of the lines or of the angular correlation of the 
annihilation photons (this is much easier) makes it possible to find out both the mean 
velocity of the free electrons and the distribution curve of their momenta. Experi- 
mental results obtained in this way are in good agreement with the results of the 
quantum theory of metals. 


3. The Quantum Electron Theory of Crystals 


Free Electrons in a Metal as Electron Waves 


The simplest quantum electron theory of metals, like the classical theory, starts 
from the supposition of the existence of free electrons. According to wave ideas, a 
free moving electron is described by a plane monochromatic wave. In a regular un- 
distorted lattice, if 4>2a then such a wave spreads out without scattering and is 
reflected on the surface of the metal. The stationary states in a metal form a system 
of plane stationary waves similar to a system of acoustic waves and with a discrete 
spectrum. Because of the great range of frequencies and the high density of states, 
this spectrum can be thought of as quasi-continuous and as forming an energy band of 
finite width (though not greater in width than the magnitude of the internal lattice 
potential). The electrons are distributed on the energy levels of the crystal in accord- 
ance with the Pauli exclusion principle—on each energy level there are not more than 
two electrons with oppositely directed spins and compensated magnetic moments. 
Thus the conduction electrons, even at absolute zero, cannot all be placed on the 
lowest energy level as they can in classical theory. The exclusion principle forces elec- 
trons to climb higher up the energy staircase. If in unit volume of a metal there are 
n free electrons (n~ 107”), then the total number of occupied levels is 47. We shall 
now find the position of the highest level of the conduction band occupied by electrons. 


Kinetic Energy of the Free Electrons 


The number of electron levels, as in the case of the spectrum of free vibrations 
of a solid (see Chap. 14 §2), is 


AnV 


Za, 
343 


.. . [8.14] 


where 


h h 


mv (2me)!/? 


1= .. [8.15] 


and « = 4mv’ is the kinetic energy of the electrons. Let the volume V of a metal 
contain N free electrons. Since each level is occupied by two electrons we have 


= S537 = apy 2mmemad””, ... [8.16] 
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whence 
N 3h? 3nh? 
3/2 _ +. — a 
(2mEmax) V 8x Sr” 
h2 (3n\2/9 h? 5 h? 
, —_—_—- _—_— ~~ /3 = TF, oe e 8.17 
emax On (7) 8m ” 8mre [8.17] 


1, , 
where ro = — is the volume corresponding to one atom. 
n 


The maximum energy of the electrons, that is the width of the filled band, does 
not depend on the total volume of the metal and is determined only by the concen- 
tration of free electrons or by the magnitude of the interatomic spacing. If the mass 
of metal and the total number of free electrons is increased, then as the number of 
energy levels increases, the distance between neighbouring levels is reduced. If we 
take it that each atom in a metal contributes one electron, we can determine from 
formula [/7] the position of the upper surface of the filled part of the energy band. 


40 x 10~°4 


Emax = 8x10-27x5x10-!6 = 107!! erg. = 6 eV. 

Quantum theory gives a much larger value for the maximum energy of the 
electrons than does the classical theory and leads to the required order of magnitude. 
An interesting result of the quantum theory is that the large energy of the free electrons 
is independent of the temperature of the crystal. In fact the energy distribution we 
have found for the electrons takes the temperature of the crystal to be absolute zero. 
The electron gas in a metal, as we said above, has an energy corresponding to an 
effective temperature of the order of several tens of thousands of degrees. 


The Energy Distribution Function for Electrons 


The distribution function for the occupied energy levels f is essentially different 
from the Maxwellian distribution. At low temperatures this function obeys the 
conditions 


f=1 if e<e,,, and f= 0 if e>e,,, (T= 0), ... [8.18] 


and this is shown graphically in Fig. 103a. At high temperatures (7-00) when 
kT-€,,,, the specifically quantum effects cannot be observed and we have a Boltzmann 
distribution (Fig. 103c). 


fr~ e (T > 0). ... [8.19] 


At intermediate temperatures the edge of the filled band becomes washed out (Fig. 
1035). The shaded parts above and below the level ¢,,,, are equal in area corresponding 
to constancy in the number of particles. As is well known, conditions [/8] and [/9] 
satisfy the Fermi distribution function, 


1 
~ e—Fmax/KT 4 4 


f ... [8.20] 


which describes the distribution of particles with non-integral spin, that is, the group 
which includes electrons. 
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f 
f T20 Fic. 103. Transition from Fermi to 

Boltzmann statistics. 

3 
a 1€max . 
| The Specific Heat of the Electron Gas 
f . 
y ro When there is thermal exchange between 
> 


the free electrons and the crystal lattice, the 
change of energy of individual electrons must 
be equal to the mean thermal energy kT, but 
only those electrons which lie near to the upper 
limit of the band can exchange energy with the 
lattice. Thermal exchange leads to turnover 
in a thin surface layer of thickness kT from 
which electrons can be thermally excited to 
= higher unoccupied levels (Fig. 104, compare 
C Fig. 1035). Within the filled part of the band, 

electrons, although they have large kinetic 

energy, cannot either give their energy to the lattice not receive additional energy since 
all lower- and higher-lying electron levels are occupied. Thus the ‘hot’ electron gas 
cannot heat up the colder lattice. Assuming that the electron levels are distributed with 


uniform density, we obtain the distance between neighbouring levels as Ae = TW 
was . kT kT 
The number of electron levels within the zone of thermal turnover is AN = Ae iN — 
The energy of thermal excitation of electrons in these levels is 
kT)? 
AW = AN°:3 KT =n [8.21] 
Hence the electron specific heat is 
kT 
C. =7R- = yT, ».. [8.22] 
where 
_ 3kR 
7 Qemax 


The specific heat obtained from formula [22] is less 
than that obtained on the ideal gas theory by a factor 
kT/enax, that is by two orders of magnitude for, at room 
temperature kT ~ 0-03 eV and ¢,,,, ~ 5-10 eV. Conse- 
quently at room temperature the electron specific heat 


Fic. 104. Calculation of the specific 
heat of the electron gas. 
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is only a small part of the specific heat of the lattice C;. For monovalent metals 
C, ~ 10°? C, which agrees with experiment. 

If the number of electron levels in the energy band is half the number of electrons, 
then all levels are full; there are no free levels under the upper limit of the filled band. 
The electron specific heat of the crystal in this case is zero. This is the case in di- 
electrics and semiconductors. 


Scattering of Electron Waves in a Crystal 


In general, electron waves in a crystal will be scattered. Two types of scattering 
are possible corresponding to short and long wave-lengths. For a cubic crystal where 
the length of the edge of the unit cell is a the regions of short and long waves are 
determined by the relationships 


(1) A<2a (short waves) 
(2) A>2a (long waves) ... [8.23] 


If 4<2a, then the electron waves are scattered by centres which form a discrete 
three-dimensional periodic structure, and will interfere with each other. If a plane 
monochromatic wave is propagated in the crystal, an interference pattern arises which 
is the sum of selective maxima, the position and intensity of which are determined by 
the symmetry and structure of the crystal and also by the wavelength and direction 
of the initial wave. This case corresponds to X-ray interference in crystals. The posi- 
tion of the interference maxima is determined by the Bragg-Wulff formula 


A = 2d sin 6, ... [8.24] 


where d is the interplanar spacing and @ is the angle of incidence. The intensity of 
the maxima is determined by the formula for the intensity of electron diffraction 


2 © alF/?, ... [8.25] 


in which the basic quantity is the structure factor /F/?. Formula [25] is also analogous 
to the formula for the intensity of X-ray diffraction 7, the difference being that in 
formula [25] we must take not the atomic factor ffor X-rays but the related function 


ev! (Z—f) 8.26 
2mv?_ sin? @ ++ [8.26] 
which describes the probability of scattering of electrons by atoms. 

If A2>2a, then the electron waves in the crystal do not experience selective re- 
flection, and the crystal can be considered as a continuous medium. This case is 
analogous to the transmission of visible light through crystalline media: long electron 
waves passing through a substance experience a scattering analogous to the scattering 
of light in cloudy media. The intensity of the incoming wave Jp falls off according 
to the law, 


[=he™, .. + [8.27] 


where y Is the scattering coefficient and x is the path length of the incoming wave in 
the medium. Ideally, a regular crystalline lattice is a uniform completely transparent 
medium for long waves and the scattering coefficient is 


p= 0. ... [8.28] 
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Stresses in the crystalline lattice and non-uniformity in the density of the scattering 
centres resulting from mechanical deformations, impurities and thermal motion of 
the atoms, give the crystal a greater or less degree of opacity. 

Let us calculate what electron velocity v,,,, corresponds to the limiting wave 
length which divides the regions of short and long waves in a crystal with interatomic 
spacing a = 3 A. From de Broglie’s law and condition [23] we have 


h 6:6 x 10777 
Viim = ma = 10-27x6x10-8 ~ 10° cm/sec. eee [8.29] 
This velocity corresponds to an electron kinetic energy of ~4 eV. 

The free electrons of a metal which occupy the highest energy levels have a 
velocity v+v,,,,. The waves corresponding to them are short and the motion of such 
electrons in the crystal will be accompanied by phenomena of selective reflection. 

In an electric field, the free electrons have also a directed motion with velocity u 
along the lines of force of the field, corresponding to an electric current in the metal. 
In a field of strength 


E = 1 volt/em ~ 3x 107? c.g.s. units 


eE 5x 107'!°x3x 1077 
= J = COCO CQ | . ... | 8.30 
2mv 2x 10727 x 108 cm/sec [8.30] 


For any physically credible value of the electron mean free paths in the metal (/~ 107° 
cm on the classical theory or /~10~° cm on the quantum theory) the velocity of 
electrons in the electric field 


u < Viim- ... [8.37] 
This velocity corresponds to the lengths of electron waves which are scattered by 
irregularities and lattice distortions. 
The Electrical Conductivity of Metals 


The dual nature of microscopic particles which have corpuscular and wave pro- 
perties means that we can look at the same phenomenon from different points of view. 
Consider the scattering of a beam of corpuscles which are passing through a medium 


Fic. 105. The law of scattering. 


which contains scattering centres. Let n be the density of scattering centres in unit 
volume. Consider a thin layer of the medium of thickness dx (Fig. 105a) and let S be 
the area of the cross-section of the beam of corpuscles. In the irradiated volume there 
are dn = nSdx particles. If each centre is a target with a scattering radius r (Fig. 
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1055) then the total cross-sectional area of all centres is dS = nnr*Sdx. The mean 
free path / of the particles is equal to the thickness of a layer for which the total area 
of all scattering cross-sections is equal to the total area of the cross-section. This 
condition gives 


_ ! ... [8.32] 


nnr 


The proportional decrease of the number of particles after passing through a layer 
of thickness dx will be 


2 
—— = nor“dx. 
7 n 


And from this we obtain the scattering law for the particles. 


_~ 
l 


I = [,e7"* = Ine ... [8.33] 


Comparing [33] with [27] we obtain an expression for the scattering coefficient y in 
terms of the mean free path of the particles / and the effective cross-section of the 
scattering centres 


= ; = nr’, ..- [8.34] 


Putting the scattering coefficient into the formula for the specific resistivity of metals 
[7] we have 


... [8.35] 


For an ideal regular crystal without impurities, scattering is caused only by fluctua- 
tions in the density of particles produced by thermal vibrations. The radius of the 
scattering cross-section is determined by the amplitude of thermal vibrations of the 
particles €, 


Hy = nag’. 
Now the mean value of the elastic energy of an oscillator is 


+f ge? = 4 kT, 
where f is the coefficient of quasi-elastic force. So 


nukT nrk 
= —— =-—_ T, ++ [8.36 
Lr f aE L ] 
where E is Young’s modulus and a is the lattice constant. 
Formulae [35] and [36] show that the specific resistivity of a pure metal is a 
linear function of temperature. This is in agreement with experiment. In a metal 
which has been distorted as a result of mechanical deformation and in which there 
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are also impurities present the scattering coefficient for electron waves is made up 
of three parts 


HL = Uger + Limp + Hr: ..» [8.37] 


At low temperatures the scattering of electrons is determined by the first two terms 
in [37]; these represent the residual electrical resistivity of metals. 


4. The Band Theory of Crystals 


Energy Bands 


For a freely moving electron in a field of constant potential the kinetic energy is 
constant and proportional to the square of the modulus of the wave vector: 


é = 4mv? = — k?. ».. [8.38] 


Graphically, the dependence of ¢ on k is represented by a parabola (see Fig. 1, page 11). 
In a crystal lattice, the potential is a periodic function of distance and is only constant 
on the average. For the motion of electrons in a periodic field, if | k | > 2a, we have 
selective reflection of the waves, and to this there corresponds energy gaps in the 
curve of ¢ = eé(k) (see Fig. 22, page 45). The quasi-continuous electron spectrum 
of a crystal is divided into bands of allowed and forbidden energy values. The 
directions of the wave vectors k,, k,,... corresponding to forbidden values of the 
energy, are determined by the conditions of the Bragg formula: 


~i_ ot _ #4 
4 Adsin@ 2sin@’ 


2. [8.39] 


where H is the modulus of a vector of the reciprocal lattice. The magnitudes of the 
energy discontinuities A,,, A,,... are proportional to the squares of the moduli of 
the structural amplitudes | F, ? for the corresponding planes of the crystal. 

The geometry of the energy discontinuities is conveniently shown in wave vector 
space (k-space) which, as formula [39] shows, is closely connected with reciprocal 
lattice space: consider in the crystal, any system of planes with Miller indexes (Ak/) 
and described by a vector of the reciprocal lattice H, the modulus of which is 
H = 1/d (Fig. 106). The geometrical position of the vectors k which satisfy the Bragg 
Law is represented in k-space by two parallel planes AA and BB situated at distances 


Wibki) A 
ngs 
| ; 
Fic. 105. A family of planes (A, k, J) Fic. 107. The distance between planes 
and the vector H of the reciprocal in k-space. 


lattice. 
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+k) = — i from the origin (Fig. 107). The direction of the normal to these 


2 2d 

planes is parallel to the vector H. If the crystal is symmetrical, then the system of 
equivalent planes {hkl} forms a solid figure. Each figure {hkl} corresponds to a 
similar one (in k-space) for the energy discontinuities (a zone) and the dimensions 
of this zone are determined by the reciprocals of the interplanar spacing I/d. Ina 
crystal, when the indices {hkl} of the planes are increased, the interplanar spacing 
is, in general, reduced and each successive figure is enclosed within the previous one. 
In k-space when the indices are increased the zone dimensions increase and each 
succeeding zone encloses the previous one. Corresponding to the conditions for 
X-ray extinction whereby the structural amplitudes are divided into two groups, 
F = Oand F ¥ O, the first zone for a simple cubic lattice is a cube while, for a b.c.c. 
lattice it is a rhombic dodecahedron and for an f.c.c. lattice, an octahedron inter- 
sected by a cube (a cubo-octahedron). 


The Electron Spectrum of a Metal and an Insulator 


The successive zones in an arbitrary crystal may or may not intersect each other. 
In the individual zones there are also two possibilities; the levels of the zone may be 
either completely filled or incompletely filled with pairs of electrons. The different 
possible types of energy spectra of crystals are shown in Figs. 108 and 109. Here, in 
all the diagrams, the line 4A marks the upper limit of the first zone and the line BB 
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Fic. 108. The zone scheme for a metal. Fic. 109. The zone scheme for 
an insulator. 

the bottom of the second zone; the horizontal lines are possible electron levels and 
the diagonal lines show the regions of filled levels. Figs. 108a and b correspond to 
an overlap of zones and Figs. 108c and 109 correspond to energy gaps. In Figs. 108a 
and c there is partial filling of the first zone and in Figs. 108b and 109 these zones are 
completely full. The first three types of energy spectra correspond to crystals with 
metallic properties since there are free levels immediately above the filled levels. If 
such a crystal is brought into an electric field, the electrons in the upper strip of the 
filled region can be accelerated by the electric field and move to higher levels. As a 
result of inelastic collisions these electrons will move back to lower free levels and the 
difference in energy in these transitions appears in the form of Joule heat. The case 
of Fig. 109 is that of an insulator: the first energy zone is here completely filled and 
the second zone which is separated from the first by the energy discontinuity AE>kT 
is completely empty. In a crystal with such an energy spectrum the electric field 
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cannot accelerate the electrons. Such a crystal will have the properties of an insulator 
although in it, as in a metal, there is a large collective electron pool. 


The Electron Spectrum of Semiconductors 


The spectrum of a semiconductor is similar to that of an insulator: the first energy 
zone is completely filled and the second is separated from it and is completely empty. 
However, the magnitude of the energy discontinuity AE between the zones is small, 
much smaller than in an insulator but larger than kT (Fig. 110a). At ordinary tem- 
peratures few electrons can be moved by thermal activation from the first zone to the 
second. When however, the crystal is heated, a number of electrons can make the 
transition to the second zone and allow the crystal to conduct an electric current. 

When An electrons make the transition into the upper, previously empty, band 
the same number of electron levels in the lower, formerly completely full, band are 
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Fic. 110. The zone scheme for a semi- Fic. 111. The zone for a semiconductor 
conductor: (a) with a narrow gap, (a) electron type, (6) hole type. 


(b) with impurity levels. 


freed, and these can be thought of as ‘holes’ in the energy spectrum of the crystal. 
The transport of electricity in a semiconductor takes place by means of electrons in 
the conduction band and also by ‘holes’ in the filled band. In both cases, charge is 
really transported by electrons, but it is convenient to consider conductivity in the 
incompletely filled band as a movement of holes corresponding to a movement of 
particles with an effective mass and with charge equal to the charge on the electron 
but with the opposite sign. Thus the mechanism of conductivity in a semiconductor 
involves two particles. In the conduction band there appear An” negative electrons 
and in the filled band An* electrons with an effectively positive charge. In the case 
of thermal excitation of the electrons from the lower into the upper band, the number 
of charge carriers of both types is the same; An* = An~. In the general case this is 
not necessary and there may be charge carriers either of the first or of the second type, 
or there may be an excess of the first or the second type. Thus we distinguish semi- 
conductors of the An* type and the An” type. Experimentally, the distinction between 
the two types of semiconductors is made by the sign of the Hall constant, that is by 
experiments on the passage of current in a semiconductor in a magnetic field. Because 
of the smallness of the electron and hole concentration, the electrical conductivity is 
mainly determined by the number of charge carriers, which increases with temperature. 
The electrical resistivity of semiconductors, contrary to that of metals, thus falls on 
heating. 

‘Holes’ in the energy spectrum of a crystal must not be confused with atomic 
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‘vacancies’ which are empty sites in the atomic crystalline lattice structure and which 
are important in diffusion and self-diffusion of atoms in crystals. There is, however, 
a connection between vacancies and holes in that damage and disturbances in the 
atomic lattice, including such disturbances as vacancies, atoms displaced by defor- 
mation, and impurities, give rise to distortions and defects in the energy spectrum 
of the crystal. The simplest view of the distorted spectrum is that of a system of local 
energy levels superposed on the basic crystal spectrum. These local levels are indi- 
cated by heavy lines in Fig. 110 and those which fall within the energy gap form 
intermediate energy steps on which electrons can be placed or from which electrons 
can be removed. 

This scheme of local levels enables us to understand the great sensitivity of the 
electrical and optical properties of semiconductors to lattice distortions and impurities, 
and also enables us to explain the properties of the impurities. Two types of impurity 
can be distinguished by their chemical nature; those which are more and those which 
are less electronegative than the semiconductor itself for on this property depends the 
outcome of the struggle for an electron between atoms of the impurity and atoms of 
the semiconductor. Impurities can be donors or alternatively, acceptors of electrons. 
Sometimes the same impurities can be either donors or acceptors. 

Consider the atoms of a donor impurity represented by the local levels CC 
(Fig. 111a) which lies close to the bottom of the conduction band within the limits of 
the strip for which thermal activation is effective. Electrons from the donor atoms 
go over into the conduction band and as a result produce conductivity of the An™ or 
n-type. This type of conductivity takes place in zinc oxide, which when heated in a 
reducing atmosphere loses a small fraction of oxygen atoms from its lattice. Neutral 
zinc atoms are thus left and distributed throughout the lattice by diffusion. When 
this zinc oxide is heated it develops electron conductivity because the zinc atoms act 
as donors transferring some of their electrons to the conduction band. 

Now consider impurity atoms, this time acceptors, represented by the local levels 
CC (Fig. 1115) which lie close to the upper boundary of the filled zone and within the 
limits of the strip for which thermal activation is effective. Some of the electrons from 
the filled band will be captured by atoms of the impurity, leading to the appearance 
of a number of holes and to the development of conductivity of the An* type. This 
type of conductivity is found in copper oxide (CuO), which when heated in an oxidising 
atmosphere (in oxygen) absorbs a certain amount of oxygen. Oxygen atoms which 
have diffused into the lattice are acceptors, and when a specimen of copper oxide 
which has been treated in this way, is heated they capture some of the electrons from 
the filled band and become negative ions. As a result of this we have hole conductivity 
of the An* or p-type. 

In semiconducting crystals of elements of the 1V B subgroup (silicon, germanium) 
atoms of neighbouring elements from the III B or V B subgroups can replace a small 
number of atoms of the basic element and form a substitutional solid solution. Thus, 
silicon forms such solutions with boron (III B subgroup) and also with phosphorus 
(V B subgroup). Atoms of elements of B subgroups lying to the left of the IV B sub- 
group have insufficient valence electrons and are acceptors while atoms of elements 
lying to the right have an excess of valence electrons and are donors. 


The Electron Spectrum of an Ionic Crystal 


The electron formulae for the atoms of lithium and fluorine are respectively 
“Li 1s* 2s' and °F Is? 2s? 2p°. Valence electrons of the 2p° level of the fluorine 
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atoms are situated below the 2s level of lithium. This corres- 
ponds to a large electronegativity of the fluorine atom as com- 
pared with the lithium atom. Thus the 2s electron of lithium 
transfers to the 2p level of fluorine, and results in the formation 
of the ions Lit and F~. As a result, the 2s band ef lithium is 
completely emptied and the 2p band of fluorine completely 
filled (Fig. 112). Since these bands do not intersect, the crystal 
of lithium fluoride does not exhibit electron conductivity and 
is an insulator. At high temperatures, however, conductivity of 
the ionic type is developed in it. 


Fic. 112. The Electron Spectrum of Metals 
Z heme in th _ . | 
LIF crystal. ° The diagram of the splitting of sodium levels as a function 


of the distance between atoms is shown in Fig. 113. 

The electron formula for the sodium atom is 1s? 2s” 2p° 3s'; the 3p subgroup is 
not occupied. Now the 3p level begins to split at larger separations than the 3s level 
since the 3p state corresponds to a greater distance of the electrons from the nucleus 
than does the 3s state. As a result of the splitting, the 3s and 3p zones intersect and 
the crystal of sodium exhibits metallic properties. Fig. 114 shows the splitting of the 
electron levels in copper (7?Cu 3d'° 4s!), where the 4s and 4p levels are broadened 
earlier than the 3d. When r = ry the 3d band is much narrower than the 4s and 4p 
bands. In copper, the 3d band is completely filled by 10 electrons per atom, so in this 
band there is a high density of levels. In the 4s-p band there is one electron. The 
relative positions of the s-p and d bands in copper and their filling are shown schema- 
tically in Fig. 115. The nearest neighbour to copper is nickel, which has one electron 
less than copper but the same crystal structure. The zone scheme for nickel is shown 
in Fig. 116. The removal of the one electron could have completely emptied the 4s-p 
band, but in fact, some of the electrons come out of the 3d band. The upper limit of 
the filled levels in both bands will be at the same height. The 3d band of nickel thus 
has ‘holes’ and from the magnetic data it turns out that these ‘holes’ correspond on 
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distance between atoms in the sodium crystal. 
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the average to 0-6 electrons per atom. Thus the 4s-p band of nickel is filled up to a 
level corresponding to 0-6 electrons per atom. Comparatively small differences in the 
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Fic. 115. Energy bands in copper. Fic 116. Energy bands in nickel. 


electron spectra of nickel and copper are connected with fundamental differences in 
their physical properties. These differences are basically as follows: 


(1) The copper crystal is diamagnetic while the nickel crystal is ferromagnetic. 
Ferromagnetism of nickel, cobalt and iron is due to incomplete filling of the 
3d band and the positive sign of the exchange integral (see chapter 10 §4). 
The uncompensated magnetic moment of the 3d electron spins is the basis 
of their ferromagnetism. In copper on the other hand, the 3d band is com- 
pletely full and the magnetic moments of 3d electrons are fully compensated, 
SO copper is diamagnetic. 

(2) The electrical resistivity of nickel is 14 times larger than that of copper. This 
enhancement of the electrical resistivity of nickel and the other transition 
metals can be explained by the reduction in the mean free path of the electrons 
which results from the possibility that conduction electrons can be scattered 
not only within the conduction band but also from one band to the other. 

(3) At high temperatures, the specific heat of nickel and other transition metals 
is in excess of the value to be expected from Dulong and Petit’s Law although 
the lattice specific heat in these metals is the same as in metals of the copper 
group (chapter 14 §1). The difference comes from the electron specific heat, 
for in nickel and other transition metals with incompletely filled d bands, 
thermal excitation of the d electrons is possible and the high density of states 
in the d band means that a large number of electrons can be excited. 


From the energy band scheme we can understand some of the colour changes 
commonly observed in alloy systems. In the copper-zinc alloys, for instance, the 
colour changes from the red (‘copper’) colour of pure copper through the yellow 
(‘brassy’) of the alloys of intermediate concentration to the greyish-white metallic 
colour of zinc. Increases in the concentration of zinc are accompanied by an increase 
in the concentration of conduction electrons since copper is monovalent while zinc is 
divalent. Fig. 117 shows the changes of the degree of filling of the 4s-p band as a 
function of zinc concentration. Now we may assume that absorption of light in 
copper takes place as a result of electron transitions from the d band to empty levels 
in the s-p band. The energy of the light quantum necessary is indicated by the small 
arrow and corresponds to the yellow part of the spectrum. Thus all quanta with 
smaller wavelength can excite this transition and be absorbed. In Fig. 118 the part 
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of the incident white spectrum which is absorbed is shown by the shading. The part 
of the spectrum with longer wavelengths will not be absorbed (Fig. 118a); it is re- 
flected and scattered at the copper surface giving it its reddish shade. As zinc is added 
the level to which the s-p band is filled rises and the limiting wavelength for absorption 
moves towards the blue end of the spectrum (Fig. 1185). When the composition is 
70% copper and 30% zinc the quanta which are absorbed in the alloy correspond to 
the blue region of the spectrum and the colour of the alloy becomes yellowish. 
Eventually at the zinc end, the absorption moves into the ultra-violet (Fig. 118) and 
all the visible part of the spectrum is reflected and scattered. Thus metallic zinc, like 
many other metals, is colourless. 


5. The Theory of Electron Compounds 


In alloys of monovalent copper, silver and gold with elements of the B subgroups 
which have higher valency, there appear a series of typical phases called electron 
compounds. As in many metallic compounds, the electron compounds have more or 
less wide solubility ranges (chapter 6 §3). 

In distinction to ionic or covalent compounds where the formation of the uniform 
type of structure requires a unique stoichiometric composition, in the electron com- 
pounds this is not necessary. Phases which are uniform in structure appear at certain 
definite concentrations of the electron gas; atomic concentrations may vary. To 
determine the electron concentration we need to know how many electrons each atom 
of one or the other metal contributes to the common pool. For elements of the B 
subgroups we may take these electrons to be the electrons of the s and p levels, the 
number of which agrees with the basic valency of the corresponding elements. In the 
transition metals (iron, cobalt, nickel) which have unfilled d levels the calculation of 
the electron concentration requires the contribution of the corresponding atoms to 
be taken as zero. This is in fundamental disagreement with the chemical valency 
which these elements have in compounds with atoms of the metalloids. Physically, 
this behaviour of the atoms of the transition metals can be explained by their desire 
to fill the free levels in the d band. Table 47 gives values of the number of electrons 
contributed by various atoms to the general pool of electrons and which determine 
the formation of electron compounds. 

In the compounds we are considering, an increase in the atomic concentration 
of the second component is accompanied by an increase in the concentration of 
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Fic. 117. Filling of the 4 (s — p) band of 
copper as a function of the amount of 
zinc in the alloy. 


Fic. 118. Explanation of the colours of 
the copper-zinc (brass) alloys. 
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Table 47 


Electron Contributions from Metals in Electron Compounds 


-_———————__—__— - —_—— ——— — 


Electron Chemical 


Subgroup Metals Contribution Valency 


VINA Fe, Co, Ni, Ru, Ph, Pd, Pt, Ir, Os 


IB Cu, Ag, Au 

IIB Be, Mg, Zn, Cd, Hg 
IIIB Al, Ga, In 

IVB Si, Ge, Sn 

VB P, As, Sb 


electrons. In k-space, the filled electron levels are represented by points which lie 
h? 3n 2/3 

within a sphere of radius k,,,, corresponding to [/7] &,,., = am (=) (the Fermi 

Sphere). Increasing the electron concentration leads to an increase in the radius of 

the sphere of filled levels until it intersects the polyhedral-shaped zones formed by 

planes of energy discontinuity. When this happens, some electrons have to make the 

transition into the following energy band because the 

£ preceding band is full. However because of the energy 

discontinuity AE at the boundary of the zone (Fig. 

119) the transition is accompanied by a discontinuous 

increase in kinetic energy of the electrons, leading to 

a lowering of the stability of the phase. Consider now 

a phase with another structure; if the capacity of the 

first zone of this phase is larger so that all the conduc- 

; tion electrons in the alloy can move into it, then a 

Fic. 119. Energy discontinuity at transition to that structure is probable. Let us calculate 

a zone edge. the capacity of the first energy zones for various electron 
compounds. 


Face-centred Cubic Structure («-phase) 
The structural amplitude has the form 


F(Ak 1) = 1+cos 2 (h+k)+cos x (k+1)+cos x (/+A). »» . [8.40] 


From which we see that 


Fihkl) #0 ... [8.41] 


only in the case when A, k, and / are not mixed, that is, when all three indices are 
simultaneously even or uneven. The successive reflexions for the a-phase have the 
following indices: 111, 200, 220,... Considering these indices as co-ordinates of 
points in the reciprocal lattice, we arrive at a b.c.c. structure. To obtain the zones we 
have to draw vectors of the reciprocal lattice H from any lattice point in such a way 
that k, = 4d = H/2, divide them in two and draw perpendicular planes. The first 
zone is a combination of an octahedron {111} and a cube {200}; that is a cubo- 
octahedron. The volume of the first zone referred to one lattice site is 


v,=4-5=>5. ... [8.42] 
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The radius of a sphere described in the first zone and touching the octahedral faces 
will be 


R=4 v3 
a 
and the volume of this sphere is 


Upp = 40R? = m3 .. . [8.43] 


The number of electron states in the first zone is equal to the volume of the sphere. 
The concentration of conduction electrons n, in the alloy, relative to the number of 
atoms n,, is equal to twice the ratio of the volumes 


3 
= 2 = 2 = = 1:36, oo. [8.44] 


Ne 
nN, v, 


since each electron level is occupied by two electrons. This ratio agrees well with 
experiment and gives the limit of solubility of the a-solid solution. 


Body-Centred Cubic Structure (f-phase) 
The structural amplitude has the form 


F(hkl) = 1+cosx(h+k+D), ... [8.45] 
F(hAkl) #0 when h+k+l = 2h. ... [8.46] 


The succession of indices (A, k, /) giving coherent reflexions is: 110, 200, 211, 220, 310 
which, in reciprocal space, form a face-centred lattice. The first zone in the face- 
centred cube is bounded by planes of a rhombic dodecahedron {110}. The volume of 
the first zone, referred to one lattice site 1s 


2 
v, =4 3-73" ... [8.47] 


and the volume of the sphere is 


v = 4nR? =. 1 [8.48] 
sph ~ 3 ~ 3 a?2, /2 a*3,/2 one ° 
Hence the electron concentration is 
Me 9 Psph _ my)? _ 1-48, .. [8.49] 
nN, v, 3 


which is close to the value 3/2 as found by experiment. 
The y-phase has a cubic lattice with 52 atoms in the unit cell, very similar to the 
super-lattice of the B-phase and obtained from it by distorting it slightly. 


CP Q 
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Structural Amplitudes F (hkl) for the y-Phase from X-Ray Data 


hkl 110 200 211 220 310 220 321 400 330 = 4ii1 

F hkl) 0-32 0 0:32 0 032 2-68 1-05 0 885 5:63 

The highest reflectivity is that of the {330} and {411} planes, which form a zone 
figure with 36 faces, closely resembling a sphere. Calculation of the volume of the 
zone gives v, = 90 electrons while the volume of the sphere is v,,, = 80 electrons. 


21 
By experiment — =a 1:62. With 52 atoms in the unit cell this corresponds to 


a 


a limiting concentration of 84 electrons. 


Hexagonal Close-Packing (e-phase) 


Calculation of the capacity of the first zone gives the limiting concentration as 
n,/n, = 1:74 while experiment gives n,/n, = 7 = 1-75. 


Chapter 9 


ELECTRICAL PROPERTIES OF CRYSTALS 


1. Classification of Solids by their Electrical Properties 


Classification by the Type of Conductivity 


Since the electrons play such an important part in determining physical and 
chemical properties, it is appropriate to divide all solids into two basic groups, metals 
and non-metals, the principal difference between which is the form of their electron 
energy spectra. We consider as non-metals those substances with a finite value for the 
activation energy of the valence electrons, AE>0, and as metals those substances for 
which AE = 0. 

Metals are good electrical conductors and are characterised by the smallest values 
of the specific resistivity. The electrical conductivity of a metal falls as the temperature 
rises. In non-metals the valence band is full and the conduction band is completely 
empty, so at low temperatures the substance behaves as an insulator. As the tem- 
perature is raised, thermal activation takes place; some of the valence electrons make 
the transition into the conduction band and produce electron conductivity. The 
electrical conductivity increases rapidly with temperature according to an exponential 
law. Such a substance is called a semiconductor and its electrical conductivity, pro- 
duced by temperature activation, is called intrinsic conductivity. 

The electrical conductivity of a non-metal is extremely sensitive to impurities. 
If there are no impurities and if the width of the forbidden band AE is sufficiently 
large compared with k7, the substance behaves as an insulator. Addition of special 
impurities or distortion of the atomic structure may cause the formation of local 
energy levels which partially fill the forbidden band. The distribution and number 
of these levels is determined by the type of distortion, by the nature of the impurities, 
and by their concentration. In impurity semiconductors various processes may take 
place: (a) some of the valence electrons may be captured by the impurity levels, 
(b) electrons may be transferred from these levels into the conduction band, (c) both 
processes may take place together. In all these cases electron conductivity arises. If 
the first process is predominant then the mechanism of conductivity is called ‘hole’ 
type (p-type) and if the second is predominant it is ‘electronic’ (n-type). The electrical 
conductivity of a semiconductor arising from impurities is called impurity conductivity 
or extrinsic conductivity. 

In non-metals, where there is no electronic conductivity there may be ionic con- 
ductivity which is a possible method of charge transfer in heteropolar substances at 
high temperatures, when the velocity of diffusion is sufficiently large. The electrical 
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conductivity in this case, just as in semiconductors, increases exponentially with tem- 
perature. In solid electrolytes and also in solutions, ionic conductivity is accompanied 
by electrolysis. Electronic and ionic conductors are called respectively conductors of 
types I and II. 

The electrical conductivity of solids depends on their physical and chemical 
nature (composition, atomic and electronic structure) and the conditions of the 
experiment (temperature etc.) and varies within wide limits (Table 48). 


Table 48 
Specific Resistivity of Some Solids 


Insulators and 


Semiconductors | p (ohm.cm) Metals p (ohm.cm) 
Paraffin Wax 3 x 1018 Bismuth 1:2x10~4 
Sulphur (70° C) 4x 10'S Tellurium 2x10> 
Quartz 1-2 x 10'4 Lead 2x10°5 
Diamond 10!2— 1035 Jron 1:2x 1075 
Silicon ~10 Aluminium 3:-2x 1076 
Germanium ~10 Silver 1-7 x 1076 
Graphite 3x 1073 Superconductors 0 


The ratio between the electrical resistivity of the best insulators and the best 
conductors attains the astronomical figure of ~10**. Some metals at low tempera- 
tures go over into the superconducting state and their resistivity is zero. The ratio 
just mentioned is in this case infinite. 


Classification of Dielectrics 


At sufficiently low temperatures and in fields which are weak relative to the 
minimum electrical strength of the substance, non-metals behave as insulators or 
dielectrics. When these are brought into an electrical field a current does not pass 
but the field produces a series of essential changes in their atomic and electrical 
structure and their electrical state. These changes are called electrical polarisation. 
The polarisation P is measured by the sum of the moments in unit volume of the body 


P=) p,, ... [9.2] 


where the p; are the elementary electrical moments of the particles of the substance. 

The dielectric properties are described by the dielectric constant ¢ (or the sus- 
ceptibility 7), which is connected with the induction D, the field E, and the polarisation 
P by the relations, 


D = cE = E+4nP, ~.. [9.2] 


from which we get 
e = 14+4nP/E = 1+4n2n. ~.. [9.3] 


The dielectric constant is determined by the change of capacity of a condenser when 
it is filled with dielectric. It is often necessary to produce substances which have large 
values of the dielectric constant and, as equation [2] shows, this depends on the 
polarisability of the body. 


In molecules and crystals, which contain heteropolar atoms, there are constant 
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elementary electric moments, the magnitudes of which depend on the differences of 
electronegativity and on the interionic distances. The magnitude of the resultant 
moment is determined by the symmetry and structure of the crystal, which can be 
considered as an ordered system or systems of dipoles. The resultant moment is equal 
to the geometric sum of the moments of the individual sub-lattices of dipoles which 
can be picked out from the crystal structure. In crystals with a centre of symmetry 
the resultant moment is zero although the elementary moments may be large (for 
example, ionic crystals of the Na*Cl~ type). In crystals without a centre of sym- 
metry the resultant moment may differ from zero. Such crystals, called electrets, have 
constant polarisation and are analogous to permanent magnets. The electret state is 
more difficult to discover than that of spontaneous magnetization since the electrically 
charged particles and ions from the surrounding medium are attracted by the electret 
and compensate the polarising charges on its surface. 


‘Electrets’ was initially the name given to some amorphous substances 
in which constant polarisation was produced artificially by special treat- 
ment. In amorphous substances which contained polar groups (for 
example, some resins) the resultant moment was zero because of the 
randomness of their structure. An oriented distribution of the molecules 
can be produced if the resin is melted in an electric field and the polarised 
state can be made permanent by cooling the resin in the electric field. Arti- 
ficial amorphous electrets were produced by Aguchi (1925) by means of 
special thermal and electric treatments. 


When the temperature of the crystal is changed, the interatomic spacings and 
valence angles are changed as a result of thermal expansion. In a crystalline electret 
this leads to a change in the magnitude of the polarisation. This phenomenon is 
called pyroelectricity, and the corresponding crystals are called pyroelectrics. Pyro- 
electricity can exist in all electrets. The state of polarisation of crystals is changed 
as a result of mechanical deformation (piezoelectricity). The piezoelectric effect can 
also be excited in some crystals which do not have constant polarisation and thus the 
group of piezoelectrics is much wider than the group of electrets. To the group of 
electrets there also belong crystals in which the direction of polarisation changes 
easily in weak electric fields. Such substances are analogous to soft ferromagnetic 
materials and are called ferroelectrics. The ferroelectric state is easily destroyed by 
changes of temperature and the ferroelectric then passes into an unpolarised para- 
electric state. Antiferroelectrics, analogous to antiferromagnetics, is the name given 
to substances in which a change of temperature gives rise spontaneously to an ordered 
distribution of the elementary dipole moments with full compensation of the resultant 
moments of the individual sub-lattices of the crystal. 


2. The Dielectric Constant and Polarisability 


The Polarisability of Atoms and Ions 


In the free atom or ion the centre of gravity of the electron cloud, averaged over 
time, coincides with the nucleus. The electric moment of the atom is thus zero. An 
external electric field E brings about a movement of the electron cloud relative to the 
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nucleus and induces an electric moment p, in the atom. The magnitude of this 
moment depends on the strength of the field and on the deformability of the electron 
cloud, the latter being determined by the relationship between the external field and 
the internal atomic field. The field acting on the electron in a hydrogen atom is 


En = e/az ~ 6x 10? V/cm 


The strength of this field is much larger than the strength of fields which we can 
produce; and which can be considered weak in comparison with atomic fields. The 
electric moment of an atom in a weak field can, with sufficient accuracy, be taken as 
proportional to the field strength 


p = aE ».. [9.4] 


The coefficient « is called the polarisability of the atom and has the dimensions 
of a volume. 

The atomic polarisability can be found for a given model of an atom. In the 
classical model the bound electrons are considered as harmonic oscillators, the natural 
frequency w of which is determined by formula [/.130] where f = k, is the coefficient 
of quasi-elastic force of the gth electron. In an electric field E, the electron is displaced 
—from its position of equilibrium—by a distance x,, determined by the expression 


eE = k,x, = mo2x,. ... [9.5] 


From [4] and [5] we obtain the contribution of the gth electron to the atomic 
polarisability: 


t, = p,/E = ex,/E = e*/k, = e?/maz ... [9.6] 
The atomic polarisability is the sum of the polarisability of all electrons in the atom: 
a=) a, =(e/m) > ow,” ... [9.7] 


In this sum the most important terms are those for the valence electrons which 
are situated in the most easily deformed part of the electron cloud. The coefficient 
of quasi-electric binding for a hydrogen atom is k =e 7/a} (see Problem 1 at the 
end of the chapter). The polarisability of the hydrogen atom is 


Oy = a, = 0:15x 10774 cm, 


and this is proportional to the atomic volume and agrees in order of magnitude with 
experiment (see Table 52, page 252). 

In a periodic electric field of frequency w, the bound electrons execute forced 
oscillations, the amplitude of which depends on the resonance term (Problem 2): 


%, = e7?/m (w2—w’) ... [9.8] 
The polarisability of the atom in this case is determined by the formula: 
a = (e*/m) ¥ (w2-—w?)"! ... [9.9] 


which reduces to [7] when w->0. 


Polarisability of Molecules and Crystals 


In homopolar molecules and crystals, the mechanism of polarisation is analogous 
to the electron mechanism for the polarisability of atoms. As a first approximation, 
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the polarisability of a non-polar substance is equal to the sum of the atomic 
polarisabilities. | 

Heteropolar molecules which contain ions have dipole moments p,, of their 
own, which can be attributed to the individual bonds. The self dipole moment of the 
molecule is equal to the vector sum of the moments which make it up. 


Po = » P;- 


If we bring a heteropolar molecule or a crystal which contains such molecules, 
into an electric field, three mechanisms of polarisability may take place: 

(1) Electron polarisability of atoms and ions which make up the molecule or 
crystal; - 

(2) Ionic polarisability, which is connected with the movement of oppositely 
charged ions in the field; 

(3) Orientation polarisability, which is connected with rotation of the molecule 
in the electric field. 

The polarisability may thus in general be expressed as a sum of three terms. 


X= Oey t Oion + Mor ... [9.10] 


Different substances may have different mechanisms of polarisation. Thus in ionic 
coordination crystals only the first two mechanisms occur and in non-polar sub- 
stances, only the electron mechanism. 


Polarisation of an Ionic Mixture 


Consider a diatomic heteropolar molecule A*B™ with ionic charges +e and 
with an intrinsic dipole moment py = ero, where ry is the equilibrium distance between 
the ions. Application of an electric field parallel to the axis of the molecle increases the 
distance between the ions and leads to an increase in the dipole moment. We may 
determine the ionic polarisability of the molecule by means of formula [6] if we 
introduce the reduced mass of the molecule 


1 ee 1d 
jon k= @*\ My, M2)’ 


where M, and M, are the masses of the ions, k; is the coefficient of quasi-elastic 
binding of the ions in the molecule, and @ is the frequency of free oscillation of the 
molecule. Using a potential of the form [7.6] with m = I we obtain 


dF du alfro\""' 
k; = ar ~ are = 5| (22) in+1)-2] 


In the neighbourhood of the equilibrium position for a = e” we obtain 
k; = (e’/ro) @—1) 
and putting this into the expression for the polarisability we obtain 
Sion = To/(n—1) vos [9.12] 


The polarisability of an ionic mixture is thus proportional to the cube of the inter- 
atomic spacing and falls as the power of the repulsive potential increases. 

When an ionic crystal is brought into an electric field a similar polarisation of 
the ionic displacement takes place since the sub-lattices of cations move relative to 


[9.17] 
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the sub-lattices of anions. For a binary crystal, for example a crystal of the NaCl 
type, the polarisability may be determined by means of formula [//] if we take w as 
the frequency of the residual ray (reststrahl) which corresponds to the frequency of 
free vibrations of the ions in the crystal. The polarisability per unit volume of the 
crystal is obtained by multiplying [//] by the number of ionic pairs contained in 
1 cm?. Now ina crystal of NaCl type, to every two ions there belongs a volume 2r’, 
where r is the distance between nearest neighbour ions. Hence the ionic polarisability 
of unit volume of such a crystal will be 


_ 1 1 1 [9.13] 
Nokion — IW2r3 M, M, e oeoe . 
Orientation Polarisation 
The potential energy of a dipole in an electric field 
U = —pof cos a 


is reduced when the dipole is oriented parallel to the field. The polarisation of a 
substance which arising from orientation polarisability is determined by the expression 


Por = NoPo COS &, eee [9.14] 


where cos a is the mean value of the cosine of the angle between the dipole and the 
field. Now the orienting effect of the field is opposed by thermal motion and so the 
mean value of the cosine is given by the Langevin function L(x) (Chapter 10 §3), 
that is 


cos a = L(x) = cot x—1/x, ... [9.15] 
where 
X = PoE/kT. 


To estimate x note that the energy of a dipole with moment p, = 107 /® c.g.s. units, 
in a field of strength E = 18,000 V/cm = 60 c.g.s. units/cm, will be p>E = 6x 107?!’ 
ergs. The mean thermal energy of a molecule at room temperature 3 kT ~ 6x 107 '* 
ergs, so x~ 107°. When x<1 a good approximation to the Langevin function is the 
linear term 


cos§ = L(x) x41 x, 


and putting this value into [/4] we obtain the orientation polarisation 


Por = NopoE/3kT 2s [9.16] 
and corresponding to it the orientation polarisability 
Oye = Po/3KT. [9.17] 


The polarisation of a substance arising from the orientation of the molecules, as 
distinct from the electron polarisation, depends strongly on temperature and increases 
as the temperature falls. 

Formula [/6] was obtained on the assumption of free rotation of the molecule 
and this is possible for gases and liquids. In crystals, because of the large molecular 
interaction, the possibility of rotation is limited, especially at low temperatures. Fig. 
120 shows the temperature dependence of the dielectric constant of solid hydrogen 
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sulphide. As the temperature falls, ¢ rises steeply and so consequently does the 
polarisability which depends on «. This rise is connected with the influence of the. 
orientation mechanism of polarisability since the molecules of the hydrogen sulphide 
have a large intrinsic moment. At 105° K there is a sharp fall in ¢ to a value which 
corresponds to the electron polarisa- 

bility. This fall is a result of ‘freezing’ ¢ 

of the orientation of the dipoles in the 22 

crystal. The small discontinuities in a 29 

at higher temperatures are connected 7% 


with structural changes in the crystal. 0 
12 
10 
é 
Fic. 120. Temperature dependence of 6 
the dielectric constant of solid hydrogen 
sulphide at a frequency of 5 kce/s. + 
2 
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Making the free rotations more difficult and leaving only the possibility of dis- 
crete oriented dipoles, does not change the form of the temperature dependence of the 
polarisability. If we assume that a dipole can have only two orientations, (a) parallel 
and (6) antiparallel to the field, the probability of finding it in these positions is 
determined by the Boltzmann expression 


n/N, = exp (2p9E/kT) = exp x. 
From which 


An n,—n, e-1 I PoE 
= — = wx = — (f 1). 
n natn, etl 2” kT (for x < 1) 


The polarisation which is connected with preferential orientation of a dipole parallel 
to the field is 


Por = NoPoE/KT, 


which apart from a numerical factor agrees with [/6 ]. 


The Internal Field 


On the surface of a polarised dielectric there are surface charges, with density a, 
equal to the normal component of the polarisation vector P 


o = P,. 


The sign of the charge is negative at points where the polarisation vector enters 
the dielectric and positive at points where it leaves. Polarisation strengthens the field 
within the dielectric and helps to increase the moments of the elementary dipoles, but 
charges on the external surface of the dielectric reduce the field within the dielectric 
and have a depolarising effect. We have to calculate the internal field acting on the 
particles of a dielectric if we are to understand its dielectric properties and its be- 
haviour in an electric field. 
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The Depolarising Field 


Consider a dielectric in the form of a parallel-sided plate in a uniform electric 
field E, perpendicular to the surface of the plate (Fig. 121a). Under the influence of 
a field the dielectric becomes polarised. The charges of the elementary dipoles in the 
dielectric mutually compensate each other except for the charges on the outer surface. 


Fic. 121. Polarisation of a dielectric in a uniform electric field: (a) electric 
field within the dielectric (E the external field, E, the depolarising field of 
the surface charges on the external surfaces of the dielectric); (b) the field 
within a cavity in the dielectric (E, the polarising field of the charges on 
the surfaces of the cavity, E, the field of the dipoles included inside the 
cavity. 


These surface charges assumed to be distributed on parallel planes give an electric 
field of strength 2xo = 2xP. Now the field of two oppositely charged planes cancel 
each other outside the dielectric, but inside the dielectric they work together and give 
a depolarising field, 


E, = —4nxP, 


which acts against the polarising field. 

The depolarising field depends on the shape of the specimen and the direction of 
polarisation. Uniform polarisation 1s possible for specimens which have the shape 
of an ellipsoid including also its limiting forms. If E is parallel to an axis of symmetry 


of the ellipsoid then the depolarising field is proportional to the polarisation of the 
dielectric 


E, = —»P, . ss [9.18] 


where y is the depolarising factor (for magnets this is called the demagnetising factor). 
For plane parallel plates y = 4x, while for an ellipsoid the sum of the depolarising 
factors for the principal axes y,+),+y, = 4a. Consequently for a sphere y = 4n/3 
(Problem 3). The depolarising factor depends on the ratio of the lengths of the axes 


of the specimen /)//,, where /, is parallel to the field and /, is perpendicular to it and 
falls as this ratio increases (Table 49). 
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Table 49 


The Depolarising Factor for Specimens of Various Shapes 


Shape of the specimen Direction of the field 


Thin plate 1 to the plane of the plate 
Long circular cylinder 1 to the axis of the cylinder 
Sphere Any direction 

Long circular cylinder || to the axis of the cylinder 
Thin plate || to the plane of the plate 


The Field Acting on the Particles of the Dielectric 


The field which acts on the particles of the dielectric is determined in the first 
place by the influence of nearest neighbours and as such depends on the molecular 
structure of the dielectric. Knowing the atomic and molecular structure and the 
magnitude of the elementary dipoles we can find the resultant field at any point of the 
dielectric by superposing the fields of all the elementary dipoles. The general method 
of solution of this problem will be given later, but for the moment we shall consider 
a simplified method due to Lorentz: We describe a small closed surface round the 
point of the dielectric we are considering (Fig. 1215). The dimensions of this enclosure 
are taken such that the dielectric outside the enclosure can, with sufficient accuracy, 
be thought of as a continuous polarised medium while the part of the dielectric within 
the enclosure requires to have its atomic structure taken into account. The field inside 
the enclosure E,,, can be expressed as the sum of the following fields: 


E,, = E+E,+Ej+Eq ... [9.19] 


where E is the external field, E, the depolarising field on the external surface of the 
dielectric, E, = yP, the polarising field of the charges on the internal surface of the 
enclosure (y is the depolarising factor for the shape of the enclosure), and £, is the 
field of the dipoles which lie within the enclosure. If we consider a dielectric in the 
form of an infinitely long cylinder and the enclosure in the form of a small sphere (the 
Lorentz sphere) we have 
E;, = E+ P+E,,. ... [9.20] 

For gases, isotropic liquids and amorphous dielectrics, and also for some cubic 
crystals, E, = 0 as will be shown later (see Problems 4 and 5). 

To obtain the internal field in the general case we have to find the field FE, for a 
system of dipoles. 


The Field of a System of Point Dipoles 


The dipoles in a system can be considered as points if the length of each dipole 
is small in comparison with the distances between them. A dipole system is deter- 
mined by two families of vectors r;, and p,; (j = 1,2....N), where N is the number 
of dipoles. The first family comprises all the radius vectors r; which determine the 
position of the centres of the dipoles relative to the coordinate system X YZ (Fig. 122) 
which we take as right-angled. The second family comprises all the vectors p; which 
describe the magnitude and direction of the dipole moments. Consider an arbitrary 
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point K, the position of which is determined by the radius vector r,. The field at this 
point is equal to the vector sum of the fields of all the dipoles (cf. Problem 4). 


Y Yr, j (Pj * Mes) — RiP hs, 
E(r,) = ¥ Ej(r,j) = ia ... [9.27] 
j=1 j=1 kj 
Vy; = P,P, 


Fic. 122, Calculation of 
the field of a system of 
dipoles. 


Fic. 123. Symmetry of 
the dipole field and super- 
position of the fields of 
two dipoles. 


If the point K coincides with one of the dipoles of the system, then that dipole is 
omitted from the summation. The field of a dipole, in distinction to that of the 
centrally symmetric field of a point charge, has axial symmetry (Fig. 123). Thus 
sum [2/], in general depends not only on the character of the microstructure but also 
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on the external configuration of the system. If this is not specifically stipulated then 
we may take it that the system has the form of a sphere. 

Let us now turn our attention to the crystalline dipole structure. In the simplest 
case, the unit cell contains one dipole. As a result of translational symmetry deter- 
mined by the system of parallel vector translations R,,,, = /a+mb-+ne (Fig. 124a), 


Fic. 124. Calculation of the field in a crystal: (a) simple structure, 
(6) complex structure. 


all the dipoles are parallel. The direction of the dipole moments is determined by the 
unit vector /,. For a primitive crystal we can express sum [2/] in the form 


E (r,.0,) = pS (r, . l,), 
where 


3 (Rion —T_)(L* Rin —te)—Ls (Rim — Fe)? 
S (rel) -yrys inn — Te) E * Rin =! n 1 mT) 19.297 


The quantity S (r, .1,) depends only on the geometry of the system and is called the 
structural sum of the dipole lattice. The components of S$ along the coordinate axis 
S;,, S,, S, are called structural coefficients. Resolving the polarisation vector pl, into 
components p,, p, and p, we obtain the structural coefficients corresponding to the 
directions of polarisation along the coordinate axes. Knowing these structural co- 
efficients we can find the field for any direction of polarisation. For example, for a 
cubic crystal 


S!°(xy2) = {1% (ya) +589 C2), 

Table 50 gives expressions for the structural coefficients for a cubic lattice for 
the three directions of the polarisation vector which coincide with the directions of 
the axes of symmetry of the cube. Values of the structural coefficients are given for 
the principal points of the unit cell. For the vertices and centre of the cell the struc- 
tural coefficients are zero; for the face centres they are determined by the parameter 
QO and for the centres of the edges by the parameter P. In a cubic lattice these para- 
meters are inversely proportional to the volume of the unit cell. The numerical 
values of the parameters determined by various methods are in good agreement. By 
the Ewald method McKeehan obtained 


P = —15-04102/a3;  Q = 4-33387/a3, ... [9.23] 


where dp is the length of the edge of the unit cube. 
For a crystal with several particles in the unit cell, the subgroup of parallel 
translations is the same for all particles. The structure of such a crystal can be 
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thought of as a superposition of sub-lattices A, B, C... each containing particles of 
one kind and displaced relative to each other in parallel directions (Fig. 1245). Here 
the field at the point K is equal to the sum of the fields of the sub-lattices 


E(r,) = » DiS (Fix) a [9.24] 


where the structural sums are the same for all the sub-lattices. Knowing the structural 
coefficients we can find the internal field at different points of the crystal. 
Introducing into [24] the polarisability of the dipoles we obtain 


E, = » aS (r;,) E;, ... [9.25] 
where £, is the internal field acting on the ion i. By shifting the point K into co- 


incidence with the various ions we obtain a system of simultaneous linear equations 
for the internal fields £,, E; acting on the ions. In the absence of an external field 


Table 50 
Structural Coefficients for a Simple Cubic Dipole Lattice 
S, (x, Vy Zz; h) 
[100] [010] [001] [110] 
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equations [25] describe a state of spontaneous polarisation. The condition for 
solubility of equations [25] is that the following determinant should be zero. 


$11%,—-1, S>, Xo, e089 Sn1%n 
S52%1, So2%,—-1,..., S20, 
513 °e © © © «#8 © «© © -» = 0. eae [9.26 ] 


S115 55 n%25 eee sy Sinn — | 
For a given composition and crystal structure the polarisabilities «; and the structural 
coefficients S;, can be taken as known. Relations [26] then describe the connection 


between the properties of the particles («;) and the structure (S,,) when there is 
spontaneous polarisation. 


The Energy of a System of Point Dipoles 


The energy of a dipole in an electric field is 


u = —(pE). 
The total potential energy of a system of dipoles is 
J J 


The sum [27] refers to unit volume of the system. The energy of a dipolar crystal 
which contains Ny unit cells in unit volume will be 


= —4No d d (p;E,), 


where the summation over j is carried out over all the particles within the unit cell 
and the summation over k is carried out over all the sub-lattices of the crystal. For a 
primitive cubic crystal polarised along the Z axis (cf. Problem 4) the potential energy 
can be expressed in the form 


(7 — 2 2 
U = —4nop’ > is 


rT a PE CITE 2-19.28 
L, (2 +m? +n?)/? L ] 


where /, m, and n are integer coordinates. 

The energy of a dipole system, like its field strength depends on the external shape 
of the system and the direction of the polarisation vector. For an ellipsoidal specimen 
polarised along an axis of symmetry of the ellipsoid 


U = -4) p,($nx-y)p = -1(-1) nop’, ... [9.29] 


where y is the depolarising factor. The energy of a uniformly polarised system does 
not depend on the type of lattice but does depend on the shape of the specimen. For 
specimens of spherical shape U = 0. As the axial ratio of the ellipsoid c/a increases, 
the potential energy of the dipole system falls and reaches a minimum: 


2 
Unmin = -= n2p? = —2:1 ndp? .. + [9.30] 


for specimens having the shape of an infinitely long cylinder. For long specimens the 
energy of the polarised state is less than the energy of a random distribution of dipoles 


a 


b 
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(U = 0). Ifthe dipoles are free to rotate we may expect that spontaneous polarisation 
will arise if there are no other dipole configurations which have an energy less than [30]. 
It is not difficult to find the dipole structure 

oe ee so which has the lowest potential energy in one- and 
two-dimensional lattices: in the one-dimensional 

case the minimum energy is that of a polarised 

>See PP CCsstate such that the dipoles lie parallel along the 


axes of the dipole chain (Fig. 125a); for two 

<_< at st et SCparallel chains and a plane network, the mini- 
Fic. 125. (a) Uniform chain of mum energy is that of the antipolar structure 
dipoles, (6) antiparallelism of (Fig. 1255) with antiparallel arrangement of the 


olar chains. . . 
P linear polar chains. 


The case of a three-dimensional crystal is much more difficult. In the atomic 
structure of such a crystal there can exist a countless number of dipole structures 
distinguished from each other by the relative orientations of the dipoles. Consider 
antipolar structures in which the dipoles are situated relative to each other in two 
positions only: parallel (A) and antiparallel (B). If we take the number of dipoles 
in both positions to be the same then the resultant moment will be zero. This means 
that in a given dipole structure it is necessary to investigate superlattices of the AB 
type each of which is distinguished by the orientation of its dipoles. 

In the simple cubic lattice the simplest superlattice of interest to us is that in 
which the antiparallel polar chains are situated according to a chess board pattern 
(Fig. 126a). The unit cell of this superlattice is tetragonal. The potential energy 


U(I,) = —2:7 n2p? ... [9.37] 


is less than that given by equation [30] so the antipolar configuration is more stable 
than the polar structure. Thus spontaneous polarisation is impossible in a system of 
freely rotating dipoles situated at the corners of a simple cubic lattice, even if the 
system has the shape of an infinitely long cylinder. 

In a b.c.c. lattice the simplest dipole superlattice is shown in Fig. 1265. Its energy 
U = 0. A somewhat more complex superlattice (Fig. 126c) has energy U = — 1:35, 
but there is a still smaller energy for a superlattice which differs from it in the direc- 
tions of the dipoles: in the former case the dipoles are directed along the edges of the 
cube while in the latter they lie along the body diagonals, that is along the shortest 
lattice spacings. The change in direction of the dipoles gives an essential change in 
the symmetry of the superlattice and in the shape and volume of the unit cell which, 
from being tetragonal and containing four dipoles in the former case, is now rhombic 
with six dipoles. The energy of this superlattice type (Fig. 126d) 


U(T.) = —1:75 ngp? ... [9.32] 
can be shown to be a minimum. 

Among f.c.c. structures the simplest point superlattice AB is tetragonal and of 
the AuCu type. Figs. 126d, e, and f show three dipole superlattices which are formed 
on the basis of this point superlattice and differ from each other in the directions of 
orientation of the dipoles: [001], [100] and [110]. Changes in the orientations lower 
the symmetry of the dipole structure from tetragonal in the first case to rhombic in 
the other two cascs. The energy of the first structure, in which nearest chains are 
parallel, is U = 2-2 which is large and exceeds the energy of random structures. In 
the structure of Fig. 126e nearest chains are antiparallel and this change of orienta- 
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tion of the dipoles markedly lowers the energy to U = —1:1. However though the 
positions of neighbouring chains are favourable from the point of view of a gain in 
energy of interaction between them, the dipoles are not directed along the shortest 
lattice spacing. Fig. 126f shows the simplest antipolar superlattice with directions of 
the dipole axes along the base diagonals. Here the interactions of the dipoles in the 
chains is more favourable but the energy of the structure comes out to be U = —1°1, 
the same as in the preceding case so this distribution of neighbouring chains does not 
satisfy optimum conditions. Fig. 1264 shows a superlattice which does satisfy the 
desired optimum distribution, both for dipoles in chains and for the chains relative 
to each other. The unit cell of this lattice is rhombic and contains eight dipoles. 
Its energy 


U(r”) = —1:8n2p? . 2 [9.33] 


is a minimum. 

The energy of the most favourable antipolar structures in the b.c.c. [32] and 
f.c.c. [33] lattices exceed the energy of the polar structure [30]. Consequently in these 
lattices, when the shape of the specimen is favourable, it is in principle possible to 
obtain spontaneous polarisation. In dipole systems with the f.c.c. structure, spon- 
taneous polarisation can arise in ellipsoidal specimens with axial ratio exceeding 6-7. 

A warning is necessary about using the calculations given above for magnetic 
materials: in ferromagnetic metals and alloys the main factor in the development of 
spontaneous magnetisation is the exchange interaction which dies away rapidly as 
the distance between the elementary carriers of magnetism is increased, and indeed 
the model of a ferromagnetic metal is a system of polar particles in which only nearest 
neighbours interact (the Ising Model) and are oriented relative to each other in only 
two positions ff or |f. In magnetic dielectrics (ferrites) the magnetically active ions 
are separated by inactive ions and the exchange interaction is less important. In this 
case, we may use the dipole model to obtain the energy of dipolar interaction. 


The Dielectric Constant and the Polarisability 


One of the principal characteristics of a dielectric is the dielectric constant ¢. In 
isotropic media ¢ is a scalar and relation [2] takes a simple form; the vector of 
induction is parallel to the field strength. In anisotropic media the dielectric constant 
depends on the direction of E. In the general case the components of the induction 
vector are related to the components of the field strength by relations of the form 


D, = €;,£,+8€.Fy +6136, 
= 69, E,+622F, +6236, ° eee [9.34] 
= €3,F,+&32,F,+&33E, 


bb 
lf 


These show that the dielectric constant is a tensor of the second rank. By applying 
the law of conservation of energy we can show that «, = ¢; (cf. [/5.15]), so the 
tensor (e,,) is symmetrical and is represented by an ellipsoid. In a system of co- 
ordinates which coincide with the directions of the principal axes of the ellipsoid, the 
non-diagonal components reduce to zero and the tensor is determined by the three 
diagonal components ¢,; = 3 £22 = &23 33 = &3. For example in the rhombic 
crystal PbSO,, ¢, = 27:5; €, = 54:6; ¢,; = 27:3 and the corresponding ellipsoid is 
stretched out along the b axis which is the shortest axis of the crystal. In uniaxial 
crystals the triaxial ellipsoid reduces to an ellipsoid of revolution. Thus in the hexa- 
CP R 
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gonal crystal of w-quartz ¢, = 6, = 4-49; €, = 4:55. In cubic crystals and isotropic 

media ¢ does not depend on direction and is represented by a sphere. To simplify the 

further analysis we shall as a rule assume that we are dealing with an isotropic medium. 
By definition, the polarisation 1s 


P = » n,0;E;. eee [9.35] 


For a dielectric which consists of one kind of molecule 
P = otk; ... [9.36] 


where #9 1s the number of molecules in unit volume. Assuming that the internal field 
is determined by [20] where E, = 0 we obtain from [20], [36] and [3] 


P/E = noa/(1—2nn x) = (e—1)/4a. 
Hence we obtain the relation between the dielectric constant and the polarisability 


of the molecules of the dielectric: 


—_— FS Nod. zee [9.37] 


Dips a,= ave; G=a 
A000 B:440 
plil00l} U=-27 
a 
Ie body centred cubic 


Dini O,=¢,=0 Diyi %=0V2; G=0 
A000; 8:333 — 4:000:30$ Ba:fSo.o/f 
pilooy u-0 ~~ pifool]—-U=-435 
. | 
c B20:384 345 


Fic. 126. The simplest cubic 
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Multiplying both sides by the molecular volume 


M 
V=— 
p 
(where M is the gm-molecular weight and p is the density of the dielectric) and 
remembering that Ving = N, where N is Avogadro’s number, we obtain 


M «—-1 
——— = P,,, ..- 19.38 
Dead PM [9.38] 
where 
4 
Py = Ne 1. [9.39] 


the polarisability of a gram-molecule of the substance. This is called the molecular 
polarisation. Equation [38] which is well-known under the name of the Clausius- 
Mosotti formula, expresses the relation between the dielectric constant, the molecular 
weight, the density and the molecular polarisation. Measurements of the dielectric 


[F face centred cubic 


Dip % 2420. 

A:000:$4$0 

B:$03; 033 

plo] U=22 piliog] u=-14 
e f 


fe fe. 
Doni 0-0; by: Co ip Di 0°20: b= ov’. Gy “i 
"lidar, ol A:000;$$ 0:45 i393 
MNO cubi rr 
p ane rhombic B:3.00:03 F2 As ) 
pil (tte) cubic =(001) rhombic U=-16 
h 


anti-polar dipole super-lattices. 
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constant thus enable us to determine the molecular polarisation Py, and the polarisa- 
bility « of the individual molecules. 

The electromagnetic theory of light establishes the relation between the dielectric 
constant and the refractive index of a medium 


n? = 6. . 2 [9.40] 
Putting this relation into [38] we obtain the Lorenz-Lorentz law 
M n?-1 
—+— =R, oo [9.47 
p n?+1 [ ] 


which determines the relation between the refractive index of a medium and the 
molecular refraction 


R = — Na. ... [9.42] 


The polarisability of a molecule « as determined from dielectric measurements can be 
quite different from « as determined by optical measurements since the polarisability 
depends on the frequency of oscillation (see [9}). 

Fig. 127 shows the dependence of the molecular polarisation of a polar dielectric 
on the frequency of the electric field. Over a considerable range of frequencies, from 
the static field through radio frequencies right 
to the infra-red, the molecular polarisation does 
not depend on frequency and is large. As the fre- 
quency is further increased into the ultra-violet 
region, the polarisation falls steeply. We can dis- 
tinguish three regions on the curve, establishing 
the existence of three different mechanisms of 
polarisation. Asa result of the difference of mass 
of the electrons and ions only electron polarisa- 
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Fic. 127. Dependence of the molecular 
polarisation of a polar dielectric on the 
| 10° 10° 10” 1" 1" frequency of the field. 


frequency 


tion is possible in the high frequency region corresponding to ultra-violet radiation. 
The frequencies of vibrations of atoms lie within the infra-red region and from there 
down, ionic polarisation can take place. Orientation of molecules in the periodic field 
becomes possible at still lower frequencies, corresponding to centimetre and metre 
waves. 


Polarisability and Refraction of Some Substances 


Table 51 gives the relation between the square of the refractive index and the 
dielectric constant for various crystalline substances. The Table shows that these 
substances can be divided into three groups. 
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Table 51 
Values of n” and < for Some Crystals 
Mechanism 


Crystal of 
Polarisation 


Rhombic sulphur || principal optic axis 
Rhombic sulphur L principal optic axis | 3-8-4-15 Electronic 
Naphthalene 


NaCl ; 
KCl Electronic 
a—quartz and 
Fused quartz ionic 


Electronic 
ionic and 
orientation 


To the first group belong molecular crystals of the sulphur and naphthalene type 
with homopolar bonds in the molecules. For these crystals the relation n? = «¢ is in 
good agreement with observation. To the second group belong ionic coordination 
crystals for which ¢ is somewhat greater than n’; this is accounted for by polarisation 
of ionic movement. In the third group are polar 
crystals, for example ice. Among minerals, ice 
has one of the smallest refractive indices but 
nevertheless large compared with that of water. 
As the temperature is lowered, « for ice falls (Fig. 
128) and tends to the value for non-polar ionic 
crystals. The temperature region in which the 
rapid fall of e occurs, depends on the frequency 
of the field and moves towards the region of low 
temperature as the frequency is lowered. 


Fic. 128. Dependence of the dielectric 
constant of ice on the temperature and 
frequency of the field (in cycles/sec). 
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In the region of large values of ¢, an increase in the frequency at constant tem- 
perature leads to a reduction in the dielectric constants of water and ice. Our explana- 
tion shows that orientational polarisation is the dominant mechanism in the diclectric 
constant of water and ice only if it is not excluded either on account of the inertia 
of the molecules at high frequencies or on account of an increase of the viscosity at 
low temperatures. Breakdown of a regular crystal structure as can be seen by the 
example of fused (amorphous) quartz and the melting of ice leads to a reduction of «. 
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According to Debye the orientational polarisability for polar liquids and solutions 
is a complex quantity 
Oj, = Xo/(1+iowt), . 2. [9.43] 


where w is the frequency of the field and ft is the relaxation time proportional to the 
viscosity of the medium y. For spherical molecules of radius a 


t = 4nnae/kT. 


There is a special group of substances which have a large value of ¢ but in which 
the orientation effect is missing. To this group also belong substances with anomal- 
ously high values of ¢ and non linear characteristics (ferroelectrics; see below). An 
example of a coordination ionic crystal with a large value of the dielectric constant 
is rutile for which the mean value of e = 114. Other modifications of titanium dioxide 
—brookite and anatase—also show large values of e—78 and 48 respectively. The 
reduction of ¢ in polymorphic modifications of titanium dioxide may be compared 
with the corresponding reduction in their density: 4-21; 4-11; 3-87. 


Atomic and Ionic Polarisability 


Table 52 gives values of the polarisability of some atoms, determined from mole- 
cular refraction and molecular polarisability. 


Table 52 


Polarisability of Atoms in Homopolar Compounds 
a x 1074 cm3 


C 0-96 | N 0:96 | O 0-64 


Table 53 


The Polarisabilities of Ions in Heteropolar Compounds 
a x 1074 cm? 


0-079 | 0-035 


Nat 
0-197 


Kt 
0:879 
Rbt a ns es —_|- 
1:81 
Cst oT OO | | | | 
2°48 
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As the atomic number increases in a series of homologous compounds there is 
an increase in the atomic polarisability. This is explained by the increase in the 
dimensions of the atoms and reduction in the strength of the valence electron binding 
as shown by the fall in ionisation potentials. Within a single period, the polarisa- 
bilities fall slightly; this is connected with an increase in the nuclear charge. The 
polarisabilities of positive ions (Table 53) are smaller and of negative ions larger than 
the polarisabilities of the corresponding atoms on account of the increase of the 
deformability of the electronic cloud with increase in the number of electrons at a 
constant nuclear charge. 


3. Crystalline Electrets and Pyroelectrics. Piezoelectrics 


The Symmetry Classes of Polar Dipole Lattices 


Polar directions cannot exist in crystals with a centre of symmetry. Such crystals 
cannot therefore have a constant polarisation and are not pyro- or piezo-electrics. 
Table 54 shows point groups and crystalline classes without a centre of symmetry. 
The formation of polar dipole lattices is possible only in groups with a polar axis, that 
is in cyclic groups C, and in axial groups with a vertical plane of symmetry C,,,. The 
resultant dipole moment is then directed along the polar axis. In the monoclinic 
class C,,—m, which contains only a plane of symmetry, the resultant moment lies in 
that plane. In the triclinic class C, which has no symmetry elements, the resultant 
moment can have any direction relative to the crystallographic axes. To the point 
groups C,, and C,, there belong ten crystal classes in which symmetry considerations 
make an electret state and pyroelectricity possible. 


Crystalline Electrets 


Some substances and their corresponding symmetry classes are given in Table 54. 
Whether or not crystals of the first ten classes have constant polarisation depends not 
only on symmetry, which is a necessary but not a sufficient requirement, but also on 
the properties of the particles which form the crystal. Thus in the molecular crystal of 
hexamethyl benzole which belongs to class C,, the hexagonal molecules C,(CH;), 
are non-polar so the resultant dipole moment of the crystal is zero. 

If the dipole moment of the unit cell differs from zero, then the crystal as a whole 
will be polarised and will create a field of force around it with magnitude determined 
by the surface density o,, of the dipole charges on the external surface of the crystal. 
It is difficult to demonstrate this electrical polarisation experimentally since the 
surface charges are neutralised by charged particles and ions attracted from the 
surrounding medium. However one method of demonstrating the polarisation con- 
sists in breaking the crystal into two parts and investigating the charges on the fracture 
surfaces. Thus, Foéx broke needle-shaped crystals of tourmaline and measured a 
surface density of charge given by o, = 33 c.g.s. units/cm?. It would be better how- 
ever to measure the changes of polarisation of the crystal under the influence of 
external isotropic factors such as temperature or hydrostatic pressure. 
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pyroelectrics, and ferroelectrics 
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Pyroelectrics 


As Table 54 shows, dipolar structures are possible for all crystallographic sym- 
metry types except cubic. When the temperature of a crystal belonging to a non- 
isotropic system is changed, its dimensions change anisotropically as a result of 
changes of the interatomic spacings and the valence angles. This leads to a change 
of the dimensions and positions of the elementary dipoles. Consequently, the resultant 
moment of the crystal and the surface density of polarisation charges change. This 
phenomenon is called pyroelectricity. The crystalline classes of pyroelectrics are the 
same as for polar lattices. 

Phenomenologically, pyroelectricity can be described by the relation 


AP = Ao, = k (T:—-T,); 2 [9.44] 


which expresses a linear relation between the change in electrical polarisation AP, and 
the change of temperature from 7, to T, which produces it. The coefficient of pro- 
portionality k depends on the chemical composition and structure of the crystal. The 
pyroelectric effect occurs similarly when crystals are cooled in liquid air. In tour- 
maline an increase in the pyroelectric coefficient with temperature has been established: 


k = 1:134+0-0104 (¢—18° C) c.g.s. units. 


Other pyroelectrics are the salts of tartaric acid: potassium tartrate K,C,H,O, . 4H,O, 
ammonium tartrate (NH,),C,H,0O, and Rochelle salt NaKC,H,O, . 4H,O between 
its Curie points, the sulphates and selenates of lithium (Li,EO, .H,O; E = S, Se, 
and also LiNa-sulphate and LiK-sulphate), wurtzite (6-ZnS) and so on. 

When a pyroelectric is brought into an electric field the reverse effect is to be 
expected, that is a change in temperature of the crystal. In tourmaline this electro- 
thermal effect is 1-4 x 10~> °C at room temperature in a field of one electrostatic unit. 


Piezoelectrics 


Changes in the state of polarisation must also result from mechanical deforma- 
tions which change the magnitude and direction of the elementary dipoles. Thus, 
deformation by extension or shear will change the polarisation of all dipolar struc- 
tures which do not have a centre of symmetry so, to the 10 pyroelectric classes must 
be added another 11 crystal classes which have some polar symmetry axes (Table 54). 
The production of surface electric charges by deformation was first demonstrated on 
a crystal of quartz by Pierre Curie (1880). When a piezoelectric crystal is brought into 
an electric field the reverse effect takes place—the development of elastic stresses and 
deformation of the crystal (Problem 6). 

The mechanical stress in a crystal is described by a tensor of second rank || t,, | 
(see [/6.5]). The polarisation produced in the crystal is described by a vector p, the 
components of which can be called P,. In piezoelectricity, polarisation is connected 
with mechanical stress by a linear relation of the form 


P, = dirty. » +» [9.45] 


Piezoelectricity is described by a tensor of the third rank || d;,, |, the components of 
which are called the piezoelectric moduli. The stress tensor is symmetrical t;, = t,;, $0 


din = Pe eee [9.46] 
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The piezoelectric tensor is in general determined by 18 components and can be 
written in a simpler form: 


bay to t33 to3 34 tio 


Ph} diy din yx yg is he 
Py Go, do, x3 qq dag 6 ..- [9.47] 
P, G3, ds. 33, 34 35 dy 


The stress tensor has a centre of symmetry. Thus in a uniformly stressed state, a 
centro-symmetric crystal retains its centre of symmetry. Since in groups with a 
centre of symmetry all directions are non-polar, the piezo effect is absent in crystals 
which have a centre of symmetry. This means that all components of the tensor 
| dix | are zero. The presence of these or other symmetry elements in acentric groups 
imposes limits on the piezoelectric moduli. Thus the presence of a second order axis 
of symmetry leads to zero values for 10 components of the tensor (Problem 7). In 
point group 43 all components d;, = 0 as a result of symmetry. Thus piezoelectricity 
is possible in 20 of the 21 classes which do not have centres of symmetry. 

In the trigonal crystal of «-quartz there is one non-polar triad axis of symmetry 
(the optic axis) and three polar diad axes (the electric axes). In an orthogonal system 
of coordinates the (X-axis along one of the electric axes, the Z-axis along the optic 
axis) the piezoelectric tensor for group 32 has the form 


P, di, ayy 0 a4 0 0 
P, 0 0 0 0 —dy4 —2di1 
P, 0 0 O08 0 oO 0 


and is determined by two independent moduli. The components of the vector of 
electrical polarisation produced by plastic stress in quartz are determined by the 
relations 


Py = yy (t11—F22) + digas; 
Py = —yats31—2d 41012; P, = 0. 
For a given uniform deformation, the vector of polarisation lies in a plane perpen- 
dicular to the optic axis. For uniform linear deformation, the shear stresses 


tes = ty, = 12 = 9, P, = 0, 


and, consequently the vector of polarisation is directed along the electric axis. For 
extension along the X-axis P = P, = d,,t,,, and along the Y-axis P = P, = —d,lo). 
For a hydrostatic pressure t,; = t22 = t33 and consequently there is no piezoelectric 
effect. 

In the rhombic y-modification of Rochelle salt, at temperatures well above the 
Curie point (+22-5° C) there are three mutually perpendicular non-polar diad axes 
of symmetry and these are simultaneously the optic and electric axes of the crystal. 
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In the crystallographic system of coordinates, the piezoelectric tensor has the form 


P, 0 OO OO da 0 0 
P, 0 0 0 0 d, 0 
P, 0 0 0 0 OO dye 


and is determined by three independent components. The piezoelectric polarisation 
is determined by the relations 


Py = dygto3; Py = dosta;; Pe = Azetia, 


which show that the piezo-effect in any given case can only occur as a result of shear 
stresses. The piezoelectric modulus has the following values in the crystals we are 
considering: a-quartz (18°C) d,, = 68x107°, dy, = —1:8x107° c.g.s. units; 
Rochelle salt (30° C) d,, = 20x 107°, d,, = —1:65x 1078, dx, = 35-4x 107? og.s. 
units. One of the piezoelectric moduli of Rochelle salt has a very large value; the 
corresponding component of polarisation is directed along the axis which is coincident 
with the ferroelectric axis of the crystal. 


4. Ferro- and Antiferroelectrics 


The Basic Properties of Ferroelectrics 


Investigations of the dielectric properties of certain substances show an ‘ano- 
malous’ dependence of the dielectric constant on the strength of the electric field. 
For example, we may observe a breakdown in the simple linear relation Q = CY, 
which relates the charge to the potential difference between the plates of a condenser 
when the space between them is filled with the dielectric. Thus, for Rochelle salt it 
is found that for small V, the charge increases approximately proportional to V7. 
As V increases, the increase of ¢ becomes slower and the curve of e(V) passes througha 
maximum (Fig. 129a): ¢,, = 9500. In the absence of an external field, the dielectric 
constant remains at a large value of the order of several thousands. Investigations at 
varying temperatures show the presence of sharp maxima on the curve of ¢ = e(T) 
(Fig. 1296); these indicate phase transformations connected with large changes in the 
dielectric properties. The temperature maxima 7; on the curve e(T) are called the 
dielectric Curie points. In Rochelle salt two Curie points are found, the higher at 
I, = +22-5° C and the lower at T, = —15°C. 

When a crystal is investigated in a varying electric field between the Curie points, 
an electric hysteresis loop is observed (Fig. 130). When the field strength is increased 
the polarisation at first increases along the curve OABC and tends to saturation. 
When the field is reduced to E = 0 the dielectric remains in the polarised state. The 
residual polarisation P, is really OD, but it is usually measured by the ordinate OE, 
obtained by extrapolating the linear part of the curve BC. To destroy the spontaneous 
polarisation it is necessary to apply an electric field with reversed direction, OF = E.,, 
where E, 1s called the coercive force. The existence of spontaneous polarisation and 
the possibility of reversing its direction by means of applying a field which exceeds 
the coercive force in absolute magnitude, are characteristics of the ferroelectric state 
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Fic. 129. Dependence of the dielectric constant on the field strength 
&(V) (curves a-d) and on temperature &(T) (curves 6, e, g) and the depend- 
ence of the spontaneous polarisation on temperature P, (TJ) (curves c, f 
and h) for Rochelle salt, barium titanate and potassium phosphate. 


of a substance. At temperatures above 7, and below 7,, the hysteresis loop is absent 
and there is a linear dependence of P on E, corresponding to the paraelectric state of 
Rochelle salt. In the ferroelectric range the magnitude of the spontaneous polarisation 
depends on temperature (Fig. 129b). The phase transformation at the dielectric Curie 
points is accompanied by changes in the symmetry and dimensions of the unit cell, 
changes in the energy of the crystal, the piezoelectric moduli and so on. Thus the 
paraelectric modification belongs to the rhombic system and the ferroelectric modifi- 
cation to the monoclinic system, with the ferroelectric axis coincident with the a-axis 
of the rhombic modification. In Rochelle salt, a second-order phase transformation 
takes place but first-order phase transforma- 
tions are possible in other ferroelectrics. Sub- 
stitution of deuterium for hydrogen in water 
leads to a marked broadening of the ferro- 
electric range. As Kurchatov and Eremeev 
showed some time ago, isomorphic transfor- 
mations have a marked influence on the Curie 


Fic. 130. A hysteresis loop. 
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Fic. 131. The unit cells of the three ferroelectric modifications of BaT10;: 
(a) tetragonal, (b) rhombic (in the monoclinic orientation this shows the 
connection with the initial cubic structure), (c) rhombohedral. 
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Fic. 132. Change of the lattice parameters of the various modifications 
of BaTiO, as a function of temperature. 
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Fic. 133. The dependence of the Curie temperature: (a) of a single crystal of 
BaTiO, on the hydrostatic pressure; (6) of polycrystalline solid solutions 
(Ba, Sr) TiO; on concentration (curve 1). Curve 2 shows the values of the lattice 
parameters at room temperature. 
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Fic. 134. Double hysteresis loop in BaTiO, above the 
Curie point. 
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temperature. Thus the addition of 1°% of an ammonium salt to Rochelle salt narrows 
the interval T, —7, by a factor of 2, while with 12°% of ammonium salt there is only 
one Curie point. 

The next group of ferroelectrics—the phosphates and arsenates of the alkali 
metals—was discovered in 1935. Here the transition to the ferroelectric state takes 
place at low temperatures (Table 55). Fig. 129g, h show the change in the properties 
of potassium phosphate KH,PO, in this transition, and from them we see that the 
spontaneous polarisation and ¢,, are much greater than for Rochelle salt. The crystal 
symmetry changes from tetragonal to rhombic. 

Large values for the ferroelectric properties were discovered by Vul (1945) for 
barium titanate and for a series of other substances discovered about that time and 
having the perovskite type of structure. These substances are double oxides of metals 
with the simple composition ABO, and are stable, high-melting point compounds with 
high Curie points which makes them potentially more useful. The perovskite structure 
is very simple being cubic in the paraelectric regions. Changes of the electric proper- 
ties of barium titanate are shown in Fig. 129d, e, f. In barium titanate there are three 
ferroelectric transitions at 7, = 120°C; T, = 5°C and T; = —80°C (Fig. 129e). 
The ferroelectric modifications have respectively tetragonal, rhombic and rhombo- 
hedral symmetry and the unit cells of all of them are obtained by small deformations 
starting from a cubic cell and corresponding to an extension along the various axes 
of symmetry which coincide with the directions of the ferroelectric axes (Fig. 131). 
Experiments on single crystals have shown that the spontaneous polarisation changes 
discontinuously at the Curie points. At the same time the dimensions of the unit cell 
change discontinuously (Fig. 132). All this indicates first order phase transformations. 

With increasing external pressure, the Curie temperature falls linearly (Fig. 133a). 
There is also a linear change of the Curie temperature as a function of concentration 
in the solid solution BaTi0,—SrTiO, (Fig. 1335). As can be seen from the curve of 
lattice parameters, replacing the barium ions by the smaller ions of strontium leads to 
a compression of the unit cell of the solid solution and this is accompanied by a 
lowering of the Curie temperature. 

An external electric field assists polarisation and raises the Curie temperature of 
a ferroelectric. If we apply a sufficiently large electric field to barium titanate, some- 
what above its Curie temperature (120° C), that is in the paraelectric range, we 
observe a sudden increase in the temperature of the substance by 0:5°. This electro- 
thermal effect can be explained if it is assumed that the field produces a ferroelectric 
transition and that the latent heat of the transition g = cAT contributes heat to the 
specimen. On the basis of the Neumann-Kopp Law we have, that for BaTiO; 
c = 30 cal/mol. °K. Hence g = 15 cal/mole. 

A forced ferroelectric transition can be demonstrated visually on the screen of a 
cathode ray oscilloscope. In a weak field, the crystal behaves as a paraelectric and 
gives a linear dependence of P on E while, when a critical value E, is reached, the 
crystal transforms into the ferroelectric state and there is a sharp increase in the 
polarisation. Thus if a strong alternating field is applied to a single crystal of barium 
titanate above the Curie point we obtain a double hysteresis loop (Fig. 134) while if 
the field is further increased the polarisation tends to saturation. Below the Curie 
temperature we obtain a hysteresis loop the same as in an ordinary ferroelectric. The 
ferroelectric transition can take place in the electric field within a narrow temperature 
region, the limiting value being 10° above the Curie point. The existence of a critical 
field different from zero, E, # 0 is a strong argument for a first order phase transition 
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and indeed if the discontinuity is not large it is often difficult to distinguish first order 
transitions from second order transitions by other methods. 

Changes of the dielectric constant above the Curie point in the paraelectric region 
are described by a relation analogous to the Curie-Weiss Law in ferromagnetism 


E€ = €&) + ... [9.48] 


T—T>5 


Here 7, is the Curie temperature defined above, which agrees with the transition 
temperature 7, for second order transitions but is less than 7, for first order transitions. 


New Ferroelectrics 


Within recent years, investigations of ferroelectricity have led to the discovery of 
a large number of new ferroelectrics and have shown that ferroelectricity is a more 
common phenomenon than had been thought previously. Basic data on the com- 
position and properties of ferroelectric substances are given in Table 55, where 
amongst the perovskite group we could have included tungsten trioxide, the ideal 
structure of which (ReO, type) is obtained from the perovskite structure ABO, by 
taking away the cations of type A. Lithium niobate and tantalate have a structure of 
the ilmenite or corundum type. Alums with complex cations have a cubic structure 
in their paraelectric modification. Groups of guanidine-aluminium sulphates and 
groups of triglycine sulphates which have their Curie points above room temperature 
may have practical importance. 

The majority of the known perovskite structures behave differently from BaTiO, ; 
PbTiO, and KTaO, have only one ferroelectric transition and potassium tantalate 
has a low Curie point (7, = 13° K)—so low that it is difficult to reconcile with the 
fact that the establishment of the ferroelectric state requires ionic movements. Again, 
it is curious that an isomorphic crystal NaTaO, has a very high Curie point (7, = 
475°C). In compounds of the perovskite groups (PbZrO,;, PbHfO3) and also in 
tungsten trioxide the transition diagrams become more complex, this being connected 
with the appearance of antiferroelectricity. In NaNbO, four phase transitions have 
been established (see antiferroelectrics below). 

Only potassium niobate KNbO, behaves in the same way as barium titanate 
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having three ferroelectric transitions with Curie points T,; = 415°C, T, = 210°C, 
T, = —40° C each somewhat higher than the corresponding points in BaTiO3. The 
symmetry and the order in which these phases occur as the temperature is lowered in 
the same way as in barium titanate. 


The Thermodynamics of the Ferroelectric Phase Transitions 


(a) Free Energy of a Crystal with one Ferroelectric Axis. We may take the 
polarisation P and the field strength E as thermodynamic parameters which determine 
the state of a dielectric in an electric field. They are connected with the free energy F 
by the relation 


OF 
E=—. ~.- 19.49 
oP [9-47] 
For the majority of dielectrics we have a linear relation 
P= nE, ... [9.50] 


where y is the dielectric constant. The free energy of a one-dimensional dielectric 
depends parabolically on the polarisation 


F = haP?, 2. [9.57] 


where 
“g=- = —, w+. [9.52] 


With ferroelectrics we have a non-linear dependence of the polarisation on the 
field strength and we have to take higher terms to obtain the free energy. However 
ferroelectric transitions are accompanied by small changes of energy and structure of 
the crystals, so, as a first approximation, we may assume that the same expression for 
the free energy applies to the paraelectric and ferroelectric phases. 

For a crystal with one ferroelectric axis the polarisation vector can have only two 
orientations which coincide with the positive and negative directions of that axis. The 
energy of the crystal for the two directions of polarisation +P and —P must be the 
same. Thus to obtain the free energy as a function of the degree of polarisation we 
require only even terms with 


F=4aP?+4 BP*+ 1yPo+... ... [9.53] 


For the field strength we have 


OF 3 5 
B= ap = OP+pP +yPo+ ... ... [9.54] 
The coefficients «, B, y... depend on the basic thermodynamic parameters: tem- 


perature, pressure, volume and field strength. In the majority of experiments with 
ferroelectrics the external pressure does not change (free crystal) so we can consider 
an isobaric process (p = const.). 


Near the Curie point the dielectric constant changes rapidly with temperature 
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according to the Curie-Weiss Law and reaches very high values (e>1). In this case 
we obtain from [52] and [48] 


4x 4n 
7 = 6 (T —T)). ».. [9.55] 


ay 
The coefficient « depends linearly on temperature and changes sign at temperature 
T — To. 


(b) First and Second Order Ferroelectric Transitions. Depending on the 
number, signs and magnitudes of the coefficients of [53] the curve of F takes essentially 
different forms. If the signs of all the terms are positive (a, B, y... > 0), then the 
curve has one minimum at the origin P = 0 (Fig. 135a) and the paraelectric state is 
stable in all ranges of the variable P. 

If however, one of the coefficients in the expression is negative, then in the absence 
of an external field (E = 0), equation [54] becomes dF/dP = 0, and can have other 
solutions than P = 0. For these P # 0 and they correspond to a state of spontaneous 
polarisation of the crystal. Whether or not these states are stable relative to the 
paraelectric state depends on the relationship between the free energies of these states. 


Case 1. Second order phase transition. If we take two terms of the series and suppose 
that «<0, 8>0, then the curve of F has a maximum at the origin and two symmetric- 
ally placed minima B and B’ (Fig. 1355). The state with spontaneous polarisation is 
stable and the minima of the F curve describe a ferroelectric state if the height of the 
potential barrier is not too large and transitions can take place between B and B’ in 
relatively weak fields. If the coefficient « changes sign [55] at T = To, then at that 
temperature there is a ferroelectric transition. If « = a(T) is a continuous function, 
then the spontaneous polarisation P = P(T) is also a continuous function of tem- 
perature (Fig. 136a) reducing to zero at T = Ty): P(T,)) = O. The energy of the crystal 
changes continuously and the transition takes place with no latent heat (¢ = 0) but 
with a discontinuity in specific heat. This is typical of second order phase transitions. 


Case 2. First order phase transition. If we take three terms in the series and 
assume that «>0, 8 <0, then the curve of F has three minima; one at the origin and 
two B and B’ symmetrically placed on either side of it (Fig. 1355). If the relationship 
between the depths of the maxima depends on temperature and the potential barriers 
are not too large, there will be a transition from the para- to the ferro-electric state. 
Unlike the preceding case, the spontaneous polarisation (Fig. 1365) and the energy 
of the crystal at the transition point both have a discontinuity. That is, the latent 
heat of transition has a finite value (¢ # 0). This is typical of first order phase tran- 


sitions. 
(c) The Condition for Equilibrium. The turning points of the free energy are 
determined by the equation 
dF 
— = 0, 
dP 


which, as equation [54] shows breaks up into two equations. One of them P = 0 
gives a turning point at the origin and the other 


a+BP?+yP*+...=0 2. [9.56] 
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Fic. 135. The shape of the free energy curves: (a) paraelectric phase; 
(b) ferroelectric phase (second order transition), (c) ferroelectric phase 
(first order transition). 


gives turning points at values of P differing from zero. We can now find the solutions 
of this equation for the cases analysed graphically above. 


Case 1. Equation (56) takes the form 
a+ BP? = 0, 


and from this we obtain the value of the spontaneous polarisation 


p? = — 2 [9.57] 
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Fic. 136. Free energy curves of a free crystal at various temperatures. 


Ferroelectric transition (a) second order (Rochelle salt KH,PO,), (b) first 
order (BaTiQ,). 
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Since f>0, this solution is physically possible in the region where « is negative. If for 
a we assume a linear dependence [55] on temperature and take B to be independent 
of temperature, we obtain a parabolic law for the spontaneous polarisation 


P? = c(0—T), ... [9.58] 
where c is some constant. 
Case 2. Equation (56) takes the form 
a+BP*+yP* = 0. 2. [9.59] 


Since there is a minimum at the origin, the equilibrium conditions for the para- and 
ferroelectric phases are determined by equating their free energies. This leads to a 
second equation of the form 


at+4 BP?+1 yP* = 0, ... [9.60] 


which is obtained from [53] by putting F = 0. Now equations [59] and [60] must 
be valid simultaneously and this imposes limits on the coefficients of the equation. 
Subtracting one equation from the other we obtain the value of the spontaneous 
polarisation at the transition point 


PZ = — 352 
Yo 


Putting this value into one or the other of equations [59] and [60] we obtain a rela- 
tionship between the coefficients in the series for the free energy 


ZoVo = 3; Be. eee [9.61] 


Equation [6/]| must be satisfied for a first order ferroelectric transition. At the tran- 
Sition point, the spontaneous polarisation changes discontinuously from P = 0 to 


PZ = —4— ... [9.62 
° Bo Yo [9-62] 
Since y>0O we must have 8 <0 and a>0. 
The entropy of the system is given by the expression 
OF Ou 
={—}) w -{P?—_—, J. [9.63 
s= (55), 83 an (965 
from which we obtain the change of entropy 
4 
AS = S—S, ~ -4P? (Z). .». [9.64] 


This formula is valid for both types of transition. For a first order transition AS = q, 
where q is the latent heat and P, = Po. 

The position of the Curie point depends on the values of other thermodynamic 
parameters. However the shift of the Curie point produced by an external electric 
field is given by the formula 


$ 
0T _ AP _ _Po CO (2\ (© (—%: a. [9.65] 
OE AS AS 4n\Ppo An oo 
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The shift produced by external pressure can be determined from the Clausius- 
Clapeyron Equation 


= —_ + + [9.66] 


Where AV is the (discontinuous) change of volume produced by heating at the tran- 
sition point. 


(d) Comparison with Experiment for Barium Titanate. Using [6/] and [62] we 
can express the values of the coefficients 8B, and yp at the Curie point in terms of 
measurable quantities—the spontaneous polarisation Pp and a: 


o a 
Bo = —4 pe Yo = 3 pe ~ ++ [9.67] 
where 
4 
to & = (T.—To). [9.68] 


For barium titanate, the difference between the Curie temperature 7, and the Curie 
parameter JT, is T7,-Ty = 11°C. In this case we obtain from the thermodynamic 
relation [67 | 


By = —10°8x107!3; yo = 28:2x 10779 c.g.s. units. ... [9.69] 


The shift of the Curie point in an electric field as measured by means of a double 
hysteresis loop 1s 


Bo = —68x107'9; yo = 22:8x 10-7? c.g.s. units. 


Recently, the dependence of the dielectric constant of barium titanate on polarisation 
has been measured, and compared with the value obtained from the series: 
0°F OE 4n 
6P? aPg 
In these experiments the polarisation P was produced by a field of low frequency 
(60~) and varying amplitude, while the value of € was found from the capacity of a 
condenser measured in a weak field of high frequency. At 120° C the measured value 
of By was —10:0x 10~'* c.g.s. units which is in good agreement with the thermo- 
dynamic value. The linear temperature dependence of £ in the range 120-150° C was 
also established. As temperature falls, the numerical value of f falls rapidly and if the 
linear dependence is maintained must pass through zero at — 175° C. 
From the thermodynamic formula [64] we obtain for the entropy discontinuity 


AS = 0:12 cal/mol. °C, 


which agrees with the experimental value. It follows from formula [65] that the shift 
of the Curie point in an electric field is 


OT, _ 1:6 -3 0 
a = 16x 107° °C em/V. ee [9.70] 


= 0+3BP?+5yP*. .. + [9.70] 


Measurements with ceramic specimens gave 


AT. _ 1:2x107° °C 
AR 7 12x cm/V, 
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and measurements on single crystals of barium titanate gave 1-4 107° °C. cm/V. 
From [66] and using AV = —0-06 A® per unit cell we obtain for the shift of the 
Curie point under the influence of pressure, 

OT, 


op = —6:7x 107° °C cm?/dyne, 2. [9.72] 


while the experimental value is 
~—5:7x 107? °C cm?/dyne. 


These results show that the thermodynamic theory using empirical values of the 
coefficients of the series is in satisfactory agreement with experiment. 


(e) The Free Energy of a Cubic Ferroelectric. In a cubic crystal there is not one 
but several equivalent ferroelectric axes. Let P,, P, and P, be the components of the 
polarisation vector. Then we can write the free energy of a cubic crystal in the form 


F = $a(Pl+Py+P2)+4Bs(P2+P,+P:)+ 
+48, (P}P?+P2P2+P2P;)+iy,(Po+Pyt+Pe)t... «.. [9.73] 


The third term in this series expresses the interaction of the components of the polari- 
sation along different crystal axes. If 8,>0, polarisation along one axis hinders the 
development of polarisation along an axis perpendicular to it. 

Limiting the series to the terms in [73] we obtain the components of the field 
strength along the various axes of the crystal. For the X-axis we have 


OF 
E, ==5 = oP, +B, P2+B,P,(P?+P2)+y7,P>, 2. [9.74] 
with similar expressions for the two other axes. In the absence of an external field we 
have 


OF _» - oF _o OF 


Es * OP, 


= =— =0, 0, 3... [9 
oP,’ =~ ”~—«OP,, 9-75] 


which leads to a system of equations for the turning values of the components of the 
crystal polarisation: 


P, = 0 or y,P$+B,P2+B,(P,+Pz)+a =0 
P, = 0 or yi P¥+B,P)+B,(P7+Pz)+a =0 ° ... [9.76] 
P, =0 or y,Pf+B,P?+B2(P2+P2)+o = 0 


Equation [76] satisfies the conditions of cyclic permutation and symmetry relative to 
P,, P,, P,. On grounds of symmetry there are the following four systems of solutions 
of these equations: 


P, = P, =P, =0 (1) 
P, =P, =0; »,P¢+B,P2-+0 =0 2) 

’ mPa Ps ... [9.77] 
P,=0; P,=P,; y,Pr+(B8i+B2)Pz+a¢=0 (3) 


y 
P, = Py =P,; yiPr+(B+2B2)Pr+« =0 (4) 
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Solution (1) corresponds to the paraelectric phase; solutions (2), (3) and (4) are 
the cases when the ferroelectric axis is directed respectively along the edge, the face 
diagonal and the body diagonal of the cube, i.e. the tetragonal, the rhombic and the 
rhombohedral phases. 

The values of the free energy corresponding to the solutions of [77] will be 


F=0 (1) 
F = LyoP?+i BP ,Pr+4aP2 (2) 19.78] 
= 1y,P2+4(B, +82) Pr+aPz (3) 
F= £y,P2+3(B, +28.) Po +3 oP? (4) 
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Fic. 137. Theoretical curves of the temperature dependence of the 
dielectric constant for a single crystal of barium titanate. 
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Fic. 138. Theoretical curves of the change of lattice parameters of 
various modifications of barium titanate. 


The existence of these phases is possible if the conditions for a minimum Fy are 
fulfilled. These are: 
a>0 (1) 


a+B,P?>0, 4$By,+7,P2>0 (2) 
a+2B,P7>0, $£,+7,P27>0 (3) 
4B, +P? >0 (4 


2. [9.79] 
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If « is positive and sufficiently large, the minimum will be at F = 0 giving a stable 
paraelectric phase. Assuming that the coefficients B and y are constants, then as « 
becomes smaller the minimum value of the free energy corresponds successively to 
solutions (2), (3) and (4), in that order. Thus the thermodynamic theory gives the 
number and succession of the ferroelectric phases in BaTiO,. By use of four experi- 
mental quantities (T,, Ty, C and P,) the theory quantitatively describes the tempera- 
ture dependence of the spontaneous polarisation, the dielectric constant (Fig. 137) 
and the changes of the cell parameters (Fig. 138) for all modifications of barium titanate. 

(f) Transition at Constant Volume. An interesting result of the theory in this 
case is that 8, >0 for the first ferroelectric transition in barium titanate. Consequently 
in a compressed crystal there is a second order transition while in a free crystal there 
is a first order transition. The discontinuity in the latter case is a result of the form 
of the relation between polarisation and deformation. Fractional extension of the 
c-axis in the tetragonal transition is proportional to the square of the spontaneous 
polarisation: Ac/e ~ P2. 

The approximations in this theory arise from the use of the same coefficients in 
the series for the free energy of the various phases although the transition may be 
discontinuous. The success of such an approximation depends on the comparatively 
small discontinuities in ferroelectric transitions and so the theory agrees well with 
experiment except near the Curie point. 


ANTIFERROELECTRICS 


(a) Basic Properties of Antiferroelectrics. In some dielectrics there are phase 
changes which have almost all the characteristics of ferroelectric transitions: the 
dielectric constant passes through a maximum, there is a discontinuity in specific heat, 
there are changes in the symmetry and dimensions of the unit cell. However there are 
other essentially different characteristics: there is no hysteresis loop and no spontan- 
eous polarisation. An example of such a dielectric is lead zirconate, PbZrO;, which 
belongs to the perovskite family. As can be seen from Fig. 139 there is a sharp 
maximum on the e(T) curve at JT, = 230°C. Above the maximum, the Curie-Weiss 
Law is obeyed with C = 1:-6x10° °C, Ty = 193°C. At the transition point the 
symmetry of the crystal is lowered, and from cubic it becomes rhombic. The differ- 
ences between the transition in lead zirconate and the ferroelectric transition in barium 
titanate are: (1) there is no hysteresis loop, (2) an electric field lowers the Curie point 
in PbZrO, (Fig. 140) but increases it in BaTiO3, (3) in PbZrO; a superlattice arises 
based on a pseudotetragonal sub-cell a,, c, of the perovskite type with a~./2a,, 
bx 2,/2a,c~2c,, (4) the tetragonal sub-cell is compressed c,/a,~0-99 whereas in 
BaTiO, there is an extension, (5) the volume of PbZrO is reduced while the volume 
of BaTiO; is increased on cooling through the Curie point, (6) the refractive index 
of PbZrO, has its smallest value in the direction of the a-axis (m,—n, = 0-039; 
N,~—N, = 0-024) and perpendicular to the pseudotetragonal axis, while in BaTiO, 
the refractive index has its smallest value in the direction of the tetragonal axis along 
which the movement of ions takes place. 

The work which decided the nature of this transition was the solution of the 
structure of the low temperature modification of lead zirconate which was carried 
out on a Single crystal by Savachugi et al. in 1951. This structure is shown in Fig. 141; 
here a and bare the directions of the axes of the rhombic structure. The multiplication 
in the volume of the unit cell comes about because below the transition point there are 
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antiparallel displacements of the Pb ions, proceeding mainly on the plane ab and ina 
direction along the rhombic axis a; this explains the reduction in the ratio c/a. A 
superlattice is formed by the antiparallel arrangement of the double parallel chains ; 
this explains the doubling of the b-axis as compared with the a-axis. As a result of 
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Fic. 139. Temperature depend- 
ence of the dielectric constant for 
a single crystal of PbZrOs. 
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Fic. 140. Lowering of the transition point of PbZrO, in an electric field. 


antiparallel displacements in the lattice, or in the projection of the lattice, the centre 
of symmetry is retained. In centro-symmetric lattices neither electret nor ferro- 
electric states can arise. 

This explanation shows that an antiparallel arrangement of ions arises in the 
phase transition of lead zirconate and that this leads to mutual compensation of large 
elementary electric moments produced by the ionic displacements. The vectors of 
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spontaneous polarisation of the sub-lattices of the crystal are directed antiparallel 
and mutually compensate each other. The resultant polarisation of the crystal is zero. 
Such a state of a dielectric is called antiferroelectric and the transition temperature is 
called the antiferroelectric Curie point. 

It is worth pointing out that antiparallel arrangements of ions on some plane 
may be accompanied by parallel arrangements along its normal. This leads to the 
appearance of ferro- and antiferroelectric states in one and the same crystal. The 
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Fic. 141. Superlattice of PbZrQ,. 


ferroelectric effect may mask the antiferroelectric state. To settle the type and aniso- 
tropy of the state we need structural investigations and dielectric measurements on 
single crystals. 

Antiferroelectricity (without superposed ferroelectricity) is possible in all crystal 
classes in which there are no polar directions, that is in 22 out of the total 32 classes. 
These 22 classes include 12 classes without centres of symmetry. 


(b) The Influence of an Electric Field. If a strong electric field is applied to a 
polycrystalline specimen of PbZrO, at temperatures somewhat below the Curie point 
a double hysteresis loop arises, similar to that observed in ferroelectrics above the 
Curie point. However in the former case the part of the curve between the loops 
corresponds to the antiferroelectric state while in the latter case it corresponds to the 
paraelectric. Thus in lead zirconate the electric field produces a transition from the 
antiferroelectric state to the ferroelectric. From the curve of the dependence of the 
transition temperature on field strength 7, = 7,(E,) (Fig. 140) we can determine 
the difference in energy between the ferro- and antiferroelectric phases. This differ- 
ence is found to be small, for example at 230° C, the heat of transition in lead zirconate 
is gq = 4 cal/mole. X-ray investigations in a field strong enough to retain the ferro- 
electric modification show that it is rhombohedral with a cell somewhat extended 
along the body diagonal («<90°). 


(c) The Influence of Isomorphic Substitution. Fig. 142 shows the results of X-ray 
analysis of the system PbZrO,-PbTiO; at room temperature. In this system one of 
the components is ferro- and the other antiferroelectric. At room temperature one of 
the components is tetragonal and the other has a rhombic cell, so a continuous series 
of solid solutions is not formed. At comparatively small concentrations of the titanate 
there is a rhombohedral ferroelectric phase similar to the phase which is found at the 
ferroelectric transition in pure PbZrO, in an electric field. At large concentrations 
of the titanate there is a second ferroelectric phase based on a solid solution of 
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Changes in the unit cell parameters 
as a function of concentration in the 
PbZrO, — PbTiO; system at room tem- 
perature. 
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zirconate in tetragonal PbTiO3. The composition diagram for PbZrO,-PbTiO, is 
shown in Fig. 143: at sufficiently high temperatures there is a continuous series of 
solid solutions Pb (Ti, Zr) O3 with cubic structure (paraelectric phase). At lower 
temperatures ferro- and antiferroelectric phases are found. As the concentration of 
titanate increases, 7, of the antiferroelectric transition falls sharply while T, of the 
ferroelectric transition increases. 

There is a similar succession of phases in the system (Pb, Ba) ZrO, (Fig. 144) 
while in the system (Pb, Sr) ZrO; we have two antiferroelectric phases: rhombohedral 
and tetragonal. Both these phases have been shown to exist in pure PbHfO,; which 
has two antiferroelectric Curie points (T, = 215° and 165° C). 


(dq) Other Antiferroelectrics. Antiferroelectricity has recently been discovered 
amongst four groups of compounds: (1) perovskite, (2) potassium phosphate, (3) 
silver periodate, (4) the alums (Table 56). In sodium niobate there are two paraelectric 
and two antiferroelectric phases and one phase with superposed ferro- and antiferro- 
electric states. In tungsten trioxide, two antiferroelectric and one ferroelectric phase 


Fic. 145. Dependence on tem- 
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have been established. In the potassium phosphate group, antiferroelectric transitions 
have been discovered in the phosphates and arsenates of ammonia; here the dimen- 
sions of the unit cell of the crystal are not changed in this transition but the cell 
changes from body-centred to primitive; this is analogous to the changes of the Bravais 
lattice during atomic ordering in B-CuZn. The rhombic phases of the phosphate and 
arsenate of ammonia are examples of antiferroelectric phases without centres of 
symmetry; here, as in the case of potassium phosphate and the tartrates, the hydrogen 
atoms take part in the transition. This is shown by the fact that deuteration of the 
compound greatly increases the Curie point. In the alums, antiferroelectric transitions 
have not been extensively studied. 

Compressions of a cubic lattice and the appearance of superlattices are known in 
a wide variety of other examples of the perovskite group including perovskite CATiO3. 
CaTiO, has a superlattice (./2a x 2ax ./2a). As the temperature is raised, the lattice 
tends to cubic (Fig. 145), but up to 900° C traces of the superlattice are retained and 
there is no phase transition. NaTaO, and CdTiO; have similar superlattice cells but 
in sodium tantalate the transition to the cubic structure takes place at T, = 475° C, 
while in cadmium titanate there is no such transition. Perovskite and cadmium 
titanate are antiferroelectrics with high transition temperatures (antielectrets). 
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Generalisation of the Phenomenological Theory of Spontaneous 


Polarisation 


(a) Free Energy of a Crystal consisting of two Polarised Sub-lattices. Even before 
the discovery of antiferroelectrics, Kittel (1951), starting from the analogy with anti- 
ferromagnetics, gave a generalised expression for the free energy of a dielectric which 


Table 56 


Crystals with Antiferroelectric Phases 


Name of the crystal 
and formula 


Lead zirconate 
(PbZrO;) 


Lead hafnate 
(PbHfO,) 


Sodium niobate 
(NaNbO,) 


Sodium tantalate 
(NaTaO;) 


Calcium titanate 
(CaTiO;) 

Cadmium titanate 
(CdTi05) 


Tungsten trioxide 
(WOs) 


Ammonium phosphate 
(NH,)H,PO, 
Ammonium deutero- 


phosphate (ND,)D,PO, 


Ammonium arsenate 
(NH,)H,AsO, 
Ammonium deutero- 


arsenate (ND,)D,AsO, 


Silver periodate 
(Ag,H,10¢) 


Ammonium periodate 
(NH,).H310, 


Alums 
(RCH20)<)(M(A20)6)(SOu) 


Temperatures of the phase transitions °C, 
symmetry and type of phase 
(P = paraelectric, A = antiferroelectric, 


F = ferroelectric) 


cubic P / 230° / rhombic A 


cubic P / 215° / tetrag. AI / 163° / 
rhombic All 


cubic PI / 638° / tetrag. PII / 500° / 


rhombic AI / 350° / rhombic AII / 


210° / monocl. AIII 
cubic P / 475° / rhombic A 


rhombic A? 


tetrag. P / 900° / tetrag. AI / 700° / 
monocl. AII / —10° / F? 


tetrag. J4d2 P | —125° / rhombic 
7 P2,2,2, A 
tetrag. J4d2 P / —31° / rhombic 
P2,2,2, A 


tetrag. J/4d2 P | —57° / rhombic 


tetrag. J4d2 P | ~31° / rhombic 
P2,2,2, A 


trigonal R3c P / 2? / 
trigonal A 


trigonal R3c P / ? / 
trigonal A 


cubic P/ T/A 
depends on type of R and M 


Reference 


1i-12 


13 


14 


15 
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described the antiferroelectric state. To take the simplest case, consider a crystal the 
structure of which is the superposition of two identical sub-structures a and b. We 
may break down the polarisation of the crystal into the sum of the polarisations of the 
superlattices which we call P, and P,. The internal fields which exist on the lattice 
sites of these sub-structures will be 


E, = E+58,P,—52P,, 
Es = E+58;P,—S2P.; eee [9.80] 


where E is the external field and s, and s, are structural coefficients, which are positive 
for an antiferroelectric state. The polarisations of the sub-lattices are proportional 
to the internal fields; thus 


E,=kP,; E,=kP,, 2 [9.87] 


where the coefficient of proportionality is related to the polarisability « of the particles 
of the crystal by the relation k = (Na)~*. Substituting [8/] into formula [80] we 
obtain equations for the polarisability of the sub-lattices 


(K—s,) Pi+52P, = E, s,P,+(k—s;) P, = E. eee [9.82] 


When E = 0 equations [82] have non trivial solutions if their determinant is zero 


k—s, S2 _ 
| 55 k—s,| 7 0. ... [9.83] 
From [83] we obtain two roots for k 
k, = S}—S25 k, = S, +53. eee [9.84] 
while [82] gives 
P So 
— = — . ~+- [9.85 
P, k-s, L J 


Now substituting the values of k from [84] we find for k,, P, = P, and for k,, 
P, = —P,. 


CP T 
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The former solution describes a ferroelectric state and the second an antiferro- 
electric state. Let us now find the change of electric susceptibility » at the transition 
point. Adding equations [82] we obtain 


(k—s, +582) (P,+P;) = 2E, ... [9.86] 


from which 


=~ 2. [9.87] 
E k—s,+58, [ 


At the ferroelectric Curie point, the susceptibility becomes infinitely large: 
(u),,200 (‘the polarisation catastrophe’), while at the antiferroelectric Curie point 


I 
the susceptibility still has a finite value (),, =: 
2 


We can write the free energy of a crystal which consists of two polarised sub- 
lattices in the form 


F(P,, P;) = 0, (P2+P?)+0,P,P,+B(Pi+Peyt+y(Po+Ps)t+... ..- [9.88] 
whence we obtain the field strength 


OF 
oP, 


= E = 2a,P,+0,P,+4BP2+6yP.+ ... .. + [9.89] 


(b) Antiferroelectric Second Order Transition. If we cut off the series in (88) and 
[89] at their third terms we obtain for the spontaneous polarisation of the sub- 


Structures (P, = —P,) in the absence of an external field (EF = 0) 
p2 = pz = 227m ... [9.90] 
as bs 4B 


If «, <0, the spontaneous polarisation changes continuously through the transition 
point from the para- to the ferroelectric state. At the Curie point 


P?. = 0, Xo = 20. eee [9.97] 


We now arrange that a weak external field AE acts on the crystal producing a change 
in polarisation 


AP = AP, +AP,,. 


, , OF 
Differentiating [89] and the analogous expression for E = ap” and adding the 


b 
results of differentiation we obtain 


2AE = (20, +a,+12fP2) AP, eee [9.92] 
whence 
AP 2 
=! eg eee 9.93 
u AE 20, +0, +12B8P?. [ ] 
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Below the Curie point, equation [90] is valid. Substituting the value [93] we obtain 


1 
ho = ——., ..- 19.94 
2 (a, —%,) [9.94] 


which at the Curie point and with «, = 2a, gives 


1 


7 =, 22 19.95 
Mr. = [9.95] 


Above the Curie point P?, = 0 and from [93] we have 


. 2 


Wate 


.. . [9.96] 


At the Curie point we obtain 


1 
Mr, =>; [9.97] 


2 


which agrees with [95]. Thus at the Curie point the susceptibility and dielectric 
constant are continuous. 

Now assume that the coefficient of the first term of the series in [89] depends 
linearly on temperature 


a, =40,+A(T-T,), .. [9.98] 


where 1 = - is the reciprocal of the Curie constant. From [9/] and [98] we obtain 


a parabolic dependence of the spontaneous polarisation of the sub-lattices on 
temperature 


A 
p?, = P?, = — (T,—T). os [9.99] 
2p 
For the susceptibility above and below the transition temperature we have 
1 1 
Lt (T>T.); p= (T<T,). ... [9.100] 


~ ty +A(T—T.) a, —2A(T.—TY 


If A>0, the antiferroelectric region lies below 7, and the curve of e(7) passes through 
a maximum. If 4<0 the antiferroelectric region lies above T, and the curve of e(T) 
passes through a minimum at T.. 


(c) Antiferroelectric First Order Transition. In the expression for the free energy 
include the term of sixth order. The spontaneous polarisation (E = 0) in the anti- 
ferroelectric region (P, = —P,) in this case is determined by the equation 


6yP4 + BP?.+(20,—a,) = 0. ».. [9.107] 
We obtain a second equation from the condition F = 0 which gives 


2yP4 + 2BP2(2a,—a2) = 0. . 2. [9.102] 
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Equations [/0/] and [102] lead to the solutions (at T = T;,) 


Pi; = ee ca .» [9.103] 
B 2y 
Hence we obtain the relation between the coefficients of the series at the Curie point 
Bp? = 2y (2a,—«,). ... [9.104] 
We also obtain an expression analogous to [93] for the susceptibility 
AP 2 
y= — =~——______,_____, ... [9.105] 
AE 20, +4,+12BP7,+ 30yP., 
Below the Curie point equation [103] is valid, thus 
y= ! . .» « [9.106 | 
4a,—O 
Above the Curie point P?, = 0, so 
+ 2 
, = . ... [9.107] 
2a, + Xo 


As we would expect from the shape of the curve of free energy, the transition from 
the para- to the antiferroelectric state in this case is discontinuous since the condition 
for a continuous transition [9/] is not fulfilled. The susceptibility and dielectric 
constant are thus discontinuous at the Curie point. 


The Simplest Model of a Ferro- and Antiferroelectric 


It was shown above (§2) that for a simple cubic lattice with freely rotating dipoles 
the antipolar structure (Fig. 126a) was energetically more favourable than the polar 
structure. Thus for such a dipole system antiferroelectricity is more probable than 
ferroelectricity. Takagi considered a model based on a b.c.c. structure, on the corners 
of which freely rotating dipoles were distributed each having a moment p, while on the 
centres there were ions (Fig. 146). The dipoles and ions can be mutually polarised and 
the respective polarisabilities are then denoted bya, and «,, which must not be confused 

with the coefficients in the series for the 

z free energy. We divide the dipole lattice into 

two sub-lattices. The polarisation of the 

crystal can be thought of as the sum of three 
parts: P = P,+P,+P,, where P, and P, are 
the polarisation of the dipolar sub-lattices 


Fic. 146 


Model of a cubic dielectric. Dipoles 
(1, 2) are situated on the corners of the 
cell and polarisable ions in the centre of 
the cell (3). 
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and P, the polarisation of the ionic sub-lattice. Analysis of the free energy of the 
system shows that in the absence of an external field, two solutions are possible 
with spontaneous polarisations of the sub-lattices differing from zero. One of them 
corresponds to an antiparallel arrangement of dipoles and the other to a parallel 
arrangement. For the antiferroelectric case, the Curie temperature and polarisation 
of the sub-lattice are determined by the formulae: 


PB Su 82 
Ta = Ck ay 2? 
1-7 (S314—5S12) 
P, = —P, Po : I ; P;=0,  ... [9.108] 
1-—(s, Si2) 
2v° 1! 


where v is the volume of the cubic unit cell, L(x) is the Langevin function, and s,, 
and s,, are structural coefficients 


(Si4 = So. = 4+0-426; S32 = 4—0°426; S43 = 823 = 833 = 4). 


For the ferroelectric case 


pape. 2, 
°  6kv (a, +60.) |’ 
3] 1—-——_—— 
3v 
1% 2 oa 
1 2 WW ; a, +0,’ 3 rv 1a ee . 
3v 3v 


; ve , , . T, 
The relative stability of both configurations is determined by the parameter Q = TT 


when Q<1 the antiferroelectric configura- 
tion is stable and when Q>1 the ferro- 
electric configuration is stable. The para- 
meter Q depends only on the polarisability 
of the components of the model 


Fic. 147 
Curves of constant values of Q = =; 


in the region lying above the dotted line 
Q = 1, the ferroelectric phase is more 
stable. In the region lying below, the 
antiferroelectric phase is more stable. 
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For a given value of Q, equation [/10] is represented by a straight line on the («, @2) 
plane. This is shown in Fig. 147 for various values of Q. Below Q = 1 the antiferro- 
electric solution is stable, and above it the ferroelectric solution is stable. In this 
model the ionic polarisability is the important factor in establishing the ferroelectric 
state. If polarisation is increased the stability of the ferroelectric state also increases. 
These results are the same also for a model in which the rotating dipoles are replaced 
by induced dipoles. 


The Structural Mechanism of Dielectric Phase Transitions 


A knowledge of the atomic structure of ferro- and antiferroelectrics above and 
below the transition points is necessary for an explanation of the structural mechanism 
of the transition and the development of a microscopic theory of the phenomena. 
Analysis of the phases of ferro- and antiferroelectrics, the determination of their 
symmetry and the measurements of the deformations of the cells as a result of di- 
electric phase transitions are all carried out by means of X-rays. To explain the 
patterns of atomic displacements and determine their magnitude (accurate localisation 
of light atoms in the presence of heavy metal atoms) requires the application of 
neutron diffraction. 


(a) Structure of the Tetragonal Modifications of BaTiO, and PbTiO,;. The cell 
of the tetragonal modification of barium titanate is a, = 3-980; c, = 4-026A; 
c,/a, = 1-011. If we compare this with the dimensions of the cubic cell, extrapolated 
to room temperature, this corresponds to extension along the c-axis by 0-6°% and 
compression along the a-axis by 0-25°%. Thus there is a small increase in volume at 
the ferroelectric transition. Deformation of the cell is accompanied by small dis- 
placements of the ions from the symmetrical positions which they occupy in the cubic 
modification. In PbTiO, the deformation of the cell is larger (a, = 3:90; c, = 4:15 A; 
c,/a, = 1-060). The structure of a tetragonal modification of a perovskite ABO, type 
is determined by the following positions of the atoms: 


A (0, 0, 0+06Z,), B G, 4, 4+6Zz) 
O; G, 5, 6Zo, ) 201; (5, 0, $+6Zo,,3 0, Z, $+06Zo,,)s 


where 6Z; is the displacement of the ions along the axis of Z. We now introduce the 
parameter 


ratrs 


P(rgt ro) .. [9.117] 
which determines the contact of ions of types A and B with ions of oxygen. Note 
that ¢ = | corresponds to close contact of ions while t>1 and t<1 correspond to 
free movement of cations of types B and A respectively. Using this parameter, we 
can connect the origin of coordinates with the cations which are in close contact with 
the anion carcass of the crystal. In BaTiO, t>1 and for PbTiO, t<1. Therefore for 
these compounds we have to use somewhat different origins, but for the sake of 
simplicity in considering ionic displacements in both crystals we can refer the origin 
to the oxygen ions which lie on the side faces: 6Zp,, = 0. X-ray and neutron diffraction 
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BaTiO; 
Fic. 148. Displacements of ions in the tetragonal modifications of 
BaTiO, and PbTiO. 


results from single domain crystals in a constant electric field give the following data 
for ionic displacements: 


BaTiO, 0-06 0-12 —0-03 (0:00) A 
PbTiO, 0:47 0-30 0-00 (0-00) 


The atomic displacements in both crystals are shown schematically in Fig. 148. 
The O, ions are not much displaced and this shows itself in the comparatively small 
deformation of the oxygen lattice. Thus the oxygen octahedra retain their regular 
shape in the tetragonal modification of barium titanate. The displacements of the 
cations in PbTiO, are 5-6 times greater than in BaTiO, and this corresponds to the 
difference in the degree of tetragonal deformation (6 and 1°%%). Again the pattern of 
cation displacement is different in the two compounds: in PbTiO, cations of type A 
are most displaced, while in BaTiO, the cations of type B are most displaced. This 
agrees with the difference in the closeness of cation-oxygen contact in the cubic 
modifications, that is with what we measure by the factor ¢. 


Table 57 


Interatomic Spacings M-O in BaTiO, and PbTiO, at Room 
Temperature (A) 


Coordination Ani BaTiO, PbTiO, | 
Polyhedron nion t>1 t<1 
| Ba O,, upper (4 Bonds) 2:80 2:53 
A or Icosahedron | O, (4 Bonds) 2°82 2°80 
Pb O,, lower (4 Bonds) 2°88 3-20 
O; upper 1-86 1-78 
B Ti Octahedron On (4 Bonds) 2:00 1-98 
O, lower 2:17 2:38 
Lattice Constants a 3:99 3-90 
C 4-03 4-15 


Parameter t 1:03 | 0:98 
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Fic. 149. Structural configurations for the A and B cations in tetragonal 
modifications of BaTiO; and PbTiO, for (a) Ti in BaTiO, (6) Ti in PbTiO, 
and (c) Pb in PbTiO . 


Because of deformation, the displacements of ions 6Z; reckoned at the phase 
transitions, do not describe all the changes of the structural configuration for the ions 
of the various types. The actual structural configurations are determined by the 
interatomic spacings and by the valence angles. Values of the interatomic spacings 
M-O for both compounds at room temperature are given in Table 57. 

In the cubic modification, ions of type A are situated in the centres of regular 
icosahedra and ions of type B in the centres of regular octahedra. In the tetragonal 
modifications the cubic symmetry of these polyhedra breaks down for, as a result 
of the movement of the cations along one of the cube axes in the octahedra, one of 
the M-O spacings is greatly reduced and the other correspondingly increased (Fig. 
149a and b). In the icosahedra four M-O spacings are reduced and four others are 
increased (Fig. 149c). The reductions in the spacings are of the order of tenths of an 
Angstrom which is not negligible compared with the sums of the ionic radii (Ti-O 
1:96 A; Pb-O 2:78 A). Movements of the cations lead to a change in the coordination 
numbers for the octahedra from 6 to 1+4+1 and for the icosahedra from 12 to 
4+4+4, Lowering of the coordination number, without changing the type of chemical 
binding, is accompanied by a reduction in interatomic spacing (Table 37, pages 192-3). 
This effect is also evident in ferroelectric transitions. Displacement of the cations 
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from the symmetric positions is accompanied by corresponding deformation of the 
valence angles. 

Knowing the structure and effective charges of the ions we can calculate that part 
of the spontaneous polarisation which is due to ionic movements 


P; =) e; 6Z;, 


where v is the volume of the unit cell and the summation is over all ions in the cell. 
If we deliberately exaggerate the calculation by including the full ionic charge 
(A*?, B**, O77) we get 


PbTiO, P; = 54 uC/cm? andfor BaTiO, P, = 17 pC/cm?’. 


The experimental value of the spontaneous polarisation is known only for barium 
titanate and is P, = 26 wC/cm?. This is larger than the calculated value P,, showing 
that there is a large contribution from the electronic polarisation. A more careful 
calculation of the internal field and spontaneous polarisation of BaTiO, taking 


Table 58 


Classification according to Crystal Chemistry of the Perovskite 
Compounds which have Dielectric Transitions 


ns 


C | Largest | Phases and transition points in °C Type of 
TBO t displaced | (P, F, A denote respectively para-, | spontaneous 
3 cation ferro, and antiferroelectrics) polarisation 
BaTiO, 1:0; cubic P/ 118° /tetrag F/ 


0°/ rhombic F /—90°/ rhombohedral F | 


B 
KNbO, 1-0, cubic P / 435° /tetrag F / 210° / 
rhombic F / —40° / rhombohedral F Ferro- 
——__—_—_—_—————cre— electric 
KTaO, 1-0 cubic P / —260°/? F 
PbTiO, 0-9, A cubic P / 500° /tetrag F 
SrTiO,¢ | 0-9, 
PbHfO, 0-9, cubic P / 215° /tetrag Al / 
163° /rhombic AII 
PbZrO, 0:9, cubic P / 230° / rhombic A 
CaTiO, 0:8, > 900° / rhombic A Anti- 
CdTiO, 0-8, A rhomb? / — 210° / rhombic ferro- 
electric 
NaNbO, | 0°8, cubic P / 638° /tetrag P’ / 
500° / rhombic AI / 350° / 
rhombic AII / —210°/ AIlIl 
NaTaO, | 0°8, cubic P / 475° /rhombic A 
wo, 0-2, tetrag P /900° /tetrag AI/ 


700° /monocl. AII / —10°/F ? 


+ An induced ferroelectric in an electric field. 
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account of the electronic polarisability of the ions for half ionic charges gives P, = 
29 uC/cm? (Venevtsev, Zhdanov et al.). The ionic part turns out to account for 30% 
of the total polarisation and the electronic for 70%. 

Various theories have been put forward for barium titanate. These include: the 
theory of local minima, the theory of anharmonic oscillators, a quantum-mechanical 
theory which takes account of electron interaction in the MO, octahedra, and Slater’s 
theory which is based on a model derived empirically from structural investigations. 
The weak points in the majority of these theories are discussed in the literature. 
Table 58 gives U. N. Venevtsev’s results on the crystal-chemical classification of the 
perovskite compounds for which a dielectric transition has been established: the 
ferroelectrics are grouped around a value of ¢ close to unity, while antiferroelectric 
properties are characteristic of compounds for which t<1. The hetero-isomorphic 
compounds KNbO, and BaTiO, for which the value of ¢ is somewhat greater than 
unity have completely analogous ferroelectric transitions. Although they are alike in 
valency, BaTiO, and PbTiO, differ in their ferroelectric transitions, the former having 
only one ferroelectric phase. For these compounds we have respectively t>1 and 
t<1, and this leads to a difference in the mechanism of transition and a difference in 
the stability of the individual ferroelectric phases. 

(b) The Structure of the Phosphates and the Periodates. The structures of the 
phosphates, the arsenates which are isomorphic with them, and also the periodates 
are based on a single principle. The general formula of the phosphates is M.H;[ PO, ] 
where M is an alkali metal or ammonia; the formula of the periodates is M,.H3[IO, | 


Fic. 1 50, Packing of complex hydrogen bonded anions: (a) tetragonal 
packing of the tetrahedra PO;? in the phosphates MH,PO,, (b) rhombo- 
hedral packing of the octahedra IO;° in the periodates M,H,IO,. 


where M is Ag or ammonia; in both cases the basic structure consists of a three 
dimensional packing of complex anions: tetrahedra of PO? (Fig. 150a) or octahedra 
of IO’. (Fig. 1505) each bound to the other by hydrogen bonds. The number of 
oxygen atoms in each structure is less by a factor two than the number of vertices of 
the corresponding polyhedra. Thus in the phosphates it is two per polyhedron and 
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Fic. 151. Projections of the electron density on the (100) face of a KH,PO, 
crystal, (a) above (126° K) and (4) below (116° K) the Curie point. Both 


from the X-ray results of Frazer and Pepinsky. 
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Fic, 152. Projections on the (001) face of (a) the structure of K,H,PO, (the 
dotted region is that shown in b and c); (5) the density of neutron scatter- 
ing at room temperature (all nuclei are shown); (c) the density of neutron 
scattering at — 180° C (only protons are shown). 


in the periodates three. The surplus negative valency is compensated by the corres- 
ponding number of cations which are distributed within the cation framework. 


(c) Structural Changes in KH,PO, during the Ferroelectric Transition. In Slater’s 
theory the ferroelectric transition in KH,PO, is related to the transition from the 
disordered to the ordered distribution of hydrogen atoms in hydrogen bonds. On 
this model, it is still not clear why a dipole moment should arise along the c-axis, 
since the oxygen bonds are directed almost perpendicular to the tetragonal axis (their 
inclination does not exceed 0-5°). Later structural investigations have confirmed that 
protons make the transition to the ordered state below the Curie point and that this is 
connected with horizontal displacement of the protons. Simultaneously, vertical dis- 
placements of all the other atoms take place and this leads to the appearance of a 
moment directed along the tetragonal axis. Fig. 15la and b show projections of the 
electron density on the side face of the cell above and below the Curie point; each 
projection shows two PO, tetrahedra, above and below which the potassium atoms 
are located. These PO, tetrahedra are almost regular, the potassium atoms being 
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surrounded by eight oxygen atoms, but the spacing between two upper and two lower 
atoms of oxygen is greater than between edge atoms. The potassium atoms support 
thermal oscillations primarily along the c-axis and this leads to an ellipsoidal extension 
along the c-axis of the electron cloud of the potassium atoms. Similar anisotropy arises 
for the phosphorus atoms, and the predicted anisotropy is in agreement with the di- 
electric properties of the paraelectric phase. At 126° K, that is about 3° above 7,, 
g, is very large (~ 10*) while ¢, remains at a normal value. Below the Curie point, the 
shape of the oxygen tetrahedron is unchanged while the phosphorus atom is displaced 
from the centre of the tetrahedron. The upper phosphorus atom is displaced down- 
wards by 0:03 A while the upper potassium atom is displaced upwards by 0-05 A. 
These displacements are such that the phosphorus and potassium atoms are taken 
further away from the two upper oxygen atoms on the vertices of the tetrahedron 
while the hydrogen atoms are brought nearer to these oxygens. This hydrogen 
ordering leads to a small extension of the hydrogen bonds O-—H...O from 2°48 A 
above the Curie point to 2:50A a little below 7,. The spontaneous polarisation 
calculated from structural data 1s 


P, = 41 pC/cm?, 


which is in agreement with the measured value P, = 4:5 wC/cm?. 

Neutron diffraction data confirm these movements of the potassium and phos- 
phorus atoms below the Curie point and show clearly the proton ordering. Fig. 152a 
shows the projection of the structure of KH,PO, on the (001) face, hydrogen atoms 
being shown by crosses. The dotted rectangle is shown again on projections obtained 
by neutron diffraction at room temperature (Fig. 1525) and at a temperature 40° 
below the Curte point (Fig. 152c). In the latter projections, which were obtained by 
the difference method, hollows are seen which correspond only to protons since the 
scattering amplitude of neutrons by protons is negative. The negative regions in both 
projections are shown dotted. At room temperature, the centres of the hollows 
coincide with the mid-points of lines which link the oxygen atoms in neighbouring 
tetrahedra. These hollows have an elongated shape, being extended along the lines 
of the hydrogen bonds, and this can be explained in two ways: anisotropy of thermal 
vibrations of hydrogen atoms or random movements of hydrogen atoms in two 
potential wells situated on the line of each hydrogen bond. The character of the 
combination spectra of potassium phosphate is not changed at the Curie point, and 
this supports the random distribution of hydrogen atoms. Below the Curie point, as 
can be seen from the projection in Fig. 152c, there is marked ordering in the positions 
of the protons which are situated about 0-21 A from the centres of the O-H...O 
bonds. Thus the distance between a hydrogen and the nearest atom of oxygen is 
1:04 A, while the distance from the further atom is 1-46 A. This proton ordering 
occurs within a single domain, and to keep the crystal as a single domain the investi- 
gation is carried out in a constant field directed along the c-axis. If the direction of 
the field is reversed the protons transfer to the neighbouring positions of equilibrium 
and this is accompanied by a reversal in the direction of spontaneous polarisation. 


(¢) Structural Changes in (NH,)H,PO, during an Antiferroelectric Transition. 
Although the paraelectric modifications KH,PO, and (NH,)H,PO, are isomorphic, 
the diclectric transition in these crystals is different. In ammonium phosphate, the 
largest changes occur in the dielectric constant ¢,, that is they take place in a direction 
perpendicular to the c-axis. This can be explained, while still retaining the general 
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Fic. 153. (a) Proton ordering in 
(NH,)H,PO, below the Curie 
point, (5) directions of the ele- 
mentary dipole moments. 


a 
idea of proton ordering described above, 
if there are two protons ‘one above, one 3/4 
below’ near to each PO, tetrahedron as MO SO" SO 
shown in Fig. 153a. This is different 
from the scheme ‘two above’ or ‘t 
wo Wir ~K 2 , 


below’ which worked for potassium 

phosphate, for in the new scheme the di- 

pole moments are directed perpendicular “0 YB 32 
to the c-axis. The elementary dipoles 

form polar chains (Fig. 1535) strung out along one of the coordinate axes, either X or 
Y. In addition, neighbouring chains are directed antiparallel which corresponds to an 
antiferroelectric state. This scheme for the structural transition in ammonium phos- 
phate has been confirmed by X-ray diffraction and by dielectric and optical investiga- 
tions. Neutron diffraction is made difficult by the fact that large crystals of ammonium 
phosphate disintegrate below the Curie point. 


(e) The Structure of Rochelle Salt. Rochelle salt is a salt of tartaric acid 
H,C,H,O, = (HC .OH .COOH),. The acid molecule is a dimer and its structure 
is shown in Fig. 154. The carbon and oxygen atoms in the monomeric groups in the 


He 


O%. Hz 


Hs 


Fic. 154. Structure of the molecule of tartaric acid H,C,H,0, 
and of its ion C,H,O;7?. 
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molecule of tartaric acid are rotated relative to each other by 63°. The basic structure 
of the salt of tartaric acid is formed by the tartrate ions C,H,O%* the structure of 
which is similar to the structure of the acid molecule if the hydrogens H, and H, are 
replaced by electrons (Fig. 154). The sodium potassium salt of tartaric acid 
NaKC,H,O . 4H,0 crystallises in two modifications: triclinic, containing two acid 
molecules in the unit cell and having a centre of symmetry; and rhombic, containing 
four acid molecules and having no centre of symmetry. The crystal structures of both 
modifications are very similar but the dielectric transition takes place only in the 
rhombic modification which is usually called Rochelle salt. The ferroelectric transi- 
tion is accompanied by a lowering of symmetry from rhombic to monoclinic and by a 
small monoclinic deformation (at 11° C the monoclinic shear is 3 and the monoclinic 
angle B = 90° 3). The axes of the rhombic (0) and the monoclinic (m) cells are 
connected by the relations 


A, = bn, 6, = Any Co = Cm 


The ferroelectric axis is the monoclinic axis b,, = a,. The space group of the crystal 
changes in the transition 


P2, 2,2, 2 P24. 


The determination of the structure of Rochelle salt particularly in the ferro- 
electric region is a very difficult problem, for the construction of only one two- 
dimensional projection requires a knowledge of 112 atomic coordination parameters. 
The addition of anisotropy of thermal vibrations still further complicates the problem. 
The difficulties are aggravated by the smallness of the structural and thermal effects in 
Rochelle salt as compared with the analogous effects in barium titanate or ammonium 
phosphate. 

Only neutron spectroscopy using the method of deuteration has enabled the 
true symmetry of the ferroelectric modification to be obtained. The neutron scattering 
amplitudes of the hydrogen isotopes differ in sign (H = —0°38x107'* cm; 
D = 0-65 x 107 !? cm), so crystallising from a solution which has a suitable concen- 
tration of heavy and light water, we can obtain partially deuterated crystals of 
Rochelle salt in which the neutron scattering of the H and D atoms cancel each other 
out. The absence of the odd orders of reflection 0x0 in the ferroelectric phase indicate 
a P2, group. These results show for certain that the spontaneous polarisation is 
connected with displacements of the hydrogen atoms. Fig. 155 shows the projections 
of the crystal structure of Rochelle salt as obtained by X-ray and neutron diffraction: 
the lower projection gives the positions of all the atoms including those of hydrogen. 


The Domain Structure of Ferroelectric Crystals 


Below the Curie point, ferroelectrics even in single crystal form are similar to 
ferromagnetics in that, in the absence of an external field, there is no apparent macro- 
scopic spontaneous polarisation. This is explained by the existence of regions in the 
crystal—the domains—with different directions of spontaneous polarisation, as a 
result of which the polarisation vectors of the individual domains in the crystal cancel 
each other out and the resultant polarisation is zero or very small, although the 
individual domains are strongly polarised. The reason for the appearance of domains, 
as was first shown by Landau and Livshits for ferromagnetics, is that the polarisation 
energy of the crystal is thereby lowered. The energy of polarisation is equal to the 


FERRO- AND ANTIFERROELECTRICS 295 


(095) 
we (057) 
y 
(0-82) Q 52) 
: \ aan 
O88) Se 
0% @ Na 
Libel (0- Moos (050 ef \ et 
ee | he 065) © O or OH 
—/ 45) 
A (050) "pe : 4) (ase oY O1,0 
/ o~ Oy Q we 
(8) ape Obs a 
0-05) 3 


Fic. 155. Projections of the crystal structure of Rochelle salt: (@) as obtained 
from the X-ray results of Beevers and Hughes, (4) as obtained from the neutron 
diffraction results of Frazer. 
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product of the depolarising field and the polarisation. When domain structure is 
formed, the crystal surface becomes a mosaic of positively-charged, negatively-charged 
and neutral regions, and the mean surface charge and the depolarising field become 
zero. 


5. Electrical Conductivity of Crystals 


Electrical Conductivity of Solid Electrolytes 


The mobility of ions in a crystal under the influence of an electric field is closely 
connected with their diffusional mobility. This is shown by the fact that, at sufficiently 
high temperatures, the temperature dependence of the electrical conductivity of solid 
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FIG. 156. Temperature dependence of the electrical conductivity of 
alkali halide compounds. 
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electrolytes as well as of the coefficient of diffusion are expressed by the exponential 
formula 


o = Aexp(—OQ/kT). ... [9.112] 


Fig. 156 shows the dependence of the logarithm of the electrical conductivity on 1/T 
for a variety of alkali halide compounds. At high temperatures the experimental 
points for two artificially grown pure single crystals of each substance are in satis- 
factory coincidence with the straight lines which correspond to formula [//2]. At 
low temperatures the electrical conductivity depends mainly on the history of the 
specimen and its impurity content. The marked divergence in the results for NaCl is 
explained by the fact that the measurements were carried out, not with artificial, but 
with natural crystals of rock salt. 

The mobility of the ions depends on the ionic radius, charge, and so on, and can 
be very different even for the ions in a single crystal. Table 59 gives the ionic transport 
numbers, that is the fraction of ions of each kind in the current. As the Table shows, 
in the halides of silver and the alkali metals at not too high temperatures, mobility is a 
property of the cations because they have smaller ionic radii than the anions. 


Table 59 


Transport Numbers for Solid Electrolytes at Various Temperatures 


Tempera- | Tempera- 
Com- ture N4 n_ Com- ture Ny 
pound in °C pound in °C 


| ES | eS 


1:000 | 0-000 AgCl 20-350 1-00 0-00 
0-996 0-004 AgBr 20-300 1-00 0-00 
0-916 0-084 BaF, 500 0-00 1-00 
0-861 0:139 BaCl, | 400-700 0-00 1:00 
1:000 | 0-000 BaBr, | 350-450 0-00 1-00 
0-981 0-019 PbF, 200 0-00 1-00 
0:946 0-054 PbCl, | 200-450 0:00 1-00 
0:929 0-071 PbBr, | 250-365 0-00 1-00 
0-956 0-044 PbI, 255 0-39 0-61 
0-941 0-059 290 0:67 0-33 


In the halides of barium and lead on the other hand the anions possess the 
mobility. As the temperature is raised there is a rise in mobility and different ions may 
take part in the current at the same time. 

In the electrolytes, oppositely charged ions move in opposite directions along the 
lines of force of the field. As a result of this, ionic conductivity is accompanied by 
electrolysis, that is, by chemical decomposition of the substance under the influence 
of the electric field. Electrolysis obeys the well-known Faraday’s Law, which states 
that the amount of a substance deposited at an electrode is exactly determined by the 
total electric charge flowing through the electrolyte and by its electro-chemical equi- 
valent. If a part of the electric current is carried by electrons we can determine the 
fractions of ionic and electron conductivity by comparing the electrical and material 
currents. 
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Electrical Conductivity of Metals 


It is well known that metals are good electrical conductors and that the current 
carriers are electrons. The latter can be demonstrated by a variety of experiments: 
for example Riecke, aiming to demonstrate electrolysis in metals, passed a constant 
electric current for ten years through a cylinder composed successively of copper, 
aluminium and copper. The result of this experiment was that there were no measur- 
able traces of electrolysis, and shows the electronic nature of metallic conductivity. 
The nature of the current carriers in conductors can also be established by determining 
the ratio e/m for the current carriers by means of electron inertia experiments. The 
idea behind such an experiment is that, if the motion of a piece of metal is accelerated 
(either by an impulse or by sudden stopping) the free electrons will lag behind or get 
ahead of the atomic lattice. This produces a rapid redistribution of the electric charges 
which leads to the appearance of some potential difference which may show up as a 
current pulse. Such an experiment was carried out by Mandelshtam in 1913-14. 

The idea of the converse electro-inertial experiment was suggested by Maxwell 
and was as follows: if an electric current is flowing through a freely suspended metallic 
coil screened from magnetic fields, then the coil must rotate in one direction when the 
current is switched on and in the opposite direction when the current is switched off. 
This experiment was first attempted by Malinowski and repeated with positive results 
by Barnett (1931). The ratio e/m found by it was close to the corresponding value 
for cathode rays. 

The strength of the current in a metal is linearly related to the applied potential 
difference (Ohm’s Law), and this is applicable within a wide range of current density. 
Departures from the linear dependence were not observed at current densities up to 
10’ amp/cm’, which corresponds to the passage of 6x 10?° electrons per second 
through each sq. cm of cross-section of the conductor. Experiments with still higher 
current densities are made very difficult by intense Joule heating of the conductor. 

The ability of various conductors to pass an electric current is measured by the 
coefficient of proportionality in Ohm’s Law. In ordinary calculations one frequently 
makes use of the specific conductivity o or its reciprocal, the specific resistivity p. 
Both these quantities refer to a volume of metal having the shape of a cube with edge 
1 cm, in which volume there are different numbers of atoms for different metals. 
Theoretically it is more convenient to use the atomic electrical conductivity which is 
referred to a gm-atom of the substance, also in the form of a perfect cube. If A is the 
atomic or molecular weight and 6 is the density then the volume of the gm-atom is 
A/éd. Consequently the atomic conductivity is 


a4 = 0 (A/6)}. Lo. [9.113] 


Table VI of Appendix I gives the specific electrical resistivity of metals at 0° C. As 
these data show there is no simple relation between p and the position of the element 
in the periodic table (i.e. between p and atomic number or basic valency). Nonethe- 
less, there must be a relation between the electrical conductivity and the electron 
Structure of the metal. Thus the highest electrical conductivity is found in monovalent 
metals, that is metals of the copper group and the alkali metals. As the valency is 
increased there is a significant reduction in electrical conductivity, as can be seen by 
comparing the electrical conductivities of the alkali and the alkaline earth metals and 
also by comparing the metals of the copper and zinc groups. The electrical conduc- 
tivity of the transition metals is also much less than that of the monovalent metals. 
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In cubic crystals the electrical conductivity does not depend on the crystal direc- 
tion. In crystals with other types of symmetry there is anisotropy in the electrical 
conductivity. In uniaxial crystals the magnitude of the specific electrical resistivity 
in a direction at an angle @ to the principal axis of the crystal is 


Po = Pi cos’ +p, sin’ ¢, 
where p, and p, are the magnitudes of the specific resistivity corresponding to electric 
currents parallel and perpendicular to the principal axis. Table 60 gives data for the 
anisotropy of the electrical resistivity of several uniaxial crystals. 
Table 60 


Specific Resistivity (ohm.cm) for Several Uniaxial Crystals 


rec 
18 3°37 4-54 


Crystal System py x10° | p,x10° 


Hexagonal 
Hexagonal 0 5-83 5:39 
Hexagonal 0 7-65 6:26 
B-Sn Tetragonal 0 13-13 9-05 
Sb Rhombohedral 0 31-8 38:6 
Rhombohedral 0 127 100 


In zinc and cadmium crystals, which have structures of the h.c.p. type but some- 
what extended along the principal axis, the specific resistivity along the principal axis 
is greater than in the perpendicular directions. In a magnesium crystal which has a 
structure somewhat compressed along the principal axis the resistivity along this axis 
is less than in the other directions. However such a simple relation between the 
resistivity and the density of packing of atoms is not found in the isomorphic crystals, 
antimony and bismuth. In bismuth the electrical resistivity in a direction perpendicular 
to the atomic layers is greater than in directions parallel to the atomic layers. In 
antimony the relationship between the electrical resistivity in these directions is the 
opposite of that for bismuth. 

The electrical resistivity of disordered solid solutions increases with increasing 
concentration and does not depend on whether the solute has greater or less electrical 
resistivity than the solvent (Fig. 157). When order is produced in a solid solution the 
electrical resistivity falls. Thus minima occur in the curve of electrical resistivity of 
annealed alloys, these minima corresponding to the formation of ordered structures 
such as Cu,Au and CuAu. 

Plastic deformation of crystals produces some distortion of the crystal lattice 
and raises the specific resistivity by amounts which may be as much as several tenths 
of the resistivity at normal temperatures. In tungsten for example, the increase 
reaches 50°%. 

Raising the temperature of a metal crystal increases its electrical resistivity. At 
not too low temperatures the electrical resistivity increases proportional to tempera- 
ture. When metals melt there is an increase in electrical resistivity, usually by about 
a factor of two, but in mercury and in other cases where melting is accompanied by 
positive changes in volume the increase is about four times. In metals, where the 
volume is reduced on melting there is quite a large reduction in electrical resistivity, 
for example, gallium by 53°%, antimony by 29%, and bismuth by 547%. At low 
temperatures there is a departure from the linear dependence and the electrical resis- 
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tivity tends to some constant value p, for a given specimen (Fig. 158). po is called the 
residual resistivity and for a given metal is different for different specimens since it 
depends on the impurity content and the damage to the structure which has been 
produced by plastic deformation. The purer the metal and the less it has been de- 
formed, the less is the residual resistivity. The increase in electrical resistivity of 
metals resulting from damage to the regular crystalline lattice, whether by formation 
of solid solutions or by plastic deformation or by rise in temperature, shows that a 
possible reason for the appearance of electrical resistivity in metals may be distortions 
of the regular periodic structure. If this is so, then we may suppose that the resistivity 
of pure, undeformed metal crystals will tend to zero when the temperature tends 
towards 0° K. 

The emission of Joule heat when an electric current passes through a metal is 
evidence for an interaction of the conduction electrons with the crystal lattice in the 
form of inelastic collisions of electrons with the atomic framework. If a metal crystal 
is heated unequally, the free electrons take part in the transport of thermal energy 
from the hotter parts to the cooler parts. If the heat transfer by the free electrons is 
much greater than the heat transfer by the atoms, then we may expect a relation 
between the electrical and thermal conductivities of metals. This relation in fact 


exists and is expressed by the Wiedemann-Franz Law which was originally discovered 
experimentally 


K/o = aT. ... [9.114] 


This shows that the ratio of the conductivities is proportional to the absolute 
temperature. 


6. Superconductivity 


Zero Resistivity and the Temperature of Transition to the 
Superconducting State 


If we extrapolate to T = 0 we might expect that the dependence of the resistivity 
of a metal p(T) on temperature would be of one of the forms shown in Fig. 159: (Curve 
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1), the resistivity is produced by scattering of electrons by thermal atomic vibrations of ‘ 
the crystal and falls to zero; (Curve 2), in the presence of impurities and of lattice 
deformation the resistivity tends to a constant value; (Curve 3), as a result of reduc- 
tion in the number of current carriers or of their mobility, the resistivity passes through 
a minimum. 

Experiments to decide this problem were carried out in 1908 using low tempera- 
ture liquid helium techniques and the results were unexpected: Fig. 160 shows the 
measured dependence of the resistivity of pure platinum where the curve of p(7) tends 
to some finite value py. In spite of all attempts to reduce the impurity content, the 
residual resistivity of platinum remained at this value p>. Kammerlingh Onnes (1911) 
carried out experiments with mercury which can be obtained in a very pure form and 
he discovered that at temperature 7, ~ 4-2° K the electrical resistivity falls discon- 
tinuously and becomes zero. The temperature 7, thus divides the regions of the 
normal and superconducting states of a metal. The temperature dependence of p for 
mercury thus does not correspond to one of the three cases considered above for the 
extrapolation of the high temperature part of the curve p(7). Another unexpected 
result was that addition of impurities to the mercury did not suppress appearance of 
superconductivity and the complete disappearance of resistivity. In a ring made of a 
superconductor, a constant electric current did not die out in prolonged experiments. 
Attempts to estimate the decay of the current from these experimental data show that 
the residual resistivity of a superconductor p,, if it exists at all, must be less than 
10~!7 p, where p is the resistivity at room temperature. Theory and experiment lead 
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waves. That is, lattice distortions of one kind or another do not prevent the appear- 

ance of superconductivity. This shows that the conduction electrons in the super- 

conducting state are transferred to a special energy state and do not interact with the 
crystal lattice. 


The Influence of a Magnetic Field 


A sufficiently strong magnetic field destroys the superconducting state. The 
magnitude of the field H, required for the transition from the superconducting to the 
normal state, depends on temperature and increases as T falls (Fig. 162). For many 
semiconductors this dependence can with sufficient accuracy be described by a parabola 


H, = Hy [1—T/T.)*], ves [9.115] 


where Hy ts the critical field for complete destruction of superconductivity at tem- 
peratures such that 7-0. The superconductivity can also be destroyed by the influence 
of the magnetic field produced by the current itself. Thus there is a limiting current 
strength in a superconductor. For a long straight wire of radius r the limiting current 
is determined by the relation 


H, = 2ljr. ... [9.116] 


that is, by the condition that a critical field strength is reached on the surface of the 
wire. If the current exceeds the value given by formula [//6] then ohmic resistance 
is produced in the metal and Joule heat begins to be evolved. As experiments with 
lead wires show, this Jeads to melting of the wire even if it is immersed in liquid 
helium. Such melting is explained by bad heat transfer resulting from evaporation of 
helium and the development of gaseous bubbles on the surface of the wire. 


The Influence of Pressure 


An external pressure p produces changes in T, and changes in the strength of the 
magnetic field required to destroy superconductivity. Thus in tin and indium there is 
an increase in H, and 6H,/6p ~ 10°. The magnitude of the change depends on 
temperature. For tantalum we have 


T 3:90 4-00 4-11 4-22 
OH,/dp 1-9 2°6 3°8 4:7x 107? 


In the case of thallium one finds a non-linear dependence (Fig. 163): at low 
pressures 7, increases, then passes through a maximum and at high pressures falls 
again. 
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Ejection of the Magnetic Flux (Meissner, 1933) 


When a superconductor is cooled in a magnetic field then at the transition to the 
superconducting state the lines of magnetic induction are pushed out of it (Fig. 164). 
The superconductor behaves as an ideal diamagnetic, inside which B = 0. Thus for 
the diamagnetic susceptibility of a semi-conductor we have 


Xsuperconducting ~ —4n. 


This property of a superconductor does not arise as a consequence of the destruction 
of resistivity, for we can show that an ideal conductor is not an ideal diamagnetic. 
From Ohm’s Law E = pj it follows that at a finite current density j, if p = 0 then 
E = 0 and thence also curl E = 0. 

Maxwell’s equation, 


B 
— = —ccurlE, ... [9.117] 


then shows that dB/dt = 0 and that consequently the flux of magnetic induction does 
not change in an ideal conductor. 
Influence of the Shape of the Specimen. The Demagnetising Factor 


The shape of the specimen has an important effect on magnetisation: only for an 
infinitely long cylinder magnetised parallel to its axis are all points on the surface 
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subject to a field of uniform intensity, and in this case the magnetisation curve in- 
creases linearly with magnetic field strength (Fig. 165a). When the value of the critical 
field H, is reached the magnetisation falls sharply; the metal changes into the normal 
state and loses its property of being an ideal diamagnetic. 

Fig. 1655 shows the magnetisation curve of a superconducting sphere. Here a 
linear increase of magnetisation takes place until the external field is H = 2 H, when 
the resultant magnetic field on the equator of the sphere reaches the critical value and 
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Fic. 165. Magnetisation curves: for (a) a superconducting long cylinder, 
(b) a superconducting sphere. 


the equatorial region begins to transform to the normal state. As the external field is 
increased the volume of the superconducting part decreases and at H = H, the transi- 
tion to the normal state is complete. At field strengths which lie between 2 H, and 
H, the sphere is in an intermediate state. 


The Intermediate State 


The transition from the normal to the superconducting state is a phase transition. 
The intermediate state is a heterogeneous mixture of the superconducting and normal 
phases and the boundary dividing the superconducting and the normal regions has a 
surface energy. Landau showed theoretically that the intermediate state of a super- 
conductor must be a complex branched system of layers of both phases. Its topo- 
graphy was investigated experimentally by Shal’nikov and Meshkovsky using a tin 
sphere with diameter 40 mm consisting of two hemispheres between which there was 
a plane gap of thickness 0-2 mm. A very small bismuth spiral was introduced into 
this gap, and the magnetic field in different parts of the gap determined by measuring 


the resistance of the spiral. Fig. 166 shows the map of the superconducting and 
normal regions thus obtained. 


The Specific Heat Discontinuity 


As the solid line in Fig. 167 (Keesom and van Laer) shows, there is a specific heat 
discontinuity at the transition to the superconducting state in tin. This discontinuity 
is analogous to that observed when a system passes from the disordered to the ordered 
state and shows that the superconducting transition is a second order phase transition. 
Near the transition point the entropy of a superconductor increases relative to that 
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Fic. 166. Topography of the intermedi- 
ate state formed when an external field 
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two tin hemispheres. 
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Fic. 167. The discontinuity in thermal 
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of the normal state. In absolute magnitude the specific heat discontinuity is small 
and for tin is 


Ac = 0-003 cal/mole . °C, 
which is an order of magnitude less than the discontinuity at the magnetic transition 
(Ac = 0:03 cal/mole . °C in nickel) 


and almost two orders of magnitude less than the discontinuity arising from atomic 
ordering (Fig. 209) 


(Ac = 0:15 cal/mole . °C in B-CuZn). 
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This indicates that the interaction 
which produces the transition to 
the superconducting state is small. 
The dotted curve in Fig. 167 gives 
the specific heat for the normal 
phase measured in a magnetic field 
strong enough to destroy super- 
conductivity, and this curve is the 
extrapolation of the curve c(T) 
above 7,. Destruction of super- 
conductivity in a magnetic field is 
accompanied by the emission of 
the latent heat of the transition and 
is a first order phase transition. 


The Gyromagnetic Ratio 


Kikoin and Gubar measured 
the gyromagnetic ratio for a 
superconductor and found it to be 
— e/2mc, which corresponds to the 
ratio for orbital moments. Conse- 
quently, diamagnetism of a super- 
conductor is produced by electric 
currents and is not connected with 
the electron spins. 


The Frequency Dependence 


Fig. 168 shows the tempera- 
ture dependence of the resistivity 
of tin at various alternating current 
frequencies. For a constant cur- 
rent and for frequencies less than 
10’ c/s there is an abrupt fall of 
the resistivity to zero (curve 1). 
However at higher frequencies the 
resistivity of a superconductor be- 
low T, remains at a finite value 
which is larger the higher is the 
frequency (curves 2 and 3). In the 
infra-red region (~2x10' c/s) 


Fic. 170 
Dependence of the logarithm of the 
critical temperature on the logarithm of 
the mean value of the mass number for 
various isotopic mixtures of mercury. 
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the absorption in the normal and in the superconducting states is the same and does 
not depend on temperature (curve 4). 


Thermal Conductivity 


In pure metals, the transition to the superconducting state is accompanied by a 
reduction in thermal conductivity. This can be seen for tin in Fig. 169 and for lead 
in Fig. 247 (page 406), and shows that superconducting electrons cease to interact 
with the lattice and do not take part in heat transport. 


The Isotope Effect 


Fig. 170 shows, on a logarithmic scale, the critical temperature for specimens of 
mercury with different isotopic composition. Increase of the mass number M from 
199-5 to 203-4 leads to a reduction of the temperature 7, from 4-185 to 4:146° K. 
The experimental points on Fig. 170 fall very well on a straight line with slope close 
to 4. Thus 

M?T, = const. ... [9.118] 


Relation [1/8] shows the connection of superconductivity with the maximum 
frequency in the thermal vibration spectrum of the crystal v,,, or with the character- 
istic temperature 0. As formula [14.28] shows hv,, = k@ (we leave out the index m 
on the 6) and from [74.50] it follows that the characteristic temperature is proportional 
to the velocity of sound c. Now according to [14.30] the velocity of sound is recipro- 
cally proportional to the square root of the density, and the density of a body under 
given conditions is proportional to the mass of the particles composing it, M. Hence 
it follows that the critical temperature of a superconductor under uniform conditions 
is proportional to the characteristic temperature or to the maximum energy of phonons 
in the spectrum of free oscillations of the crystal. 


The Energy Gap. Investigations with Photons and Phonons 


The transition from the normal to the superconducting state is a sharp second 
order phase transition and is accompanied by small changes in other properties. Thus, 
in a transition through T7., the velocity of sound (at @ = 5 x 10* c/s) in tin, changes by 
a few millionths. There are also changes of state of the valence electrons, which 
below 7, do not interact with the lattice and this leads to a change of specific heat, 
thermal conductivity, thermoelectric properties and so on. The superconducting 
(ground) state is separated from the normal (excited) state below 7, by an energy gap 
AE, ~ 1074 eV. 

The first indications of the existence of the energy gap were obtained from the 
exponential law for the reduction in the electron specific heat in a superconductor 


Ces ™ yT, exp (—bT,/T) ™ Cys CXP (—bT,/T). 


The existence of such a gap can be demonstrated by various delicate methods in 
which the means of investigation are photons or phonons. Thus, the transition of 
electrons from the superconducting level to the normal level must be accompanied 
by absorption of electromagnetic waves. The absorption band lies in the region 
hy ~ kT,, which corresponds to a frequency of 30-150 kilomegacycles per second, or 
a wavelength of 1 cm or less. The effect of this absorption at a temperature below 
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Fic. 171. The temperature dependence of the absorption of supersonic waves 
in a single crystal of tin: (a) for» = 10-3 Mc/s; the dotted line shows absorption 
for the normal state; (6) for w = 33-5 Mc/s. 


the critical can actually be observed in tin and aluminium when the width of the gap 
~2 kT. 

In pure metals at temperatures below 10° K there is a sharp increase of ultra- 
sonic absorption in the range 10-40 Mc/s (Fig. 171) which is explained by the absence 
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of interaction between electrons and lattice in the superconducting region leading to 
a greatly reduced damping. This effect is observed in In, Sn and Pb, particularly 
interesting results having been obtained recently by Morse and Bohm who were 
carrying out detailed investigations of damping in the superconducting region (Fig. 
1716). According to the microscopic theory, the ratio of the damping coefficients in 
the superconducting and normal phases is given by the formula 


a,/a, = 2/(exp {AE,/kT} +1), ... [9.119] 
where AE, is the width of the energy gap. Fig. 172 shows the change of width of the 


gap AE,(7) as a function of temperature; from the experimental data AE(0) = 1:77kT, 
while theory gives 1-75 for the numerical coefficient. 


Thermodynamics of Superconductivity 


For the sake of simplicity we shall leave out those complications which are 
introduced by the shape of the specimen and are connected with the intermediate 
State. Suppose that the specimen has the shape of a long cylinder and is situated in a 
magnetic field H parallel to the cylinder axis. Take the temperature 7 as constant 
and less than 7,. A sufficiently strong field destroys superconductivity and transfers 
the specimen to the normal state. Call the free energy of the normal state F,. When 
the strength of the magnetic field is reduced to the critical value H, at a given tem- 
perature 7, the specimen goes over to the superconducting state. In this state, call 
the free energy F,. Now let us find the difference of the free energies of these states. 
Neglect volume changes in the metal in the superconducting transition and also 
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Fic. 172. The temperature dependence of the width of the gap AE; between 
the normal and the superconducting states of tin; the unbroken curve is 
drawn from equation 9.119 with AE; (0) = 1°77 kT,. 
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neglect the surface energy on the boundary of a superconducting phase. In this 
approximation, the change of energy in the transition to the superconducting state is 
determined by the Meissner effect and is equal to the energy of the magnetic field 
which is driven out from the superconductor. Consequently 


F,—F, = H2/8n. ... [9.120] 
Formula [/20] is basic to the thermodynamics of phase transitions from the normal 


to the superconducting state. 


dF 
The entropy S = —P so difference in entropy between the normal and super- 


conducting phases is 
dH, 
dT 


S,—-S, = —(H,/4z) 2. [9.127] 


, , ._. ai, , ; 
The differential coefficient IT is always negative so the entropy of the super- 


conducting phase is less than or equal to the entropy of the normal phase. At the 
transition point, H, = 0 so the entropies are equal at this point. Isothermal destruc- 
tion of superconductivity by a magnetic field is accompanied by the absorption of 
heat q = T(S,—S,). Substituting from [/2/] we obtain 


dH, 
dT’ 


In the absence of a magnetic field (H, = 0) the heat of transition g = 0 since at 


q = —(TH,/4n) ». . [9.122] 


; . ., 4H, ; ; ws 
T, the differential coefficient 7p Temains finite (cf. [775]), and so the transition to 


the superconducting state in this case is of second order. In a magnetic field this 
transition is accompanied by the absorption of heat. In the reverse direction there is 
emission of heat and it is thus a first order phase transition. 


, . dS , , 
The specific heat is C = T iT) and the difference of specific heat between the 


superconducting and the normal phase is thus: 


on le dH.\* TH, d7H, 9.133 

 4n\ dT 4x dT? 19123) 

In the absence of a magnetic field, that is when T = 7, we obtain Rutger’s formula 
c= T, (dH.\* 9.124 

=4,\ar _, ... [9.124] 


from which it follows that at the transition temperature the specific heat changes 
discontinuously. 


Comparison with Experiment 


We have already given experimental data on the specific heat discontinuity in the 
superconducting transition of tin in the absence of a field and on the existence of a 
latent heat of transition in a magnetic field. These show experiments are in qualitative 
agreement with the conclusions of the thermodynamic theory. That there is also good 


quantitative agreement with the values calculated by the thermodynamic formula 
[124] is shown by the experimental data in Table 61. 


Table 61 


Comparison of Formula (124) with Atomic Heat Measurements 


Atomic Ac x 10° cal/°C.gm. at. 
Volume V (dH7,/ aT) 7 = 7 ° em 
cm3/gm. at. gauss/"C Calculated Measured 

17:8 200 10 
10-9 320 9-4 
16:1 151 2°61 
15-2 146 2:08 
16°8 139 1-47 
9-9 177 0:71 


New Ideas about the Microscopic Theory 


Recently Bardeen, Cooper, Bogolyubov and others (1957) have worked out a 
microscopic theory of superconductivity which in principle gives hopes of under- 
standing the phenomenon. We shall now briefly consider the physical basis of this 
theory which applies to an idealised model where, for the present, the structural 
peculiarities of the metal are completely neglected. Thus the metal is considered as 
a potential well filled with an electron gas obeying Fermi statistics. Between individual 
electrons there act forces of Coulomb repulsion weakened in large measure by the 
field of the atomic lattice. The isotope effect in superconductivity appears through the 
interaction of the electrons with the thermal vibrations of the lattice, that is, with the 
phonons. 

As Frohlich pointed out in 1950 forces of attraction may arise between individual 
electrons as a result of the interaction of the electrons with the lattice. The mechanism 
of this interaction is analogous to the mechanism of Coulomb interaction between 
charged particles in a vacuum—that is the particles are supposed to be continuously 
exchanging virtual phonons. As quantum electrodynamics shows, the result of this 
exchange is the formation of an interaction between any two particles, the energy of 
which is proportional to the product of their charges and reciprocally proportional 
to the distance between them. The sign of the energy is determined by the product 
of the signs of the charges of the particles. This is Coulomb’s Law. Free electrons 
in a metal lattice lying near the upper limit of the filled energy band, that is in a 
narrow layer close to the Fermi surface, also exchange photons but this exchange is 
weakened as was shown above by screening. The important exchange here is of 
phonons which leads to a weak attraction between the electrons. If this attraction is 
larger than the Coulomb repulsion then connected electron pairs are formed with 
lowered energy. The energy of binding of such pairs, A, is expressed by a rapidly 
varying function of the resultant moment k and reaches a maximum when k = 0, 
that is for electrons situated on diametrically opposite ends of the Fermi surface. 

Electron pairs in which the spins are compensated have resultant spin zero, and 
behave like particles obeying Bose statistics. Now a gas of Bose particles has very 
different properties from a gas of Fermi particles. In particular at sufficiently low 
temperatures it exhibits superfluid properties, and for a gas of charged particles this 
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state becomes one of superconductivity. The phenomenon of superfluidity in helium 
was discovered by Kapitza in 1938; of the two helium isotopes, He* and He’, super- 
fluidity is a property of He*, the atoms of which have even resultant spin, and not of 
He’, the atoms of which have uneven spin. The macroscopic theory of superfluidity 
was developed by Landau (1941) who was working on the hydrodynamics of quantum 
liquids, while the microscopic theory of superfluidity was put forward by Bogolyubov 
(1947). There is a great similarity between the phenomena of superfluidity and super- 
conductivity. | 

At absolute zero the energy level of the electron pairs described above (ground 
state) lies a distance A = w exp (—1/p) below the Fermi level, where w is the Debye 
frequency of the crystal spectrum and p is a quantity which measures the binding of 
electrons to the lattice. In the ground state the electron pairs do not interact with the 
lattice and the metal exhibits superfluidity. Heating the metal is accompanied by 
breaking up of the electron pairs and transition of electrons from the ground to 
excited levels which belong to the energy spectrum of a metal obeying the normal 
Fermi Statistics. The maximum temperature of complete transition of the metal to 
the normal state is the transition temperature at which superconductivity is destroyed 
T. = 1-140 exp (—1/p), where 0 is the Debye temperature. Preliminary calculations 
give 1/o>2, so the temperature of transition to the superconductivity state is an order 
of magnitude lower than the Debye temperature. 

The microscopic theory of superconductivity has clarified the basic facts about 
superconductivity. These are the dependence of T. on the isotopic mass, the infinite 
conductivity (E = 0), the Meissner effect (B = 0), the exponential dependence of the 
electron specific heat near T = 0, and the second order phase transition at T,. Some 
of the conclusions of the theory show good quantitative agreement with experiment 
but there are still many unsolved problems, including: the distribution of super- 
conducting metals in the periodic system, the dependence of 7, on the composition 
and structure of superconducting compounds, the possibility of producing super- 
conductors with the highest possible transition temperature and so on. 


Problems 


—" 


. Calculate the polarisability of a hydrogen atom in the Bohr approximation. 
2. Find the polarisability of a bound electron (frequency of free vibration w,) in the 
field of an electromagnetic wave of frequency w. 

. Find the depolarising field in the centre of a uniform polarised sphere. 

. Find the value of the internal field for a uniformly polarised system of dipoles. 

. Find (cos* $;)mean in formula [7] of the solution of the previous problem for a 

cubic system of dipoles. 

6. A specimen in the form of a small cube with edges parallel to the axes x,, x, and 
X3 1s cut out from a crystal of quartz. Find the deformation of the specimen if a 
difference of potential of a thousand volts is applied to its faces perpendicular to 
the x-axis. The cube edge is 1 cm. 

7. Find the relationship between the components of the piezoelectric tensor of 

group 2. 


tran B&B W 


Chapter 10 


MAGNETIC PROPERTIES OF CRYSTALS 


1. Basic Types of Magnet 


Magnetization and Magnetic Susceptibility 


When a body is brought into a magnetic field it becomes magnetized and a 
magnetic moment M is developed which is the resultant of the elementary magnetic 
moments m, belonging to the individual particles of the body. The magnetization I 
is defined as the magnetic moment per unit volume 


I=M/v =) mo ... [10.7] 


The summation in formula [/] is vectorial. In practice one frequently uses the 
specific magnetization o which is related to the unit of mass 


6 = M/m = I/p ... [10.2] 


where m is the mass and p the density of the substance. In theoretical work the most 
useful quantity is the molar magnetization o, which relates to the gram atom or to 
the gram molecule of the substance 


o, = (M/m)A, ... [10.3] 


where A is the atomic or molecular weight. The magnetization increases with in- 
creasing intensity of the magnetic field H, and corresponding to the three definitions 
of magnetization [/-3] we have 


Il=«xH; o=Y7H; o, = YH. ... [10.4] 


The coefficients of proportionality in [4] are called the magnetic susceptibilities, x is 
the volume susceptibility, 7 the mass susceptibility, and vy, the molar susceptibility. 
They are related to each other by the equations 


XL=k/p; Xa = (k/p) A. ..- [10.5] 


Diamagnetism and Paramagnetism 


If the magnetic susceptibilities in [4] are scalar quantities then the magnetization 
vector I is collinear with the vector H. There are two possible cases: I is (1) parallel, 
(2) antiparallel to the vector H and these correspond to two classes of substance: 
paramagnetics and diamagnetics. In a non-uniform magnetic field, paramagnetics 
set themselves in the region of greatest intensity while diamagnetics move out of the 
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field. For para- and diamagnetic bodies the coefficients x, y and yx, are positive or 
negative constants, that is the dependence of magnetization on field strength is linear 
(Fig. 173). In the majority of cases the numerical value of the magnetic susceptibility 
of diamagnetics is small compared with that of paramagnetics. 


Ferromagnetics 


When the temperature of some paramagnetics is lowered a magnetic transition 
takes place, characteristic of a second order phase transition (discontinuity of thermal 
capacity etc.). The relation between the vectors I 

I, gauss and H ceases to be linear and we find a more com- 
plex curve (Fig. 174), which becomes a hysteresis 
loop when the magnetization varies cyclically. Even 
in weak fields the magnetization is of the order of 
several gauss and tends to a saturation value, [,, 
which is many times greater than the magnetization 
of common paramagnetics. The state of a body 


H, oersted 


£00 £00 I, gauss 


~O-0U05 


Fic. 173. General form of the 
dependence of J on H for dia- 
and para-magnetics. 


200 


Ferromagnetics 


thus described is called ferromagnetism and the 100 
temperature of the ferromagnetic transition 1s 
called the Curie temperature. A typical example 
of a ferromagnetic is a-iron, the Curie temper- 
ature for which is 780° C. Above the Curie tem- 


perature, iron behaves as an ordinary paramag- f é 
netic. It should be noted that the temperature H, oersted 
of the magnetic transition does not correspond Fic. 174. Dependence of J on H 


to the temperature of the polymorphic a = y for a ferromagnetic. 


transition of iron, which is 906° C. 


Magnetic Permeability 


The normal magnetic state of a ferromagnetic is one of spontaneous magnetiza- 
tion. The field inside a ferromagnetic is measured by the magnetic induction B and 
is made up of the applied field H and an internal field H,, 


B= H+H,y = pH. ... [10.6] 


The quantity y: determines the enhancement of the magnetic field within a magnet 
and, for a given magnet, is called the magnetic permeability. The internal field is due 
to the orbital and spin magnetic moments and is connected with the magnetization 
by the relation 


Hy = Ani. ... [10.7] 
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From [6] and [7] we have 
B= pH = H+4al = H (14+4nank), ... [10.8] 
from which 


w= 14+42k. ... [10.9] 


The Temperature Dependence of Magnetic Properties 


The diamagnetism of the majority of substances does not depend on temperature, 
while paramagnetism, with few exceptions (the alkali metals), is strongly temperature 
dependent. As Curie showed, the magnetic suscepti- 


I bility of a paramagnetic is inversely proportional to 
r the absolute temperature 
C 
v4 XA => eee [10.10] 
T 
where C is aconstant. Curie’s law applies to gases and 
very dilute solutions containing ions of the rare earth 
elements, that is to those cases where the molecular 
interaction between the magnetic carriers is weak. In 
G 1 T 
° X*103 
Fic. 175. Temperature de- A 
pendence of /, for ferro- 
magnetics. 50 


condensed systems when the interaction between mag- 49 
netic carriers cannot be neglected, Curie’s law is replaced 
by the more general Curie-Weiss law 


_ C¢ 
TA 


30 


XA ... [10.17] 


20 
The quantity @ is a constant for a given paramagnetic 
and is determined by the interaction between magnetic £0 T=57°K 
carriers. r 

In ferromagnetics, the spontaneous magnetization J 

nh serromaen P E 0 100 200 30K. 
falls with increasing temperature (Fig. 175) following a 

Fic. 176. Temperature depend- 

curve analogous to that of the temperature dependence ence of x4 in iron carbonate. 
of spontaneous polarization of ferroelectrics (Figs. 129f 
and h. Compare also Fig. 210). This analogy is not just chance; in this, as in the other 
cases, one and the same phenomenon is taking place: an order-disorder transition. 


Antiferromagnetics 


The temperature dependence of the magnetic susceptibility of iron carbonate is 
shown in Fig. 176. At sufficiently high temperatures this substance behaves as an 
ordinary paramagnetic. As the temperature is lowered y, for iron carbonate first 
increases according to the Curie-Weiss law and then begins to fall. The temperature 
of maximum susceptibility 7,, indicates a magnetic transition which, as in the case of 
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the ferromagnetic transition, must be an ordering in the arrangement of the elementary 
magnets. However, unlike ferromagnetics where the magnets are aligning themselves 
parallel, in iron carbonate and similar substances an antiparallel orientation is taking 
place. This leads to cancelling of the magnetic moments and a lowering of the general 
magnetization of the body. Substances in which antiparallel orientation of the mag- 
netic moment occurs spontaneously are called antiferromagnetics. The possibility of 
the existence of the antiferromagnetic state was first pointed out by Landau (1933). 
Ferro- and antiferromagnetism in magnetism are analogous to ferro- and antiferro- 
electrics in electricity. 


General Remarks on Magnets 


Diamagnetism is a property of substances, atoms and molecules which do not 
have magnetic moments of their own so that their magnetization is induced by an 
external magnetic field. In atoms of diamagnetics, the electron shells are closed and 
the resultant orbital moments L= 0. Usually in these cases, the resultant spin 
moments are also zero; S = 0. Thus the total moment 


I= L+S=0. 2. [10.12] 


We can distinguish three groups of diamagnetics. 

1. Normal: inert gases, metals of the B sub-group (Cu, Ag, Au, Zn, Cd); the 
magnetic susceptibility of all these does not depend on temperature and is small in 
magnitude: y, ~ 107°. 

2. Anomalous: bismuth, antimony, gallium, graphite, y-phases; the magnetic 
susceptibility here is numerically larger. In graphite: 7, = —21-5x 107°, y, = 
—0:5x 107°. In bismuth: x, = —219x 107°, y, = —310x 107°. In crystals with 
a layered structure, the large value of the magnetic susceptibility is for directions 
lying in the plane of the layers. This can be readily seen by taking graphite as an 


(2; —381)10° 
Al Bi (T=4.2 °K) 
a4 Fic. 177 
Dependence of (x,, — x ,) ofasinglecrystal 
52 of bismuth on the strength of the mag- 
netic field (for an angle of orientation 
26 of the specimen ¢ = 46° 15’.) 
2. 


49 4900 -<5100.~=SCSOOO HH, oersted 


example. In bismuth at low temperatures there is a periodic variation of suscepti- 
bility with field strength (the de Haas-van Alphen effect) (Fig. 177). 

3, Superconductors, in which the magnetic induction B = 0. Here we have from 
[8] that J = —H/4n, whence y = —1/4x. It follows that superconductors can be 
described as superdiamagnetics. However this description is purely formal since a 
macroscopic current flows on the surface of superconductors screening the super- 
conductor from the external field. 

Paramagnetism is a property of substances, atoms and molecules which do not 
have fully compensated magnetic moments. The NO molecule, for example, is para- 
magnetic because it belongs to the rare group of molecules with an odd number of 
electrons and a consequent uncompensated spin. Molecules with an even number of 
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electrons are diamagnetic, with the exception of the molecules of oxygen and sulphur 
where paramagnetism is a result of non-compensation of the spins of two electrons 
(see Chapter 4 §1). Metals with unfilled d and felectron sub-groups show large para- 
magnetism, and the compounds of these metals are also paramagnetic. 


Magnetic Properties of the Elements 


Table VII (Appendix J) gives values of the magnetic susceptibilities of the ele- 
ments at room temperature. With few exceptions elements of the A sub-group are 
paramagnetic and elements of the B sub-group are diamagnetic. Amongst the ele- 
ments of the A sub-group, the alkali and alkaline earth metals have temperature 
independent paramagnetism which is much smaller than that of the transition and 
rare earth metals. Now the cores of the alkali and alkaline earth metals have closed 
shells so their paramagnetism is due to the free electrons. If the electron gas obeyed 
classical statistics, then it would be strongly paramagnetic because of the electron 
spin. Pairing of electrons on the energy levels of the conduction band with consequent 
mutual cancelling of spins gives diamagnetism. The weak paramagnetism of the 
electron gas arises from thermal excitation of a small number of electrons which 
occupy the highest levels of the conduction band. 

The ferromagnetics are generally either transition metals belonging to the ferro- 
magnetic triad or rare earth metals—gadolinium and dysprosium—as well as com- 
pounds of ferromagnetic elements. However there are also the specially interesting 
ferromagnetic compounds of non-ferromagnetic components, for example the Heusler 
alloys MnCu,Al which have the £-phase structure, and also some other alloys of 
manganese and of chromium. All these contain elements—manganese, chromium and 
copper—which lie to left and right of the ferromagnetic triad, and one can say that 
they are ferromagnetic because their electronic configuration is an approximation to 
that in a typical ferromagnetic. We note also that the structure of the 6-phase which 
is based on the body-centred cubic lattice is close to that of a-iron. The alloys MnCu 
and MnAu are antiferromagnetic. 


2. Diamagnetism 


The Orbital Magnetic Moment 


Consider an electron moving in a curved orbit of radius r and describing an 


area S. 
Let v be the frequency, that is the number of revolutions completed by the electron 
in 1 second. The orbital magnetic moment is 


— §, [10.13] 
Cc 


where c is the velocity of light. The angular velocity w and linear velocity v of the 
electron are 


v=or; @ = 2nyv. ... [10.14] 
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Putting these values in [/3] we have 
M = (ew/2nc) nr* = (ew/2c) r = (e/2uc) por = (e/2uc) P, ... [10.15] 


where P is the orbital mechanical moment and yp is the mass of the electron. Quanti- 
zation of the mechanical moment 


P = (h/2n) m ... [10.16] 


leads to quantization of the orbital magnetic moment 


M =" m= mMz, ... [10.17] 
4npc 
where 
M, = eh/4npuc ... [10.18] 


is the Bohr magneton (the quantum of magnetic moment). 
From formula [15] we can derive the gyromagnetic ratio of the orbital moment 


M/P = e/2uc. ... [10.19] 


This ratio is twice the ratio of the spin moments [2.2]. This difference between the 
orbital and spin gyromagnetic ratios is the main clue to the origin of ferromagnetism. 

The magnitude of the orbital moment depends on angular velocity and it follows 
from [/5] that a change of Aq in angular velocity gives a change in magnetic moment 


AM = (er?/2c) Aw ... [10.20] 


Universality of Diamagnetism 


Diamagnetism is a universal property of all bodies, but since diamagnetic effects 
are so small, they can be observed only in those cases when there are no other, stronger 
magnetic effects. This specially applies to paramagnetics where diamagnetism is con- 
cealed by paramagnetism which is much greater in absolute magnitude. Diamagnetism 
is connected with the orbital motion of electrons in atoms as well as in molecules and 
crystals, and is due to small perturbations in the angular velocity of orbital motion 
which occur when the atom is brought into a magnetic field. What happens can be 
seen from the following general considerations: the motion of an electron in orbit can 
be thought of as a closed current loop. When this loop is brought into a magnetic 
field then Faraday’s law of electromagnetic induction tells us that additional e.m-f. 
is developed in the loop and that the current in the loop is thereby changed, producing 
an additional magnetic moment. According to Le Chatelier’s principle this magnetic 
moment is of such a direction as to oppose the applied field which produces the 
induction. This shows that the induced moment is directed against the field and this 
then is the basic indication of a diamagnetic. From Le Chatelier’s principle also, it 
follows that a diamagnetic must move out from a magnetic field. 


Frequency of Precession of an Orbit in a Magnetic Field 


An electron moving in a curved orbit experiences a centripetal force f = pv?/r. 
When a magnetic field H is applied perpendicular to the plane of the orbit (Fig. 178a), 
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an additional Lorentz force Af = —evH/c arises parallel to the radius. The resulting 
centripetal force is then 


Sn = St Af = po} /r = pv? /r—evH|c, 
from which we get 


Hv, +v)(4—-v) 2H AY _ _ eH 
r ~~ P 7 Cc 


u(vj—v’)/r = 


The change in linear velocity of orbital motion by Av corresponds to a change of 
angular velocity by 
Aw = Av/r = —eH/2uc. ... [10.27] 


In the general case, if the orbit is inclined to the field (Fig. 1786) then the magnetic 


Fic. 178. Calculation of the angular velocity of precession of 
an electron orbit. 


field causes the orbit to precess: the normal P to the plane of the orbit describes a 
cone round the magnetic field vector H. The angular velocity of precession is Aw 
as given by formula [2/]. 


Diamagnetism of Atoms 


Precessional motion of an orbit in a magnetic field has the effect of producing 
an additional magnetic moment the magnitude of which is obtained from formula 
[20] by substituting for Aw from [2/] 


AM = (eS/2nc) Aw = —(e?S/4nuc’) H. ... [10.22] 


The negative sign shows that the induced magnetic moment is in a direction opposed 
to the field. For closed shells we may assume spherical symmetry and consider 


circular orbits, for which S = zr”. For a spherically symmetric atom r? = 3 r’. 
Applying formula [22] to all the electrons of the atom we get the total magnetic 
moment of the atom 


Z 
AM = —(e?H/6uc’) >. ri, ... [10.23] 
K=1 


where Z is the number of electrons. Hence for the molar magnetic susceptibility we 
have, remembering that r7 ~ 107 '® cm? 


Z 
Xa =(N/M)AH = —(Ne?/6uc?) ¥ ri = Zx 107°. ... [10-24] 
K=1 
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The order of magnitude of the diamagnetic susceptibility determined from [24] agrees 
with experiment. Diamagnetism of atoms does not depend on temperature. 


Diamagnetism of the Electron Gas 


The magnetic moment of free electrons in a metal associated with their motion 
is zero since the electrons move in straight lines between collisions and the moment 
of the total motion is zero. An external magnetic field changes the character of the 
electron motion, converting the straight line orbits into curved ones. As a result, a 
magnetic moment analogous to the orbital moment becomes associated with each 
electron in the electron gas. However, if we calculate the total effect of all the elec- 
trons, it turns out that the induced diamagnetic moment within the metal is completely 
cancelled out by a moment in the reverse direction due to electrons reflected from the 
surface of the metal. The total effect of the two currents (a) that induced by the 
magnetic field in the electron gas and (b) that of the reflected electrons can be taken 


Fic. 179 


Mutual cancellation of the diamagnetism 
of free electrons. 


to be that of two peripheral currents flowing against each other (Fig. 179). This can 
also be obtained from energy considerations: the Lorentz force, perpendicular to the 
velocity of motion of the electron, changes only the shape of the trajectories and does 
not change their energy. Thus the application of a magnetic field does not change 
the energy of the classical electron gas, so diamagnetism of the electron gas in this 
case must be zero. Landau (1930) showed that an essentially different situation obtains 
in quantum theory because of quantization of periodic motion and that quantization 
changes the energy of the electron gas for the diamagnetic susceptibility of which 
Landau obtained the formula 


ta = —5 N'MGIKT, .. [10.25] 


where N’ is the number of conduction electrons contributing to diamagnetism. Since 
most levels in the conduction band are full, only a small fraction of the electrons can 
change their energy, i.e. those electrons which lie in a narrow region of thermal 
activation near to the upper limit of the full zone, so 


N’ = N(kT/Emas), . [10.26] 


where €,,,, 1s the maximum kinetic energy of the electrons and does not depend on 
temperature. 


From [25] and [26] we obtain 


La = —1 NMG /Emaxe ... [10.27] 


Introducing the value of ¢,,,, [8.17] we obtain 


4 2 2/3 
uy =~ Ne (5) N13, .. . [10.28] 


Formula [28] shows that the free electron gas shows temperature independent dia- 
magnetism, the magnitude of which is very small. 


Diamagnetism of Metals 


Diamagnetism of metals is obtained from the diamagnetism of their atomic cores, 
by use of formula [24] and from the diamagnetism of their free electrons (formula 
[28]). We may thus expect that the diamagnetism of metals will be greater than the 
combined diamagnetism of the metal ions. The experimental data are given below. 


Diamagnetism of Metals and Metallic Ions 


Metal 4X4 Ion XA 
Cu —5:5x 107° Cu* —18-0x 107° 
Ag —21-6 Ag* —31-0 
Au —29-6 Aut — 45-8 


These data show that diamagnetism of metals is less than diamagnetism of their 
ions. Thus it follows that the electron gas must be paramagnetic as a result of the 
constant spin moments of the electrons. That diamagnetism of metals is independent 
of temperature is evidence for the temperature independence of the paramagnetism 
of the electron gas. 


3. Paramagnetism 


Langevin’s Theory of the Temperature Dependence of Paramagnetism 


Consider a gas of paramagnetic molecules with constant magnetic moment jp. 
The energy of magnetic interaction of two elementary magnets ~10~!° erg, while 
thermal energy at T = 10° K is kT ~ 107° erg. Thus in the absence of an external 
field, thermal motion disturbs the orientation of magnetic moments and the resultant 
magnetization is J = 0. When a magnetic field is applied the magnetic moments 
become orientated parallel to the field. The magnetic energy of a magnet in an external 
field (neglecting the interaction of the elementary magnets with each other) is 


U = —poH cos 0. ».. [10.29] 


This energy has a minimum value when 6 = 0, where @ is the angle between the direc- 
tion of the magnetic moment and the direction of the field. The degree of orientation 
of the moments and the magnitude of the resultant moment is determined by the ratio 
of the magnetic energy u)H to the thermal energy kT. The probability that an ele- 
mentary magnet will be aligned at an angle 0 is determined by the Boltzmann function 


w = exp (— U/kKT) = exp [(uoH/kT) cos 6] = exp (f cos 6) (B = UoH/kT) 
..- [10.30] 
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The mean magnetic moment 


nu 


| cos §e* °°" sin 0d@ . 
d cos ’ 

b= Ho 008 0 = py ®—y——— = ton | of ° sin 0d0 = 

ef ©°89 sin 0d0 0 

0 
d. ee? B eP+e-F ef _e? e+e? 1 

Whence 

pi = Uo (coth B—1/B). ... [10.37] 


For weak fields and not too high temperatures the parameter B = to H/kT < 1 and 
so [31] can be expanded in series giving 


i = Uo A B+...) = woH/3 KT. ... [10.32] 
Hence for a gram molecule of the substance we have 
44 = Ni/H = Ny2/3 kT. ... [10.33] 


This is Curie’s law. Formula [33] enables us to determine the constant C in [/0] in 
terms of molecular constants. Introduction of the laws of spatial quantization into 
the classical Langevin theory takes account of the discrete orientation of the dipoles, 
but does not change the final result. 


The Weiss Theory 


Weiss suggested that the external field H which causes the magnetization of a 
body results in the production of an ordered internal magnetic field proportional to the 
magnetization [7]. Thus within a ferromagnetic there exists an effective field 


Frere — H+ el, 
Introducing the formula for H7.,, into the Langevin formula we get 


I = NyoHere/(3 kT) = NugH/G kT) + Neyol/(3 kT), 


whence 
I Nye C 
=—_— = ———_n = ‘ .- 110. 
ta New\  T—T [10.34] 
3k{ T— 3k 


This is the Curie-Weiss law. 


Paramagnetism of the Electron Gas 


Since electrons have an intrinsic magnetic moment, the electron gas is para- 
magnetic. In a magnetic field the electron spins become oriented preferentially in the 
direction of the field, thus giving a resultant magnetic moment. The classical Langevin 
formula does not serve to calculate the paramagnetism of the electron gas since the 
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paramagnetism of a variety of metals does not depend on temperature. To calculate 
the paramagnetism of the free electrons we have to use Fermi statistics. Thus all 
levels in the conduction band will be filled in a zone of width ¢,,,, where é,,,, is the 
maximum kinetic energy of the electrons; on each level there will be two electrons 
with opposite directions of spin. Let us divide the occupied band into two half bands 
thus separating the spin directions of the 

electrons (Fig. 180a). In a magnetic field 


4 H=0 ' 
the level of the half-band with parallel 
spin is lowered by —M,H and the level 
of the half-band with antiparallel spin is 
raised by + M,H (Fig. 180b). The diff- 
a 


erence in energies of the half bands is 

2M,H. The difference between the levels 

to which the half bands are filled leads 
H H 


' 
f 
Fic. 180 
Calculation of the paramagnetism 
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to a flow of electrons and equalization of the level (Fig. 1805). As a result there is an 
increase in the number of electrons with parallel spins and a paramagnetic moment 
arises, which is 


M = AZM,, ... [10.35] 


where AZ is half of the difference between the initial numbers of levels of the half 
bands. The deficiency in the kinetic energy of the electrons in the left half-zone is 
equal to the gain in magnetic energy 


AZ . Emax = MoH. ... [10.36 | 
Combining [35] and [36] we obtain the magnetic susceptibility 
14 = NM€max = NM2 Eras: ... [10.37] 


Comparison of formulae | 27] and [37] shows that paramagnetism of the electron gas 
is three times larger than its diamagnetism and the difference is the paramagnetism 
of the conduction electrons. In this way we can explain the weak paramagnetism of 
the alkali metals. 


Paramagnetism of the Transition Metals 


The large paramagnetism of the transition and rare earth metals is connected 
with their d- and f-subgroups. In accordance with Hund’s rules the electrons fill these 
subgroups in such a way that the total spin moment is a maximum. If the d- or f-sub- 
groups are not full this leads to a resultant magnetic moment for the atom and to this 
an orbital moment also has to be added. In the transition metal group, as ts evident 
from Fig. 181, there is a steep rise in paramagnetic susceptibility as we approach the 
iron triad. In the ferromagnetic metals iron, cobalt and nickel at sufficiently low 
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temperatures (T-0) there is a saturation magnetization, /,,, even in weak fields. 
Dividing J,,, by the number of atoms we obtain the magnetic moment of the atoms 


Metal Fe Co Ni 
atomic magnetic moment 2:2 1-7 06 M,. ... [10.38] 


As the atomic number of the metal in the ferromagnetic triad is increased the mag- 
netic moment becomes less. This is connected with the filling of the d-subgroup. In 


XA x 108 Fe,Co,Ni 
700 Mn Fic. 181 
Magnetic susceptibility of transi- 
tion metals of the fourth period. 
Cr 
J the following element, copper, the d-subgroup is 
Cae completely filled, which explains its diamagnetic 


properties. The number of valence electrons of the 

0 Tg nickel atom is sufficient to fill the d-band but the 

= 7 presence of a paramagnetic moment shows that, on 

the average, 0:6 electrons per atom in metallic nickel 

have gone into the s-band. This is confirmed by the magnetic properties of alloys of 
paramagnetic nickel with diamagnetic metals and with hydrogen. 

Fig. 182a shows the changes in magnetic susceptibility of palladium/hydrogen 
alloys. With increasing concentration of hydrogen, paramagnetism is reduced ap- 
proximately linearly and vanishes at 60 at. °% of hydrogen. This can be explained by 
the filling of the d-band of the alloy by the valence electrons of the atoms of hydrogen, 
remembering that the alloy is a solid solution of hydrogen in palladium. In Fig. 1825 
similar results are given for the alloys of nickel with copper and with zinc. Magnetic 
properties of the alloys of nickel with monovalent copper are similar to those of the 
alloys of palladium with hydrogen. In the alloys of nickel with divalent zinc the 
extinction of the paramagnetic moment of the nickel atom takes place twice as fast 
and the paramagnetism vanishes at 30 at. °% of zinc, that is at half the concentration 
that is found in alloys with monovalent elements. The similarity of the results for the 
alloys of nickel and those for its homologue palladium shows that the s-bands in both 
of these are filled to the same level. 
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Fic. 182. Paramagnetic susceptibility of alloys: (a) palladium based, 
(b) nickel based. 
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Application of Paramagnetism to obtain Low Temperatures 


When a paramagnetic is magnetized adiabatically its temperature is increased 
and the entropy due to ordering falls. Demagnetization produces a disordering of 
the magnetic structure and lowering of the temperature by an amount which may be 
large since the thermal capacity of solids at low temperatures is small. Using a solid 
solution of chromium potassium and aluminium potassium alums K.,SO, (Cr, Al) 
(SO,4)3 . 24H,O with a volume of 56 cm*, demagnetization at T = 1:174° K from a 
field of 24,000 Oe. to one of 1 Oe., gave a temperature of T = 0-0044° K. Evapora- 
tion of liquid helium gives a much higher temperature: T = 0-71° K. 


4. Ferromagnetism 


The Gyromagnetic Anomaly 


The Einstein-de Haas experiment (1915) showed that magnetization of a ferro- 
magnetic needle was accompanied by the development of a torsional moment. The 
gyromagnetic effect as demonstrated by this experiment shows the essential nature of 
magnetic gyroscopes in a ferromagnetic. Changes in the magnetization of the needle 
were connected with reversals of the direction of the axes of the gyroscopes and these 
are accompanied by changes in the total mechanical moment of the body. If the 
direction of magnetization was changed periodically with the frequency of free tor- 
sional oscillations of the needle then torsional oscillations with measurable amplitude 
were set up. The converse experiment, that of producing magnetization by twisting 
a ferromagnetic was performed by Barnett (1915). From gyromagnetic experiments 
such as these we can determine the gyromagnetic ratio M/P. Barnett made measure- 
ments with various ferromagnetic materials (iron, cobalt, nickel and the Heusler 
alloys) and showed that magnetization was connected with negative charges, that is 
with electrons. The magnitude of the gyromagnetic ratio was shown to be 


that is, twice as large as the gyromagnetic ratio to be expected for orbital moments 
[79]. Until the discovery of the spin of the electron (1926) the reason for this diver- 
gence was unknown and it was described as an anomaly. But since discovery of the 
magnetic moment of the electron and the half-integral magnitude, s = 4, of its spin 
quantum number it is clear that magnetization of a ferromagnetic is connected with 
electron spins and not with orbital moments. 


The Regions of Spontaneous Magnetization 


A characteristic of a ferromagnetic is the large magnetization which reaches 
saturation even in weak magnetic fields. This saturation magnetization J, depends 
on temperature and vanishes at the Curie point. The curve of J, = J,(T) is similar to 
the curve of atomic disordering and to the curve of spontaneous polarization of a 
ferroelectric. In all these cases there exist regions (domains) of spontaneous order, 
either of atomic structure or of electric or magnetic moments. The presence of domains 
in a ferromagnetic is readily demonstrated by means of magnetic suspensions (Bitter 
patterns). Within the limits of each domain the direction of spontaneous magnetiza- 
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tion is uniform. In neighbouring domains the directions are different. Domains 
break down as a result of thermal motion and grow when the temperature is reduced. 
The boundaries of the domains are not in the same places as the boundaries of crystals 
or of crystal mosaic blocks. During magnetization, reversals occur in the orientation 
of the domain axes. To study the stages in the process of transformation one can 
observe the reversal of individual domains. This occurs by discontinuous changes of 
the magnetization (Barkhausen effect). 


The Magnetization Curve 


Because of anisotropy, the magnetization for a given field strength depends on 
the orientation of the crystal relative to the direction of the field (Fig. 183a). In the 
absence of a field, the axes of the domains in the individual crystals are aligned along 
the directions of easy magnetization. In a nickel crystal this is the [111] direction. 


rotation 


displacement 


—= H 
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Fic. 183. The magnetisation of (a) a nickel single crystal, (6) polycrystal. 
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After this comes the [110] direction and finally [100]. The magnetization curve of a 
polycrystal is the sum of the magnetization curves of the individual crystals and in 
the absence of texture, that is preferred orientation of the crystallites, the effects of 
magnetic anisotropy are smoothed out. Nevertheless one can distinguish sections on 
the magnetization curve of a polycrystal corresponding to the different stages of 
magnetization (Fig. 1835). In weak fields displacements take place, that is growth of 
domains with favourable orientation at the expense of neighbouring regions with 
unfavourable orientation (Fig. 184). As the field is increased rotation takes place, that 
is there 1s a tendency to align the magnetic moments in the direction of the field and 
not in general in the direction of easy magnetization. In fields larger than the practical 
saturation value, when all the moments of the domains are parallel to the field, orienta- 
tion of individual electron spins still take place. This is obstructed by thermal motion. 
This process is called true magnetization. 


The Nature of Ferromagnetism 


If we start from the supposition that the internal molecular field Hy, is the cause 
of spontaneous magnetization then we must expect that this field will be very large. 
However phenomena observed (Ya. G. Dorfman) when f-particles pass through a 
thin foil of a ferromagnetic do not give support to this supposition. It turns out that 
the forces which orient the electron spins parallel to each other are not magnetic in 
origin but are forces of electrical interaction in a system of electrons obeying quantum 
laws. The type of orientation of the electron spins is determined by the sign of the 
exchange integral A which can be calculated by the method of atomic orbitals (Chap- 
ter 3 §3) and for a system of two electrons is 


12 


where w, and w,, are unperturbed electron wave-functions and r, and r, are radius 
vectors of the two electrons. If the exchange integral is negative then there is anti- 
parallel orientation of spins; this usually is found in covalent binding (the water 
molecule) and in antiferromagnetics. To a positive integral corresponds parallel 
orientation of spins; this 1s found during the filling 
of the electron subgroups in atoms (compare Hund’s 
rule for maximum spin moment) and in ferromagnetics. 
The sign of the exchange integral depends on the dis- 
tance between the electrons. In metals the integral is 
negative for small separation and positive for larger 
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Curve of the dependence of exchange 
energy on separation. 


separations. Fig. 185 shows the magnitude of the exchange integral as a function of 
interatomic distance. A>0 for the ferromagnetic modification of iron, for cobalt and 
for nickel. The magnitude of the exchange integral is connected with the Curie tem- 
perature in that the larger is A, the greater is the thermal energy kT, necessary to 
destroy ferromagnetism. The relative positions on the curve of A = A(r) of the points 
for the metals of the ferromagnetic triad correspond to the variation of their Curie 
temperatures: 


Metal Fe Co Ni Gd 
T. 768 1150 365 16 °C 


Parallel orientation of the spins in the range of spontaneous magnetization forces 
the electrons to occupy higher levels in the energy band, thus increasing their kinetic 
energy. 

The above explanations allow us to formulate the conditions favourable for the 
occurrence of ferromagnetism. 1. The electron shells in the atoms must not be com- 
pletely filled. 2. The density of states in these shells must be large so that the increase 
in kinetic energy produced by occupying higher vacant levels does not exceed the 
reduction due to the exchange energy. 

CP Y 
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Electrons from structures with full shells do not satisfy the first requirement and 
electrons of the non-binding valence shells in which the density of states 1s small, do 
not satisfy the second requirement. In the majority of metals, the conditions required 
for the occurrence of ferromagnetism are not fulfilled. Thus we comparatively rarely 
find traces of ferromagnetism in pure metals, the most favourable cases being found 
among the transition metals and lanthanides which have unfilled internal d- and f- 
subgroups. The occurrence of ferromagnetism requires optimum interatomic spacing: 
if the atoms are too far apart then the exchange interaction is very small; if the 
atoms are too close together the energy band of the electron subgroup is broadened, 
giving a rapid rise in kinetic energy. This is shown by the ratio of atomic radius to 
the radius of the d-shell. 


Metal Ti Cr Mn Fe Co Ni 
rtd 1-12 1:18 1:47 1:63 1:82 1:98 


For transition metals of the fourth period the optimum value of this ratio is somewhat 
greater than 1-5. 

Magnetic interaction, as was shown above, is small compared with exchange 
interaction. Nonetheless the magnetic interaction gives rise to a series of important 
phenomena: the magnetic anisotropy, magnetostriction, hysteresis and the technical 
processes of magnetization. 


Magnetic Moments of Atoms of the Transition Metals 


The maximum spin moment in the d-subgroup is 5 and corresponds to the filling 
of one half-band. Let n be the total number of electrons in the s- and d-bands, of this 
x electrons are in the s-band and (n— x) electrons in the d-band. Suppose that in one 
half-band there are 5 electrons and in the other half-band n—x—5S. The resultant 
spin moment of the electrons in the d-subgroup will be 


M, = 5—(n—x—5) = 104+x—n. ... [10.40] 


Assuming a uniform degree of filling of the s-band for the various transition metals 
and taking x = 0:6, we obtain the following theoretical values of the atomic spin 
moments: 


metal Ni Co Fe 
n 10 9 8 ..» [10.47] 
M, = 10-6—n 0-6 1:6 2°6 


This agrees fairly well with experimental data (see [38] above). 

In Fig. 186 the line M = 10-6—n is shown. The part of the line AB reproduces 
well the magnetic moments of iron, cobalt, nickel and their alloys with copper. The 
part BC does not agree with experiment. In the region of the point B for which 
n = 82 and M, = 2-4 the atomic moment reaches a maximum and then falls along 
the curve BD. This shows that one half-band cannot be completely empty when the 
second half-band is nearly full. When the degree of filling of the ‘empty’ half-band is 
reduced, about 2:6 electrons must remain in it. Fig. 187 shows, in accordance with 
this explanation, the electron distribution in the d-band of transition metals, from 
which it follows that the magnetic moment of manganese is ]-2, and that of 
chromium 0-2, 
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Magnetic moments of atoms of 
transition metals. 
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5. Antiferromagnetism and Magnetic Structure 


Magnetic Structure and its Connection with Atomic Structure 


At the basis of ferro- and antiferromagnetism there is one underlying pheno- 
menon—ordering in the arrangement of magnetic moments. In an antiferromagnetic 
the antiparallel arrangement is more favourable. Here magnetic dipoles are connected 
with the lattice points of the atomic structure, so where antiferromagnetic structure 
occurs we can speak of the magnetic structure of the body. It turns out that the 
magnetic structure can be determined by means of neutron diffraction. In Fig. 188 
are shown the magnetic structures of two antiferromagnetics: MnO (7, = 120° K) 
and MnF, (7. = 80° K) as determined by neutron spectroscopy at low temperatures. 

Manganese oxide has a structure of the NaCl type. Fig. 188 shows only the 
arrangement of the manganese ions which form a face-centred structure. The mag- 
netic structure which occurs at low temperatures can be thought of as a succession of 
planes belonging to one octahedral {111} system alternately with parallel and anti- 
parallel orientation of the moments along one of the cube edges. As a result of this, 
the period of the magnetic structure in some directions is twice the period of the 
atomic structure. The magnetic structure of MnO can be considered as a superlattice 
very similar to the superlattice which occurs in the alloy CuPt (see Tables 33 and 34). 
The magnetic interaction of the octahedral planes with different orientations of their 
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magnetic moments leads to a small rhombohedral compression of the atomic structure 
of MnO which can be observed by X-rays. 

Fig. 1885 shows the magnetic structure of manganese difluoride; the large circles 
with arrows in them represent ions of manganese, the small circles, ions of fluorine. 
The manganese ions at the vertices and in the centre of the tetragonal cell have anti- 
parallel orientations with dipole direction along the tetragonal axis. As a result of 


a 


Fic. 188. Magnetic structures of antiferromagnetics below the Curie 
temperature: (a) MnO, (6) MnF;. 


this there is a change of translational group in that the period along the body diagonal 
of the unit cell of the magnetic structure is doubled as compared with the period of 
the atomic structure. This leads to a change in the type of Bravais Lattice which is 
transformed from body-centred to simple. 


Origin of Ferromagnetism of Ferrites 


In conclusion we must stress the close relation between ferro- and antiferro- 
magnetism, and in particular the possibility of the occurrence of ferromagnetism as a 
result of incomplete compensation of antiferromagnetism, such as takes place in 
ferrites. Ferrites are double metal oxides with the composition MO. Fe,0;, where 
M = Mg, Zn, Cu**, Ni**, Co**, Fe**, Mn* *—all divalent metals. All have the 
cubic structure of the spinel (MgAl,0,) type (Fig. 189) belonging to the space group 
O,;-Fd3m. The unit cell comprises 8 formula units, that is 32 oxygen atoms, 8 atoms 
of type M and 16 atoms of trivalent iron. The oxygen atoms occupy positions 32e 
and take up cubic close packing. The cations are situated on the octahedral (8b) and 
tetrahedral (16c) spaces of this packing. 

Structural investigations have shown that in general there are two types of atomic 
distribution corresponding to the normal and inverse spinels: 


type of spinel structure 8b 8c 
normal 8M 16Fe* ** 
inverse 8Fe* + 8M+8Fet**, 


In the inverse spinel, half the iron atoms occupy octahedral sites 85 and the tetra- 
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hedral positions are filled either by iron atoms or by atoms of the divalent metal. A 
large number of ferrites have the inverse structure; these include the ferrites of man- 
ganese, iron, cobalt and nickel. Zinc and cadmium ferrites have the normal structure. 
The cations which possess uncompensated magnetic moments are distributed on the 
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Fic. 189. The spinel-type structure of MgAl,0,: (a) atomic arrangement 
in the unit rhombohedron, (b) atomic arrangement in polyhedral repre- 
sentation. 
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octahedral and tetragonal sites in antiparallel orientation as shown by the following 
scheme 


8b 16c 
> ad —_— 
Fe***  (M Fe*T*). ... [10.42] 


As a result, the magnetic moments of the trivalent iron ions cancel each other out 
and if the divalent M ion has an intrinsic magnetic moment then this produces the un- 
compensated spontaneous magnetic moment of the ferrite similar to the spontaneous 
magnetization of a ferromagnetic. 

The theory of ferromagnetism of ferrites proposed by Néel (1948) satisfactorily 
explains their properties. It follows from the electron configuration of the ions that 
the divalent metal ions have the following intrinsic magnetic moments: 


ion Mn*t*+ Fett Cott Nitt Cutt = Zntt 
UoinM, 5 4 3 2 1 0. 


The magnetic moment of the trivalent iron ion is Up = 5 M, and the moments of the 
divalent ions of magnesium and cadmium as well as zinc are zero. Table 62 gives the 
total spin moments calculated on the above scheme. These moments are in acceptable 
agreement with experimental results. 


Table 62 


Magnetic Moments of Ferrites 


Orientation of Sum of. Experimental 


Ferrite spin moments | the moments value 


l6c 


(Mn* +Fet + +) 


(Fe* +Fet + +) 
(Cot tFett +) 
(Nit +Fet + tT) 
(Fe* + +Fett t) 
(Fett +Fet + -) 


Chapter 11 


PHASE EQUILIBRIUM AND PHASE 
TRANSFORMATIONS IN ALLOYS 


1. Basic Conceptions 


General Conditions for Equilibrium 


Consider a system consisting of a mixture of atoms of various kinds—for sim- 
plicity a binary system of atoms A and B. In the solid state, various cases of phase 
equilibrium are possible. It may be that the system is homogeneous (one phase) being 
either a solid solution (A, B) or a chemical compound A,B,,. Or the system may be 
heterogeneous consisting of a mixture of various phases, for example if the com- 
ponents are insoluble in each other it may consist of a mixture of crystals of the pure 
components A+B or it may consist of a mixture of crystals of terminal solid solutions 
and so on. 

There is a large number of phase states of a system. They can be determined by 
experiment or by calculation using thermodynamic and statistical relations if we 
know the chemical composition described by the concentration c, the thermodynamic 
parameters (temperature 7, pressure p, volume v, and if necessary even other para- 
meters such as the surface energy etc.). We also need the basic thermodynamic 
functions for the substance; its internal energy E and entropy S. 

The equilibrium of a mechanical system is determined by the minimum of its 
potential energy: U = min. Thermal equilibrium is determined by equalising the 
temperature of all bodies which are in thermal contact: T = const. Chemical equili- 
brium is determined by the constancy of concentration of all the phases taking part 
in a chemical reaction: c; = const. Any changes in the system, mechanical, physical 
or chemical which show themselves as changes with time of pressure, volume, tem- 
perature or concentration are evidence of departure from equilibrium. The general 
conditions for equilibrium are the absence of such changes. 


Internal Energy and Entropy 
The internal energy E of a system is the sum of the potential (U) and kinetic (K) 
energies of the particles of the system. 
E= U+K = E(p,?, T). ... [11.7] 
The energy E is a function of the state of the system determined by the parameters 
p, v, T. These parameters are related to each other by the equation of state 


I (p, v, T) = Q, 
333 
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and in consequence there are only two independent parameters in equation [/]. A 
change in the internal energy of a system may cause a change in its temperature. In 
such a system let a quantity of heat 6Q be given to it or taken from it. A change in 
temperature leads to a change in one or both of the other thermodynamic parameters 
p and v. In changing its volume by dv the system does work of expansion 6A = pov. 
On the basis of the law of conservation of energy 


5Q = dE+6A. 


Changes in the internal energy depend only on the initial and final states of the system. 
This requires that dE be a perfect differential whilst the work 6A done in the system 
and the heat 5Q given to it or removed from it are not perfect differentials. 

Another important thermodynamic function is the entropy S, changes of which 
are determined by the relation dS = 5Q/T, again a perfect differential. Apart from 
an additive constant, the entropy is a one-valued function of the state. The magnitude 
of this constant is determined by the Nernst theorem according to which the entropy 
of a system is zero when the system is in equilibrium at absolute zero. 


The Free Energy of Condensed Systems 


The equilibrium state of a thermodynamic system is determined by the minimum 
of its free energy. The Gibbs free energy has the form 


G = E+pv-Ts. ... [11.2] 


E 


I Changes in the free energy as a result of isothermal and 
isobaric processes T = const. and p = const. are ex- 
pressed by the formula dG = dE+pév—TdS. For 

q solids and liquids the change of volume in isobaric pro- 

Tm cesses is usually small (e.g. when a crystal melts the 
volume changes by 2-3°%%). Thus for condensed 
systems we can make use of the expression for the 
free energy in the Helmholtz form 


F = E-TS. ... [11.24] 


S By measuring the specific heat and the thermal 
content of a system, one can determine the temperature 
T dependence of the entropy and the internal energy and 
7] 230°K free energy. In Fig. 190 are given curves of E, S, and 
Fic. 190. Curves of internal / for a gram-molecule of mercury. These curves were 
energy, entropy and free energy obtained from calorimetric measurements. The jump 
for mercury. in internal energy and entropy at 230° K, the tempera- 
ture (7,,) at which mercury melts corresponds to the emission of the latent heat of 
melting. The free energy curve falls with increasing temperature on account of the 
increase of the entropy term. At 7 = 7., this curve experiences a break as it consists 
of two branches, belonging respectively to the solid and liquid states and intersecting 
at the point with abscissa T.. 

Thermodynamics determines the state of the system using the mean thermo- 
dynamic parameters. Statistical physics enables us to treat the system statistically by 
considering the position and velocity of the particles at various moments of time. A 
given thermodynamic state must comprise an enormous number of dynamical states 
or complexes. The number of complexes determines the probability w of a given state. 
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From all possible states in a statistical system under given conditions, that state is 
realised which is the most probable and to which the greatest number of complexes 
belong. In an isolated system changes are possible from less probable to more prob- 
able states. States with maximum probability correspond to equilibrium of the 
system. 

Entropy is connected with probability by the Boltzman formula S = k In w from 
which it follows that an increase in entropy depends on an increase in probability. 


2. The Free Energy of a Disordered Solid Solution 


The Entropy of Mixing (Disorder) 


Consider a crystal consisting of atoms A and B in amounts N, and N,. The 
total number of atoms N = N,+Ny,. In the disordered solid solution the atoms A 
and B occupy any sites of the crystal structure in a random manner. 

Compare two states of a system at the same temperature: a disordered solid 
solution and a mixture of crystals of the pure components. The entropy of the solid 
solution is greater than the entropy of the mixture of crystals since in the former case 
there is a greater number of ways of distributing the atoms. The corresponding entropy 
defect is called the entropy of mixing or the entropy of disorder. 

The number of ways of placing N atoms on N lattice sites in a solid solution ts 
w, = N!. The number of ways of placing atoms in each of the crystals A and B is 
correspondingly N,! and N,!. The total number of ways of distribution in the system 
consisting of a mixture of both crystals is w, = N,! Ng!. The entropy of mixing 
S,, 1s then 


N! 


Sin = S,—S, = kilnw,—kinw, = kln Vv INal 


Using Stirling’s formula In N, = Nln N—N which is very accurate, even when 
N is only ~10 


Sm — —k {N4 In N,ztNgp, In Ng—(N4gt+Nsz) In (N,+N;5)} = 
= —k[N,\lnc+Ngin(1—c)], 


0 hs) —>¢ £0 


Fic. 191. Dependence of entropy on the concentration of a 
solid solution. 
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N 
where c = + is the concentration of component A. Hence 
S, = —kN[clnc+(i—c) in (1—c)]. ... [11.3] 


Fig. 191 is a graph of the curve of S,,. This curve is symmetrical about the ordinate 
c= 0:5. Atc =O andc = | the curve is rising steeply. Such a shape of the curve 
explains the difficulty of preparing pure substances and removing small concentrations 
of impurities. When small amounts of impurity are introduced, free energy is reduced 
on account of the entropy term in dF = dE—TdS. The maximum value of the entropy 
of mixing is at c = 0-5 which contributes to one mole S,,,, = Rln2 = 1:38 cal/mol °K. 
a value comparable with those found for the entropy of solids. 


The Internal Energy of a Solid Solution and the Energy of Mixing 
T 


The internal energy of a body at temperature Tis E = U+ | c,dT, where c, 


is the specific heat and U the internal energy at T = 0° K, that is the potential energy 
of formation of the solid solution from its atoms. To simplify the calculations we take 
account only of the interaction of nearest neighbours and assume that the energies of 
interaction of corresponding pairs of atoms u4,, Ugz, Usp are constants and do not 
depend on the type and position of neighbouring atoms. In this case the potential 
energy of a binary solid solution is 


U = NaalgatMpplaatNapuans eee [11.4] 


where “14,4, “pg and n,, are the numbers of the various pairs of atoms. 

In the disordered distribution of atoms the probability of finding atoms A or B 
on lattice sites is proportional to their concentrations. An arbitrarily chosen atom 
has zc neighbours of type A and z(1—c) neighbours of type B, where z is the co- 
ordination number. Since N,4 = Nc and Ng = N (1 —c) the numbers of various pairs 
of atoms in the crystal are determined by the formulae 


Nga = 4Nzc?; ngg =4Nz(1—c)?; nag = Nzc(l—c). ... [1.5] 


In calculating the pairs of the same kind n,, and ngz, each pair is counted twice; thus 
in the first two formulae we have to put in the coefficient 4. 

So, for the internal energy of a disordered solid solution we have, substituting 
equation [5] in [4] 


U = 4 Nzc*ug,+4 Nz (1—c)*uggt+Nze (lL—c) uy, = 
= 4 Nz [cug,—c (1—c) uyy+(t—c) ugg—c (1 —c) ugg +2c (t—c) uyp], 


whence we obtain 


U = 4 Nz [cug,+(1—c) uggt2c (1—c) U,,], ... [11.6] 
where U,, is the energy of mixing, given by 
Un, = Ugg—% (Ugg t Upp). wee [11.7] 


The first two terms in formula [6] express the energy of an alloy consisting of a mixture 
of crystals of the pure components (for the case where the coordination numbers of 
both components are the same). These terms give a linear dependence of energy on 


THE FREE ENERGY OF A DISORDERED SOLID SOLUTION 337 


concentration. The next term gives a parabolic dependence on concentration. Whether 
the energy of a solid solution is greater or less than the energy of a mixture of crystals 
of the components depends on the sign of the following term, which determines the 
sign of the energy of mixing. If the interaction of atoms of different kinds is large and 
exceeds the interaction of atoms of the same kind, then u,, < $(u,,+Ugg) and 
U,, < 0. This case favours the appearance of a solid solution or a chemical com- 
pound. If the interaction of atoms of different kinds is less than the interaction of 
atoms of the same kind then 


Uap > 4 (UggtuUpe) and U,, > 0. 


This case favours formation of a heterogeneous mixture of crystals. 


The Free Energy of a Solid Solution 


The entropy of a disordered solid solution is 
dT 
S = | ot -Rfemn c+(1—c) In (1—c)]. ... [11.8] 


Here the first term is an expression for the vibrational part of the entropy due to 
random thermal motion; it is connected with heating of the body. The second term 
is the part of the entropy which is due to the configurational chaos and is the entropy 
of mixing. 

For components with similar physical-chemical properties (this condition is 
necessary so that there may be a wide range of solubility) the specific heat c, of the 
alloy does not depend much on composition. Thus in the expression for the free 
energy of a solid some of the terms depend only on temperature while other terms 
depend only on composition. Thus 


F(c,T) = K(T)+U(c)+RT[elnce+(1—c) n(i—c)], =... [11.9] 


where 
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Fig. 192 shows in graphical form the internal energy U, entropy TS and free 
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Fic. 192. Concentration dependence of the internal energy, entropy and 
free energy of a solid solution. 


338 ALLOY PHASES 


energy F of a solid solution as functions of composition for the following values of 
the energy of mixing: (a) U,, < 0 and (b) U,, > 0. Case (a) corresponds to the 
U-shaped curve of free energy with one minimum. The same shape for the curve of 
F also occurs for U,, = 0. Case (6) corresponds to a W-shaped curve for F with two 
minima p and gq. 


3. Equilibrium States of an Alloy 


System with a U-shaped Free Energy Curve 


Consider a system for which the free energy curve is U-shaped (Fig. 193). We 
require values for the free energy for various possible phase states of the alloy having 
composition c. If the system were 
a mixture of crystals of the pure 
components then the free energy of 
the alloys would change with con- 
centration in an additive manner 
(straight line CD) and for concen- 


Fic. 193. Equilibrium state of 
an alloy with a U-shaped free 
energy curve. 


A c 8 


tration c we would obtain the point F. The formation of solid solutions leads to a 
reduction of free energy (points F, F,,... obtained from the intersections of the lines 
C,D,, C,D,,...). The smallest possible value of the free energy in this case (point F3) 
corresponds to the intersection of the vertical ordinate CF with the free energy curve 
for the solid solution, and here the secant becomes a tangent to the curve F. It follows 
that for the U-shaped curve F, the equilibrium state of the alloy corresponds to a 
continuous series of solid solutions. 


System with a W-shaped Free Energy Curve 


Consider now a system for which the free energy curve has the W-shape (Fig. 
194). Take an alloy with concentration lying in the region of the intermediate maxi- 
mum. In the case where the com- 
position of the solid solution is re- 
tained, the value of the free energy 
is determined by the point F. 

In a case where there is a 
breakdown into two terminal solid 


Fic. 194, Equilibrium state of 
an alloy with W-shaped free 
energy curve. 


solutions « and f, the concentrations of which are determined by the points C, and 
D,, the free energy of the heterogeneous mixture is determined by the point F,, the 
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intersection of the straight line C,D, with the vertical ordinate CF. Breakdown of 
the solid solution into two phases in this case leads to a lowering of free energy. 
Consequently the heterogeneous composition of the alloys is that of equilibrium whilst 
the homogeneous composition is unstable. 

The minimum value of the free energy which results from the breakdown into 
two phases corresponds to the point F, which is the intersection of the vertical with 
the common tangent C,D, to the two minima of the free energy curve. The limiting 
concentrations of solid solutions « and B, c, and c, are determined by perpendiculars 
dropped from the points of contact C, and D,. In the range Ac, the solution « is 
stable; in the range c,B solid solution B is stable. The range c,c, corresponds to a 
two-phase alloy consisting of a mixture of crystals of the solid solutions « and £ with 
the limiting concentrations. The amount of each phase, « and £, is determined by 
the lever rule 


Ca—C C—Cy4 


a 3 = 
Ca—Ca Ca—Cy 


System with Intermediate Phases 


If in the ranges of concentration under consideration, there are not only solid 
solutions based on the pure components but also possible intermediate phases, then 
it follows that on the phase diagram we must consider low lying branches of the free 
energy curve for these phases (Fig. 195). By drawing the common tangents to the 


Fic. 195. Free energy curves for a system with intermediate phases. 


free energy curves we obtain the position of the one phase and two phase regions and 
in particular the regions of intermediate phases. The breadth of the ranges of solu- 
bility is determined by the shape and relative positions of the branches of the free 
energy curve. A sharp and narrow branch of the curve corresponds to a narrow 
region of solubility (phase y). 


Temperature Dependence of Phase Boundaries 


In order to obtain the equilibrium diagram of some alloy we have to consider 
the free energy curves at various temperatures. As the temperature is lowered, the 
curves of free energy rise relative to the axis of abscissae, and the shape changes 
somewhat. Changes of shape of the curves and the rate at which they mix up is 
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different for different phases (Fig. 196a). By drawing the common tangents at different 
temperatures 7,7,... we obtain the positions of the phase boundaries at those 
temperatures (Fig. 196b). By taking a sufficient number of temperature sections we 
can with accuracy construct a states diagram or equilibrium diagram. 


4. Temperature Dependence of Solubility 


Qualitative Considerations 


In solid solutions, as in liquids, solubility usually increases with increasing 
temperature. In both cases this dependence has a common origin. Consider the 
equilibrium of a system which at low 

temperatures is a mixture of two phases. 

y; This will be the case if the internal 

a a I energy of the mixture is less than that 
of the homogeneous solution (the case 

of Fig. 1926). At low temperatures the 

>I free energy F = E—TS is approxim- 
ately equal to the internal energy. As 

the temperature is raised the entropy 

term begins to make a substantial con- 
tribution to the free energy. This term 


Increases with increasing temperature 

A 4 and has the effect of reducing the free 
r energy. Since the entropy of a solid 
solution is greater than the entropy of 

a mixture of the pure components, a rise 


fF 


(a) 


in temperature must be accompanied by 
p a rise in solubility. In simple systems 
where there are no intermediate phases 


4 solubility always increases with increas- 
ing temperature. This is the case for ex- 
ample, in systems with unlimited solu- 
bility at high temperatures (Au—Ni, 


A sd Au—Pt) and also in systems with 
ny Temperature dependence of solu- limited solubility (Cu— Ag, Pb—Sn and 
others). 

In systems where intermediate phases appear, these conclusions may be very 
different and the ranges of solubility of the individual phases may contract with 
increasing temperature. A well known example of such systems is found in the solu- 
bility curve for zinc in copper (a-brass). A qualitative explanation of such a solubility 
change is given in Fig. 196. This figure shows free energy curves for the initial solid 
solution « and for the intermediate phase fB. If the B-phase is a disordered solid 
solution then its entropy of mixing is greater than that of solid solution a which has a 
smaller concentration. Thus as the temperature rises the free energy curve for the 
£-phase falls faster than does that for the «-phase. The slope of the common tangent 
thus falls with increasing temperature and this causes the point of contact of the 
tangent to move to the left, that is, into the region of lower concentration. As a result 
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the solubility curves for both phases have the form shown in Fig. 1965. The range of 
solubility of the «-phase falls as the temperature rises while the solubility range of the 
B-phase rises in agreement with the general rule. 


Equation of the Solubility Curve 


The equation for the solubility curve can be derived from the expression for free 
energy. To simplify the calculations suppose u,, = ugg and consider only those 
terms which depend on concentration. We then obtain from formula [9] 


f= *: = const+zU,, {c(1—c) + p[clInc+(1—c)In(i—c)]},  .. . [71.10] 


. e kT s e e 
where fis the free energy referred to a single atom and p = su, is a non-dimensional 
Z m 


parameter. Fig. 197 shows curves of f for various values of p. At low temperatures 
(p = 0) the system reduces to a mixture of the two components. As the temperature 
rises (p>0) the curve takes on the W-shaped form and the positions of the points of 


homogeneous solution 


mixture 
of phases 


a OS 10 
a OF 10 A b, 8 
Cc 
Fic. 197. Free energy curves for various Fic. 198. Solubility curve for a binary 
values of p. system. 


contact of the common tangents to both parts of the curve become progressively closer. 
This shows that the solubility of both components increases with increasing tempera- 
ture (Fig. 198). At p = 0-5 the two minima come together and there is only one point 
of tangency. This corresponds to the merging of both branches of the solubility 
curves into the general dome-shaped curve. Above this curve there is continuous 
solubility. Below the curve the solid solution breaks down or the liquid solution 
emulsifies into two phases. 


d , , 1: 
From the condition a = 0 we obtain the equation of the solubility curve 
c 


1—2c+p (In c—In (1—c)]| = 0, 
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and hence 
_ zUm(1 — 2c) 


<i =e 2. [ILI] 


For small concentrations this gives an exponential form for the solubility curve 


Un, 
AT 
cre , 


and in many cases this agrees well with experiment. 


5. Equilibrium Diagrams 


We now give a thermodynamic interpretation of binary alloys based on their equili- 
brium diagrams. We assume for the liquid state that there is complete solubility of 
the components; that is that the free energy curve / is U-shaped for the liquid phase. 


Continuous Series of Solid Solutions 


In this case the atoms of both components have nearly the same radii, similar 
electronic configurations and the same crystal structure. The energy of mixing is 
nearly zero. The free energy curve for the solid phase s will also be U-shaped. At a 
high temperature 7,, curve / lies below curve s (Fig. 199a) since the entropy of the 
melt is greater than the entropy of the solid solution S,>S,. As the temperature is 
lowered curve / rises faster than curve s and at some temperature 7, the curves come 
in contact. This moment corresponds to the onset of crystallization of the higher 
melting point component A (Fig. 199d). At a still lower temperature 7, curves s and 
I cross (Fig. 199c). In accordance with the general rule we draw the common tangents 
to determine the concentrations c, and c, of the solid and liquid solutions which exist 
in equilibrium at that temperature. At temperature 7,, curve / has risen to such an 
extent that it makes its last contact with curve s (Fig. 199d). This corresponds to the 
end of crystallization of the lower melting point component B. At still lower tem- 
peratures curve / lies everywhere above curve s; this corresponds to equilibrium of the 
solid phase. By transferring the points of contact and the points of tangency on to a 
(T, c) diagram (Fig. 199f) we obtain the state diagram or equilibrium diagram of the 
alloy. This diagram is formed by the two lines of phase equilibrium, the liquidus line 
and the solidus line. These phase lines divide the whole diagram into three parts, the 
region of liquid solutions, the region of solid solutions and the heterogeneous region 
composed of a mixture of crystals and liquid. The last named region is lens- or cigar- 
shaped. Such equilibrium diagrams are found in the alloy systems Ag—Cu, Cu—Ni 
and Au— Pt. 

However in the majority of systems where there is a continuous series of solid 
solutions the melting curves have an intermediate maximum or minimum (Fig. 200). 
A diagram with intermediate maximum arises in the case when the curve s has greater 
curvature than curve / and the first contact of the curves occurs in the intermediate 
range of concentration (Fig. 200a). If curve s has a smaller curvature than curve / 
then contact of the curves finishes in the intermediate region with the result that the 
diagram shows an intermediate minimum melting temperature (Fig. 2005). 
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Fic. 199. Construction (a@-e) of a lens-shaped equilibrium 
diagram (f/) for a solid solution. 
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Fic. 200. Construction of an equilibrium diagram for solid 
solutions with maximum and minimum melting points. 
CP Z 
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The Eutectic 


Suppose the curve s has two intermediate minima. This is possible in the first 
place for binary systems where the components can form a continuous series of solid 
solutions. In this case s is a continuous W-shaped curve (Fig. 201a). The second 
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Fic. 202. Construction of an 
equilibrium diagram of the pere- 
tectic type. 


possibility is for binary systems where 
the components have different crystal 
structures and cannot form a continu- 
ous series of solid solutions. The free 
energy curve of such a system consists 
of two branches representing free 
energy curves of the two different 
solid solutions a and B based on 
components A and B (Fig. 202a). 
We can consider both these cases at 
the same time since they correspond 
to the same kind of equilibrium 
diagram. 


Fic. 201. Construction of an equili- 
brium diagram of the eutectic type. 
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Fig. 201a-e shows the relative positions of the curves s and / at various tempera- 
tures. At temperature 7, the common tangent to the minima of curve s is also a 
tangent to curve / so that there is triple tangency. This temperature is the eutectic 
temperature and at it there are three phases in equilibrium; the liquid solution with 
eutectic concentration c,; and the two terminal solid solutions with limiting concen- 
trations. The equilibrium diagram of the alloy (Fig. 201/) is the eutectic diagram. 
An example of a eutectic alloy where the components can form a continuous 
range of solid solutions, is the Cu—Ag system. Examples of eutectic alloys with 
dissimilar components are the alloys Cr— Ni, Al—Si, Pb—Sn, Pb—Sb etc.; this type 
is much more common. 


The Peretectic 


If the melting points of the components are very different, the equilibrium dia- 
gram of the alloy will have a somewhat different form. Fig. 202a shows the relative 
positions of curves of s and / at high temperatures. The difference between the free 
energies s and /, AF, and AF; is very different for the two components. Thus when 
we find threefold tangency, the point corresponding to equilibrium concentration of 
the liquid alloy c, lies outside the limits of the region of solid phase equilibrium. This 
leads to a diagram of the peretectic type (Fig. 202d). This type of diagram is found 
with the alloys Ag— Pt and Cd—Heg. 


Systems with an Intermediate Phase 


Free energy curves at various temperatures for an alloy with one intermediate 
phase f are shown in Fig. 203a-e. Fig. 203f shows the corresponding equilibrium 
diagram. The intermediate phase 8 has a maximum in its melting temperature and 
crystallizes from the melt. The equilibrium diagram includes two eutectics. If one 
of the phases « or y has a low melting point then the diagram will have a eutectic or 
a peretectic (Fig. 204). A second type of equilibrium diagram corresponds to the 
formation of an intermediate phase Bf by a peretectic reaction (Fig. 205f). The con- 
struction of such a diagram from the curve of free energy is shown in Fig. 205a-e. 
Formation of compounds by peretectic reactions takes place in many alloys— 
Bi—Ni, Na—K etc. 


Complex Equilibrium Diagrams 


Using the same thermodynamic principles as in the above simple types of equili- 
brium diagram we can understand the construction of more complex types. Compli- 
cations in the equilibrium diagrams are connected with two circumstances: the 
occurrence of several intermediate phases in the system and phase transitions within 
the solid state. A large number of systems are known where there are several inter- 
mediate phases. In particular there are the alloys of the transition metals and the 
heavy monovalent metals with metals of sub-group B, where electron compounds are 
formed. The copper-zinc (brass) system is a typical example. 
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Fic. 205. Construction of an equilibrium 
diagram with peretectics. 


Fic. 203. Construction of an equili- 
brium diagram with an intermediate 
phase and two eutectics. 


Fic. 204. An equilibrium diagram with 
an intermediate phase, an eutectic, and 
a peretectic. 
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6. Phase Transitions 


Transitions within the Solid State 


In thermodynamics, instability of phases leads to phase transitions. Instability 
of solid phases leads to the appearance of phase boundaries similar to those which 
occur in transitions from the liquid to the solid state for the thermodynamic laws of 
equilibrium which determine the character of phase curves do not depend on the state 
of aggregation. Curves of phase transitions called eutectoids and peretectoids are 
analogous to eutectics and peretectics which occur in the transition from the liquid 
to the solid state. A well known example of a eutectoid transition is the austenitic 
transition in the Fe—C system. Reduction of solubility in the solid state as the 
temperature falls, leads to breakdown of the solid solution and the formation of 
crystals of a new phase in a manner analogous to the formation of crystals from a 
supersaturated liquid solution. 

In the solid state there may also be transitions from disorder to order occurring 
in a series of substitutional solid solutions with rational compositions, e.g. there are 
such transitions in the alloys CuAu, Cu,Au, in f-brass and so on. These transitions 
are characteristic only of the solid state but, since the physical and chemical properties 
of the different phases are different, their recognition is essential for the practical 


r 


Fic. 206. Phase boundaries for case (a) breakdown of a solid solution 
and (b) eutectic breakdown. 


utilization of the alloys. If we consider a case when the phase boundaries intersect 
as the temperature is changed then the phase state of the alloy must change. There 
are two basic cases where there is a transition from a single phase to a two-phase 
region; these are (a) phase boundaries inclined to the axis of abscissae (Fig. 206a) 
and (b) horizontal phase boundaries (Fig. 206) such as occur in a eutectic or peretectic. 


Breakdown of a Supersaturated Solution 


Consider an alloy of composition c, (Fig. 206a). At a temperature above 7, the 
alloy is in the single-phase region a. Cooling below this temperature results in tran- 
sition to the two-phase region (+f). Finally at temperatures below 7, the alloy 


348 ALLOY PHASES 


comes into the single-phase region f. In the two-phase region at temperature 7, the 
alloy consists of a mixture of crystals. 


The amount of each phase is determined by the lever rule j == = and is 
a 
continuously changed as the cooling proceeds in such a way that the quantity of 
crystals of the «-phase falls while the amount of f-phase increases. 

The composition of the phases also changes with temperature. The composition 
of the a-phase is determined by the line pg and that of the B-phase by the line rs. To 
begin with, crystals appear with composition markedly less than c, but towards the 
end of the phase transition, the composition is greater than c,. The approach to 
equilibrium concentration requires redistribution of the atoms of the components 
and perhaps diffusion. In fact, equilibrium conditions are rarely attained and in 
consequence crystals are formed with mean concentration c, but not uniform in 
composition. 

Such crystals have a zone structure; in the central parts which are formed first 
the concentration is lower than in the outer zones. 


The Eutectic Transition 


Fig. 206 includes a horizontal line of phase transition. If T,>7;3 this will repre- 
sent a euctectic (or eutectoid) transition or if 7,;>T7, it will represent a peretectic (or 
peretectoid) transition. At first during the transition to the two-phase region («+ B) 
primary crystals of B- appear from the a-phase, the phase transition proceeding as 

, ; Cy—-C 
explained above. The amounts of the phases are determined by the ratio B =~, 

a Cc—C, 

cj—c . e-c 
and the fraction of « is ——*. 
Ci— Ci; — Cz 
Below the transition temperature 7, the a-phase becomes unstable and breaks down 
into B+y. In this way secondary crystals of 8 are formed. Close to the transition 


B cy — 


temperature the total amounts of the phases are given by the ratio — = oT Primary 
y _ 

and secondary crystals can be distinguished by microscopical investigation. The 

secondary crystals of 8 which appear along with the crystals of y at the temperature 

of the eutectic transition usually form a finely dispersed mixture with a structure 

characteristic of a eutectic. The total amount of eutectic in the alloy is equal to the 

amount of «-phase just before the moment of eutectic transformation. 


At temperature 7, the fraction of B crystals is 


fraction of eutectic c—cg 
all alloy 7 C1— Cp 


; ; a Cy—C 
The fraction of B crystals in the eutectic is PF = —! and does not depend on 
eutectic c,—C, 


the concentration c. 


Limitations of the Equilibrium Diagram 


Equilibrium diagrams do not give all the characteristics of the state of a substance 
since by their nature they describe equilibrium compositions of a system and these 
may only be attained as a result of processes which take place very slowly. In practice, 
processes are completed with finite velocity and this leads to non-equilibrium condi- 
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tions which do not agree with the equilibrium diagrams. We considered above the 
process whereby crystals are formed from a supersaturated solution, this leading to 
non-uniform composition within the boundaries of individual crystals of the new 
phase, in contradiction to the equilibrium diagram. Consider another example: a 
eutectic composed of crystals of B+y. On heating above the eutectic temperature, 
crystals of « start to form as a result of interaction of crystals of y with a part of the 
B-crystals, the mechanism being diffusional redistribution of the atoms of the com- 
ponents A and B. First crystals of « are formed on the surfaces dividing crystals of 
B and y. This leads to spatial separation of the 8 and y crystals and consequently to 
a Slowing up of the transformation. With a finite rate of heating or cooling and insuffi- 
cient time for diffusion processes this leads to the appearance of non-equilibrium states. 

With high rates of heating which greatly exceed the rates of diffusion processes 
in solids it is possible to obtain metastable phases. These in general are not repre- 
sented by equilibrium diagrams and do not occur on these diagrams. Examples of 
these are the martensitic phases occurring as a result of quenching in steel and various 
alloys. These metastable phases may survive for indefinitely long times and since they 
improve mechanical properties, are of great practical importance. In such cases one 
may construct diagrams describing metastable states as well as the usual diagrams of 
equilibrium states. 

Another limitation of equilibrium diagrams is connected with the fact that they 
do not show the distribution of the crystals of the various phases—that is whether 
mixtures of coarse or fine grains, and the shapes, whether equi-axed, plate-shaped or 
needle-shaped. This limitation is specially significant since the shape and distribution 
of crystals is of great importance in that the mechanical properties are greatly in- 
fluenced by these factors. 

A fuller thermodynamic consideration of the equilibrium of alloys requires the 
addition of surface energy and the energy of internal stresses arising from phase 
transitions as a result of the difference in the volumes of crystals of the various sizes, 
and in their shapes and anisotropy. These factors are not reflected in the usual 
equilibrium diagrams. They lead to the existence of thermal hysteresis, that is to 
differences in the position of phase boundaries as observed on heating and cooling. 

In conclusion, equilibrium diagrams do not reflect those changes of physical 
properties of a substance which arise from changes of thermodynamic parameters 
(temperature and pressure) within the limits of single phase regions. Such changes 
can be of great significance and because of their practical importance necessitate 
different technological treatments (for example, hot and cold deformation of metals). 
These changes are described by the general interdependence of composition, struc- 
ture, and properties of materials which in the main is determined by the microscopical 
theory of matter. 


Problems 


1. Calculate the binding energy u,, from the heat of sublimation Z of a metal 
(copper). 

2. Calculate the energy of mixing U,, of the gold-manganese alloy at the temperature 
of the maximum of the solubility curve 7,, = 1100° K. 


Chapter 12 


ORDERING AND DISORDERING OF THE 
ATOMIC STRUCTURE OF ALLOYS 


1. The Ordered Structure of Substitutional Solid Solutions 


Discovery of the Phenomenon of Ordering 


In 1914 when Kurnakov and his co-workers were investigating the electrical 
resistivity of gold-copper alloys they encountered the difficulty of making them into 
wires. The cold work produced during drawing of wires with compositions close to 
Cu,Au and CuAu was not reduced by annealing and the wires remained hard. This 
was the more unexpected because on the 
equilibrium diagram of the gold-copper system 
(Fig. 207) the liquidus and solidus curves in- 
dicated a continuous series of liquid and solid 
solutions. Detailed studies of the copper-gold 
system by physical and chemical methods 
showed that solid state phase transformations 
took place in the alloys at certain composi- 
tions. The curves of phase transformation 
outlined two dome-shaped regions. The tem- 
perature of the beginning of the transition (the 
Kurnakov temperature) was 7, = 425° C for 
composition CuAu and 7, = 395°C for 
Fic. 207. Phase transformations Cu,Au. These phase transitions were accom- 
in gold-copper alloys. panied by large changes in the properties of 

the alloy and by thermal effects. 


Cu Cu,Au  CuAu Au 


The Change in Electrical Resistivity 


Fig. 157 shows the composition dependence of the electrical resistivity of quenched 
and annealed copper-gold alloys. The curve of p(c) for quenched alloys has one 
smooth maximum; this is typical of a continuous series of solid solutions. The 
electrical resistivity of the solid solutions rises to 7-8 times that of the pure metals. 
In the case of the annealed alloys there are sharp minima corresponding to the rational 
compositions Cu;Au and CuAu, these minima falling to values of electrical resistivity 
close to those for the pure metals. 

Fig. 208 shows the temperature dependence of the electrical resistivity of the 
alloy Cu;Au: a quenched alloy has the normal linear dependence on temperature. 
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An alloy which has been held for a long time at the temperature of measurement 
(‘annealed’) has a much lower electrical resistivity. A particularly sharp change takes 
place when the transition temperature 7, is reached. However the process of transition 
is not quite completed at that temperature but rather dies out gradually, stretching 
out over a large temperature interval of about 150-180°. At still lower temperatures 
the change of electrical resistivity of the annealed alloy once again follows a straight 
line parallel to that for the quenched alloy. One can draw some conclusions about 
the equilibrium of the intermediate states of the alloys from the fact that the curves 
obtained during heating and cooling almost coincide, showing only a small thermal 
hysteresis. 


C cal/gm.at. 
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Fic. 208. Temperature dependence of Fic. 209. Change in the specific heat of the 
the electrical resistivity of the alloy alloy CuZn at the transition temperature. 
Cu,Au. 
Change of Specific Heat 


Calorimetric measurements show that heat is given out during cooling through a 
phase transition and correspondingly absorbed during heating. The changes of heat 
content go on, not only at the temperature 7, but also throughout the whole tempera- 
ture interval in which the transition 1s completed; as a result of this the specific heat 
of the alloy is increased in the region of the phase transition. Fig. 209 shows the 
variation in specific heat of the alloy B-CuZn. The curve has the characteristic 
A-shape. At temperature 7, there is a discontinuity in slope of the specific heat. The 
absence of a latent heat enables us to attribute the B-brass transition to a second order 
phase transformation. 

For Cu,Au, the specific heat curve has a similar appearance but at the transition 
temperature the specific heat curve itself shows a discontinuity. This indicates that 
in this case there is latent heat and consequently a first order phase transition. In 
Fig. 209 the dotted line corresponds to the normal trend of specific heat which would 
occur in the absence of a transition, and judging by the slope of the c, curve relative 
to this line the basic changes in the alloy take place below the transition temperature. 
However even above the transition the specific heat remains somewhat higher, show- 
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ing that the transition may be incomplete and that there are still changes above the 
temperature 7,. 


Structural Changes 


The nature of the transition which takes place in the alloys we are considering 
was established by means of X-ray analysis. In the majority of cases the X-ray 
patterns of quenched and annealed alloys are very similar, indicating that the basic 
structural patterns are the same. The principal difference is that the X-ray photo- 
graphs show weak additional lines indicating an increase of some lattice periodicities 
and of the volume of the unit cell by some small factor. The appearance of additional 
‘superlattice’ lines shows that in the annealed specimens, an ordered arrangement of 
atoms on the lattice sites of the solid solution has been established in place of the 
disordered arrangement characteristic of the quenched alloys. The types of binary 
alloy structure were given in Chapter 6 §2. 


Long Range Order 


Between the limiting cases of completely ordered and completely disordered 
arrangement of the atoms A and B on the lattice sites « and 8 a continuum of transi- 
tional cases is possible corresponding to the structure with varying degrees of order. 
The appearance of superlattice lines shows that an ordered arrangement of atoms on 
the different « and f sites can be established without violating the periodicity of the 
arrangement, in volumes right up to the size of individual crystals. Such an arrange- 
ment of atoms in a crystal of a solid solution indicates the establishment of long-range 
order. A partially ordered arrangement can be quantitatively described by the degree 
of long-range order s which is linearly related to the probability of finding atoms on 
the correct positions and varies beteeen the limits s = 0 for the disordered structure 
and s = 1 for the completely ordered structure (§2). 


Thermal and Concentration Disordering 


The ordered arrangement of atoms corresponds to a lower internal energy of 
the alloy and is more stable at low temperatures. However the establishment of order 
requires thermal motion and diffusion of atoms within the crystal and the disordering 
effect of thermal motion increases with increase of temperature. Thus the degree of 
order depends on the temperature of the alloy. This degree of order s can be deter- 
mined experimentally from the intensity of the superlattice lines. Fig. 210 shows 
changes with temperature in the degree of long range order: the process of thermal 
disordering gradually increases with temperature and is sharply accelerated as the 
temperature approaches 7,. For the alloy with composition AB there is a continuous 
transition while for composition AB there is a discontinuous change in the degree of 
order at the Kurnakov temperature. 

When the composition of the solid solution departs from stoichiometry, the 
formation of a fully ordered periodic structure is not possible. Even with the greatest 
urge to ordering some of the excess atoms of one component must inevitably occupy 
sites belonging to the other. This leads to concentration disorde ing, that is to a 
lowering of the degree of order of the alloy structure as compared with the maximum 
possible in stoichiometric composition. Fig. 211 shows the changes in the degree of 
ordering in annealed copper-gold alloys as functions of concentration: the curves 
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clearly show the large changes brought about by departures from rational composition. 
The smaller values of the ordering for the experimental curves (full lines) can be 
explained by the presence of some thermal disordering. The phenomenon of concen- 
tration disordering can also be seen on the curves giving the electrical resistivity of 
annealed alloys. (Fig. 157). 


s s 


AB, 
I 
| 
0 T,. T 0 Cu,Au CuAu —»c 
Fic. 210. Thermal disordering of alloys Fic. 211. Concentration disordering of 
with compositions AB and A,B. alloys with compositions AB and A,B. 
Dashed lines: theoretical; Full lines: 
experimental. 


Short Range Order 


The origin of ordering in solid solutions may lie in there being higher binding forces 
between atoms of different kinds than between atoms of the same kind. Thus atoms 
of one kind would seek to surround themselves with atoms of the other kind. This 
drive takes place at any temperature without regard to the temperature which deter- 
mines whether there is long range order in a crystal or not. Moreover this drive takes 
place not only in the crystalline state but also in the liquid where the appearance of 
long range order is impossible in principle. Consequently the basis of ordering of 
atomic structure is the drive towards the establishment of short-range order. The 
degree of short range order (ca) can be determined from the number of different kinds 
of binding (see §3) in such a way that o is equal to unity for a completely ordered 
state and to zero for a completely disordered state. The latter state is attained only 
in the limit of Too. At finite temperatures o>0. The establishment of long-range 
order is a secondary process such that the maximum value of o is reached only when 
long-range order is established. The presence of short-range order enables us to 
explain the incompleteness of the process of ordering at the Kurnakov temperature 
and the residual disorder at temperatures above 7,. 


2. Theory of Long-Range Order 


The basis of the theory of long-range order was put forward by Gorsky and 
improved by Bragg and Williams and other workers. A more complete theory of the 
ordering of the structure of solid solutions based on the assumption of short-range 
order and including long-range order was put forward by Bethe and developed by 
Lifshits and others. The theory of order is beset with considerable difficulties, prin- 
cipally of a mathematical nature. 
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The Degree of Long-range Order and the Probability of an 
Atomic Distribution 


We consider a substitutional solid solution (A, B) comprising two kinds of atoms 
A and B and distinguish two families of sites « and f in the lattice («, £). 


CatCp = l, Cat Cp = 1, eee [12.7] 


The total number of atoms N in a substitutional solid solution is equal to the total 
number of sites N’; N = N’. The numbers of atoms A and B are 


N, = c4N; Nz = CaN. ... [12.2] 
The numbers of sites « and f are: 
N, = c,N; Ng = CAN. eee [12.3] 


The concentrations of sites, c, and c, are determined by the numbers of sites 
and f in the unit cell. Since the total number of sites in the unit cell of a metallic 
alloy is usually not large, the concentrations c, and cg, are simple rational fractions. 
The two commonest cases are c, = 4 and c, = 4. The development of a completely 
ordered structure is possible only in these alloys where the number of atoms is equal 
to the number of sites. 


Na=N. Ng = Np, 
which leads to the relations 
CA = Cas CB = Cps eee [12.4] 


which determine the possible stoichiometric compositions of ordering alloys. In what 
follows we shall, without exception consider alloys with compositions which satisfy 
condition [4]. 

In the case of binary alloys it is sufficient to consider the distribution of atoms 
of one kind, e.g. A on the sites. If there is only one family of sites « and one family of 
sites B, the distribution of A atoms in the structure is uniquely determined by the 
probability of placing the atoms on sites of one family for example «; p4 = p. The 
probability p for the limiting cases of order varies within the limits 


Pmin = CA = Ce (complete disorder) 


Pmax = | (complete order). -.. [12.5] 


As well as p we can use another parameter for the quantitative characteristic of order- 
ing. This is the degree of long-range order s which is linearly related to the probability 
of the atomic distribution 


P— Pwmin p—-Cy, p-—c¢, 
S = = = s eee e 
Pmax ~ Pmin 1—c, 1—c, [2 6] 


The degree of long-range order for alloys of various stoichiometric compositions 
varics within the limits from s = 0 to s = 1. By means of [6] we can express p as a 
function of s 


P = Print § (Pmax—Pmin) = Cats (1 — Cy). 


To obtain the distribution of atoms A and B on the sites « and B we note that N4 
and N% are the numbers of A atoms occupying sites « and f respectively, N® and N® 
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are the numbers of B atoms occupying sites « and f respectively. From conservation 
of numbers of sites and numbers of atoms it follows that 


Nz = N,p = ¢,° p' N; N3 = N4—N? = (e4—¢,p)N = ¢,(1—p)N; 
Ne = Nz—NZ = (1—c,)N—c,(1—p) N = (1—2c, +¢,p) N; 
N® = N,=N4 — N4. ... [12.7] 
The last relation follows from the fact that any transfer of A atoms from «-sites to 
B-sites requires a transfer of B atoms from f to a. 
The Number of Bonds and the Internal Energy of a 
Binary Solution 


As shown previously (Ch. 11 §2) the principal contribution to the energy comes 
from the interaction of nearest neighbours. In a crystal of binary composition (A, B) 
there are bonds of three types AB, BB and AA. The total number of all bonds is 


n= 4 Nz = NaatNppatnap eee [12.8] 


where 1,44, Mpg, Nap, are the numbers of bonds of each type, z is the coordination 
number and N is the total number of atoms in the crystal. The half comes in since each 
bond is counted twice. We assume that the energy of the individual bonds u, ,, ugp, 
and u,, does not depend on the character of the surroundings and does not vary if 
the atoms are interchanged. The internal energies of crystals of the pure components 
are equal to their heats of sublimation at 0° K. Thus 


U, = Nusa = 4 N4ZU 443 Us = Aug, = 4, NpZupp- eee [12.9] 
The internal energy of the solid solution is 
Uc, B) = MgaUaat Mppllppt Mapu ap. ... [12.10] 


To evaluate this, we need to know the number of the corresponding bonds. Divide 
the crystal (A, B) by planes which pass through the bonds. To each of the ends of 
each bond cut in this way there belongs a 1/z part of the corresponding atom. The 
conditions for conservation of numbers of atoms A and B then give 


2 1 2 1 
c4N = z Naat z Naps CaN = z Naat z Nap 


Hence we obtain the general relations between the numbers of the various types of 
bond in a two component crystal 


Nag = CaNn—4Nygpgs Ngg = Can—4 Nap. ».. [12.17] 
Putting [77] into [10] we obtain 
Uca, py = Canty y+ Cytttgpt Nap [Ugp—} Usa t Mpa, 
which can be written in the form 
Ua, py = Ugt+ Ugtinag. Ui; 2. [12.12] 
where 
U, = ugp—t (Ugat Upp): ... [12.13] 
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The first two terms in [/2] are constant and do not depend on the distribution of 
atoms A and B on the lattice sites of the solid solution. They are numerically equal 
to the energies which crystals of the pure components would have if they were picked 
out from the solid solution. The third term n,, U, is variable and depends on the 
atomic distribution. Formula [/2] shows that the total energy of a solid solution 
Uap) depends on the magnitude of the energy of all three types of bond u,,4, Ugg and 
U,p» While the change of energy of a solid solution arising from interchange of atoms 
(configurational energy) 


Uc apy —(U 4+ Us) = ngpU, 


depends only on one quantity U,—the energy of mixing, which is equal to the change 
in energy of a solid solution arising from a change by one in the number of pairs of 
different kinds: An,, = 1. The configurational energy of a solid solution thus changes 
by multiples of U, and reaches a minimum (U, <0) when n,, is a maximum corres- 
ponding to maximum ordering. 

We now investigate the number of bonds n,, in the case where there is a depar- 
ture from stoichiometric composition on the assumption that the alloy retains its 
maximum possible order. Take an alloy of the CuZn type in which there is a chess- 
board alternation of « and f sites and consider the concentration range 0<c, <4 
(if c,>4 we interchange atoms A and B). In the ordered state all f sites are occupied 
by B atoms and « sites are occupied by A and B atoms. Each A atom is surrounded 
by B atoms only. Thus 


Nap = Nz = c,Nz = 2nc,. ... [12.14] 


The curve of n,, consists of two straight line branches lying symmetrically with 
respect to the ordinate c = 4 and giving a sharp maximum at their intersection. In 
Table 63 are set out the results of calculations for other types of solid solution. The 
curve of n4,(c) 1s symmetrical for an alloy of the CuAu type and unsymmetrical for an 
alloy of Cu;Au type. The shape of n,,(c) curves in general corresponds to that of 
s(c) curves (Fig. 211). 


Table 63 


Dependence of n4, onc, and $3 V9 = (O145)o 


Nap (C) Vo 
2nc 16 
$c, (3 8 
$ncy4 (1—c,) 4 


2nC4 (C4<4) 


* For a determination of v9 see formula (18). 


Let us now investigate the dependence of the number of bonds n,, on the degree 
of order in an alloy of the CuZn type. Consider the family of «-sites which are 
occupied by A and B atoms with respective probabilities p and 1—p. In the case of 
a-sites occupied by A atoms we have to calculate the number of B atoms which occupy 
neighbouring f-sites. For the a-sites occupied by B atoms we have to calculate the 
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number of neighbouring A atoms. Hence the number of bonds between atoms of 
different kinds is 


Nap = N,pzp+N, (1—p)z(1—p) = 4 Nz[p?+(1—p)?] = 
= 4n(1+s?). | 2. [215] 


The results of analogous calculations for various types of solid solution are given in 
Table 63. 


In all cases 14, depends on the square of the degree of order. 


The Energy of Ordering 


For these cases considered in Table 63, a change in the configurational energy 
(energy of ordering) connected with a change in the degree of ordering, depends 
linearly on s 


dW any _ uy dnap 
~ 1 


ds is yU ns. ... [12.16] 


Here y is a numerical quantity the magnitude of which depends on the structural type. 
Denote by w the change of energy of a crystal produced by interchanging one 
pair of atoms A and B which were previously occupying their correct sites (w is thus 
an energy of disordering). Assuming that w is positive the energy of disordering must 
be supplied to the crystal and transfers it to a state of higher energy. If we exclude 
fluctuations in the distribution of A and B atoms and take a mean value of w for the 
whole crystal], then it follows from formula [/6] that w must depend linearly on s 


W = Wo'S. ... [12.17] 


The energy of disordering has its maximum value when pairs of A and B atoms are 
interchanged under conditions of complete order w(1) = wo. For a completely dis- 
ordered structure w(0) = 0 for in this case there is no difference between sites « and 
B and interchange of any pair of atoms does not change the energy state of the crystal. 
In accordance with the relation 


w= —6n,,U,s = —vU,s, (U,<90; w>0), 


where 6n,, = v (the change in the number of bonds between atoms of different kinds 
produced by interchanging two non-adjacent atoms A and B) we have that the maxi- 
mum value for w is 


w= —VU,. cee [ 72.18] 


Here v, is the largest change in the number of bonds between atoms of different kinds 
which takes place when two atoms A and B are interchanged. We can find vo if we 
know the coordination ratios in ordered and disordered structures (Table 34, pp. 
182-3). Table 63 gives values of v, for three kinds of solid solution with AB struc- 
tures and chessboard-type alternation of « and f sites. 


Thermodynamic Theory of Long-range Order 


An ordered arrangement of atoms arises from a disordered arrangement because 
it is more favourable for A atoms to be on «-sites than for them to be on f-sites. 
Transfer of an A atom from an «a-site to a f-site is accompanied by the transfer of a 
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B atom from a f-site to an a-site and requires the expenditure of energy w. In an 
alloy at temperature T an equilibrium distribution of atoms on their own and on 
foreign sites is set up. This distribution is characterised by a quantity s, which corres- 
ponds to the difference w(s) in energy between sites « and f. Let us investigate the 
distribution of atoms of a solid solution on their own and on foreign sites by applying 
Boltzmann’s principle. The population of foreign sites 6 (meaning the ratio of the 
numbers of occupied and unoccupied sites) is equal to the population of their own 
a-sites multiplied by the Boltzmann factor 


A A —- 
Np Na, , if ... [12.19] 
NB NB 
whence 
NaNs _ it 
(NA) =e. 


Introducing formula [7] we get 


w 


P(L~2¢— CaP) _ oer ... [12.20] 


Cy (1 ~ py’ 


Expressing p as a function of s and putting that in [20] gives 


(CatCp8)(Cg+c,s) = [12.21] 
~~ ees(1—s)> = efT. ... (12. 


Equation [2/] gives the relationship between the degree of order and the tem- 
perature of an alloy. 

That equation [2/] determines the equilibrium state of an alloy follows from the 
condition of minimum free energy 


dF dU dS 
— =—_—_T— =(0, ~.. (12.22 
ds ds ds L J 
where U is the configurational energy of the alloy and S is the configurational part of 
the entropy. The internal energy due to disordering is related to the interchange of 
dN% atoms from a-sites to B-sites and is given by 


dU = —wdN? = —we,Ndp = —w(s)c,N(1—c,)ds, .. . [12.23] 


where U is the energy of disordering required to interchange one pair of A and B 
atoms. The configurational part of the entropy of a binary solid solution can be 
determined by the formula 


S=kinW=k\n(W,: W,), ... [12.24] 


where W, and W, are the numbers of independent permutations of A and B atoms 
on « and f sites. 


N Ny! 


Y= Ws =a 2. [12.25] 
a A By? B : 
Naini! Ng! N¢@! 
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Putting [25] into [24] and using Stirling’s formula we obtain after some rearrangement 


S(p) = C—Nk [c,p \n p+(1—2c,+¢,p) In (1—2c,+¢,p)+ 


+2c, (1—p) In (l—p)—c,p In c,], ... [12.26] 
where C denotes those terms which do not depend on p. Differentiation of [26] gives 
dS dS dp dS p(1-—2c,+¢,p) 
ee En (tae) = (1-0) Nk in oer 
ds dp ds (l= ¢,) dp (L~¢,) CaN In c,(1—p)? [12.27] 


Substitution of [23] and [27] in the equation of equilibrium leads to the equation 


p(l—2c,+¢,p) w 
In rn, Sar 
c,(1—p) kT 
which agrees with equation [20] which we obtained before by means of the Boltz- 
mann relation. 
Consider the graphical solution of equation [2/]; take logarithms of the left and 


right hand sides: 
(c,+CgS) (Cg +c,5) 


Ls) = naa ... [12.28] 
P(s) = 7 = a 2. [12.29] 


L(s) is a function which increases with increasing s since the argument of the logarithm 
[28] is an increasing function of s. L(0) = 0 and L(1) = o. Thus the graph of L(s) 
is a curve through the origin and tending asymptotically to indefinitely large values 
as s approximates to s = 1 (Fig. 212). P(s) is a straight line through the origin with 
slope depending on temperature. As the temperature increases the gradient of the 
line is reduced and in the limit of T-0o the line becomes coincident with the axis of 
abscissae. At high temperatures equation [2] has only one solution s = 0 which 
corresponds to the disordered state. At the absolute zero of temperature the straight 
line is coincident with the ordinate axis, while at very low temperatures there are two 
solutions s; = 0 ands, = 1 of which the second corresponds to a completely ordered 
structure. This solution determines the equilibrium state of an alloy since there 
corresponds to it a minimum of free energy which at T = 0 coincides with the mini- 
mum potential energy of the alloy. 

Consider the solution of equation [2/] for two cases (a) an alloy of symmetric 
composition AB (c, = cs = $4) and (5) an alloy of composition AB, for example AB, 
(c, = 4 # cg = 4). For these cases the equation for L(s) takes the forms 


1+s _ (1+3s)(3+s) 
(a) L(s) =2In7_? (6) L(s) = Ina? 


... [12.30] 
Figs. 212 and 213 show curves of L(s) and of the lines P(s) which cut them. In the 
general case of c, # Cg, the curve of L(s) has a point of inflection. In the symmetrical 
case C, = Cz, the curve of L(s) has no point of inflection. In case (5), there are some 
temperatures for which the line P; intersects the curve L at three points, 0, Q and R 
and in case (a) at two points 0 and R. Analysis shows that in both cases the highest 
point R corresponds to a minimum of free energy so R determines the equilibrium 
value of the degree of order at temperature T. As the temperature rises the line P 


CP2A 
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falls as the point R approaches the origin, corresponding to a lowering of the degree 
of order. At some temperature T = T, the line becomes a tangent P, with point of 
tangency K for alloy AB, and the origin for alloy 4B. All points of curve L for the 
alloy AB represent possible equilibrium states, the degree of order falling from s = 1 
at T= Otos =0Oat T= T,. The rate of change of s increases as T approaches 7;,. 
In the alloy AB, the upper part of the curve L beginning at K corresponds to an un- 
stable state. At temperature T = 7, a limiting value of the degree of order s = s, is 
reached after which further lowering of the temperature leads to a discontinuous 
change of order down to the value s = 0. At temperature 7; the fully ordered alloy 
exists in equilibrium with an alloy which has the limiting degree of order 5,. 

The solution of equation [2/] results in a curve s = s(T) which is, in the main, 
in agreement with the experimental curves (Fig. 210). A discontinuous change of 
order requires that a finite amount of energy be supplied to disorder the alloy. Thus 


L(s) 


Alloy (Te Th) 
AB 
R P,/ Te T, 
p,(T= 14) 
O(T>h) 
P, | Te I, ) 
P{T>T) 
Fic. 212. Graphical solution of equa- Fic. 213. Graphical solution of equa- 
tion (29) for an alloy of composition tion (29) for an alloy of composition 
AB. AB3. 


the transition in the alloy AB, is accompanied by a latent heat and is a first order 
phase transition. In the alloy 4B with symmetrical composition the degree of order 
changes continuously; the corresponding transition takes place without a discon- 
tinuous change of energy and is a second order phase transition. 

For an alloy of the CuZn type w = wos = —16 U;,s, so equation [2/] has the 
form 


l+s 8U, 

| _ = 7 TT CS: eee e 

nT, ip [12.31] 

If ¢, is the slope of the tangent to the curve In as at the origin, then tan ¢, = 2 
—s 


and equating this to the slope of the limiting line P, (see Fig. 212) we obtain an expres- 
sion for the Curie temperature or Kurnakov temperature, 


4U 
T, = -—-. ... [12.32] 
Using this we can write equation [3/] in the form 
1+s 27, 
InatS 7h, 
ia ... [12.33] 
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At temperature T<T;, the line P(s) cuts the curve L(s) at two points s,; = 0 and 
Ss, = S(T). The second derivative of the free energy 


a’°F T 
ast *N (a 


is negative at s,; = 0 and positive at s, = s(T)>0. Thus the minimum of free energy 
corresponds to the second solution which gives the temperature dependence of the 
degree of order at equilibrium. 

From formula [26] we see that the change of entropy produced by complete 
disordering is AS = Rln2 = 1-38 cal/mole. °K while for B-CuZn experiment gives 
AS = 1-01 cal/mole. °K a value close to the theoretical one but somewhat less 
than it. The total energy of disordering is 


1 1 
AU -| dU = —4NU, | sds = —2NU, = }RT,. 
0) 0 


For f-brass 7, = 743° K, giving AU,,.,, = 740 cal/mole while calorimetric measure. 
ments give AU,,,,, = 630 cal/mole, again somewhat lower than the theoretical value- 
The energy expended in disordering is manifested by an increased value of the specific 
heat. The additional part of the specific heat which is due to disordering is equal to 


dU aU ds ds ds 


at Ty 
a(Z) 


The trend of specific heat of disordering with temperature can be obtained graphically 
by differentiating the curve s = s(T). 

In its essentials the theoretical curve agrees with experiment but there are the 
following differences: from theory it follows that the process of transition takes the 
whole temperature interval from 0° K to 7, while experiment shows that the transition 
takes place mainly at high temperatures. Thus the experimental curve has a greater 
tendency towards the JA-shape than the theoretical; this can be explained by the 
reduction of the diffusional mobility of atoms at low temperatures. The most signifi- 
cant difference between the curves is in the temperature range 7 >7,. Here the experi- 
mental curve reveals an enhanced value of the specific heat which suggests that the 
process of disordering is still going on at temperatures above 7,. This is a further 
illustration of a difference between theory and experiment which was mentioned above 
in connection with the changes of entropy and energy of disordering. At temperatures 
above 7,, short-range order is preserved and the degree of this falls continuously as 
the temperature rises. The decay of short-range order is accompanied by a change of 
entropy of the alloy and requires the expenditure of energy. 


3. Short-Range Order 


The Degree of Short-range Order 


Although the theory of long-range order explains some of the basic phenomen- 
of ordering, it does not explain the properties of an alloy above the transition team 
perature. The failings of the theory of long-range order are in matters of principle. 
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The drive for the formation of bonds between atoms of different kinds under the 
condition U, <0, takes place in the alloy at any temperature. The number of these 
bonds depends on temperature and falls as the temperature is raised. However more 
or less large regions of order survive at any temperature. The basis of the pheno- 
menon of ordering is really short-range order and the most complete and most recent 
theory of ordering is one based on the idea of short-range order since the forces of 
interatomic interaction fall off rapidly as the distance between atoms is increased. 
Thus in the favoured theories of ordering the interactions between nearest neighbours 
only are taken into account, this being a reasonable assumption and sufficient to give 
short-range order. However this assumption cannot explain how a state of long-range 
order arises starting from a disordered state. Moreover long-range order presupposes 
that there is a division of all the lattice sites, including those sites far from a given 
atom, into two families and each of those families is preferentially occupied by atoms 
of one kind throughout the whole volume of the crystal. In a less obvious form such 
a consideration involves the assumption that the energy of a given atom is essentially 
determined by its interaction with all the other atoms in the crystal. One may suppose 
that in a more complete theory of ordering, long-range order would arise on the basis 
of short-range order in the form of states having a very high degree of short-range 
order. 

Let us define g the parameter measuring short-range order by the ratio of the 
numbers of bonds between atoms of different kinds to the total number of all bonds 
in the crystal 


Nap Nap 
=H = _ «| 12.34 
a n Naatnpatnap [ ] 


The parameter q varies between the limits q,,;, for a completely disordered state to 
Ymax for a completely ordered state. We represent the degree of short-range order by 
the quantity 


4-4 min 
CG = a eee 12.35 
Ymax ~ Fmin L I 


which varies between the limits o<o<1. 


The Ideas of the Theory of Short-range Order 


Consider an alloy with composition AB with a chess-board distribution of sites. 
In this case 


(7145)max = Nn, (1.45) min = 4 Nn, 
and formula [35] becomes 
o = 2(q—}4). ... [12.36] 


Hence we can obtain the dependence of the number of unlike bonds on the degree of 
short-range order 


Nag = ¢n(1+0o). ... [12.37] 


This expression is a linear function of o. In a state which is almost completely ordered 
there must be a relation between the criteria for short- and long-range order since in 
the limiting case, o = s = 1 (Fig. 214a) represents the same state of complete order 
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of the structure. Equating formulae [/5] and [37] gives the relation between o and s: 
o = s* (c>0, s>0). ... [12.38] 


An alloy may have a high degree of order while at the same time an estimate based 
on the degree of long-range order shows the absence of order. In the case shown in 
Fig. 2145 the whole crystal consists of completely ordered regions which are mutually 
incoherent and are called antiphase regions. The boundaries between antiphase 
regions pass between pairs of like atoms and interrupt the strict periodicity of the 
crystal. If positive and negative antiphase regions in a crystal occupy equal volumes 
then in effect s = 0. At the same time 

the physical properties of such a crystal ABABAB 

are nearly those of a crystal with a high BABABA 

degree of order. The criterion of short- 
range order better reflects the mean state 
of order and gives in this case o = 0-7. 
Fig. 214c shows some intermediate state 
of order for which relation [38] is suffi- 
ciently well satisfied. 

The basic conclusions of the theory 
of short-range order for alloys of com- 
position AB are as follows: the degree of 
short-range order o decreases steadily as 
the temperature rises but never reaches 
zero. There is no critical temperature 
for o similar to the Kurnakov tempera- 
ture. This result is of the theory in ¢ 
agreement with experiment which shows 
that there is short-range order at tem- 
peratures above 7,. The new theory 
further sees the establishment of long- 
range order as a process analogous to 
crystallization in the liquid and the subsequent growth of the crystals which form. 
At temperatures above 7, there are in the alloy, antiphase regions of short-range order 
existing in dynamic equilibrium. Thermal motion and atomic diffusion continually 
break up these regions while the interaction between unlike atoms provides a mechan- 
ism for the establishment of order. Analogous processes take place in the melt above 
the temperature of crystallization, when ordered regions of atoms continuously arise 
and break up, their structure being nearly crystalline (atomic ‘swarms’). At the crys- 
tallization temperature it becomes possible to form ordered groups of atoms which 
are the nuclei of the new crystalline phase. 

A partially ordered solid solution consisting of a large number of antiphase 
regions has an increased energy on account of the surface energy of its boundaries. 
Raising the temperature encourages these boundaries to appear since they increase 
the entropy of the alloy. As the temperature is lowered these boundaries become 
unstable and the growth of some regions takes place at the expense of others. The 
final equilibrium state is reached when these regions reach the size of the individual 
crystals; this corresponds to the establishment of complete long-range order. It 
follows from the theory that there must be a critical temperature 7, below which the 
boundaries between the antiphase regions are unstable. Long-range order begins to 
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be established at this temperature. The existence of antiphase regions and their 
growth has been investigated by means of X-rays for the alloy Cu,Au in which 
the processes take place very slowly on account of the peculiarities of the structure. 
The solid Cu,Au has the face-centred cubic structure formed by the superposition 
of four separate simple cubic structures and containing four families of sites. Thus 
in the alloy Cu,Au there are four systems of antiphase regions, the growth of which 
proceeds comparatively slowly even at those temperatures when the rate of diffusion 
is large. For this alloy 7, = 390° C although at temperatures of the order of 250° C 
the rate of interdiffusion of atoms of gold and copper is not insignificant; the alloy is 
easily supercooled and as regards long-range order remains disordered. 

Jones and Sykes showed by means of X-rays that there were antiphase regions 
in a supercooled alloy. The breadth of the boundaries was shown by X-rays and by 
thermal measurements to be very small, of the order of two interatomic spacings. 
This gives support to the hypothesis of nearest neighbour interactions. Thermal treat- 
ment must change the dimensions of the antiphase regions from about 10 atomic 
diameters up to the dimensions of the individual crystals. The establishment of long- 
range order even at temperatures a few degrees below 7, requires about 50 hours. 
However in the alloy CuZn which has a b.c.c. structure there are only two families of 
antiphase regions, so here long-range order is established at a much greater rate. 


Problems 


1. Calculate the number of bonds n4, and ny, as a function of s for alloys of the 
type (a) AuCu, (6) AuCu,. 

2. Calculate the dependence of the number of bonds n,, on concentration for an 
alloy of the type (a) AuCu, (6) AuCu3. 

3. For an alloy of the CuZn type calculate the change of the Kurnakov temperature 
T,(c) as a function of concentration c. 


Chapter 13 


FORMATION AND GROWTH OF CRYSTALS 


General Observations 


At sufficiently low temperatures the equilibrium form of the majority of sub- 
stances is the crystalline state. Phase transitions from the gaseous and liquid states 
to the crystalline state (crystallization) and also the processes of phase transition and 
recrystallization which take place in the solid state are in general of first order. 

A phase, which 1s stable at high temperatures, becomes less stable relative to the 
new crystalline phase as the temperature is lowered. Let F, be the free energy of the 
melt, F, that of the crystal. The temperature of phase equilibrium (of melt and 
crystal) 7, is the temperature of crystallization or the melting point. Above the 
temperature 7), F4< Fg, and consequently the melt is stable. Below Jo, Fz<F,, and 
consequently the crystalline phase is the more stable. The condition F,<F, deter- 
mines the thermodynamic requirement for the process of crystallization to occur but 
says nothing about its mechanism and kinetics. In the first instance we have to rely 
on experiment to give an answer to all those problems which are important in the 
theory and practice of production of crystalline substances. Generalisation of the 
experimental results will then lead to theoretical understanding of the stages of 
crystallization. 


1. Basic Experimental Results Common to many Crystals 


The Rate of Formation of Crystallization Nuclei 


It is observed that when the melt is cooled to the temperature of crystallization 
or to some lower temperature, the whole mass of the melt does not transform to the 
crystalline state instantaneously nor simultaneously throughout its whole volume. 
Crystallization proceeds locally from one or more centres with a finite velocity taking 
in the whole volume of the unstable phase progressively. The velocity c at which the 
centres of crystallization on nuclei are formed is equal to the number of nuclei formed 
in unit volume of the alloy in unit time. c has dimensions [L~° T~*]. The nuclei of 
crystallization may be particles of the same crystalline substance or particles with 
similar composition and structure. The process of seeding is sometimes carried out 
in order to obtain crystals of required magnitude, shape, and orientation. Nuclei of 
crystallization can also arise as a result of fluctuations. The velocity at which these 
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arise is strongly dependent on the degree of supercooling AT of the alloy or the degree 
of supersaturation Ap of the vapour or solution. 

The Table reproduced below is due to Tamman who measured the velocity at 
which crystallization nuclei were formed in supercooled betol (an organic compound 
with melting point 7) = 95° C). 


Velocity of Formation of Crystallization Nuclei in Betol (in mm™ > per minute) 


T°,C 35 30 20 16 12 8 0 —10 
c 0 1 8 40 28 4 2 0 


The velocity of spontaneous formation of nuclei increases rapidly as the degree 
of supersaturation increases but with high supersaturation begins to fall again. This 
is explained by the fact that when the temperature of a condensed phase is lowered 
the viscosity rises rapidly, the mobility of the atoms falls, and the rate of diffusion 
processes is reduced. 


Temperature Dependence of the Viscosity of Betol 


T°,C 50 40 30 20 10 0 
n, poise 0014 0-036 0-157 2:65 46:0 580 


Because of these factors the curve c = c (AT) has a maximum (Fig. 215). 


Fic. 215 
Curves of the rate (c) of formation of 
crystallization nuclei and the linear 
velocity (w) of their growth. 


———» J 7 


Linear Rate of Growth 


On the boundary between the crystal and the melt there is continuous deposition 
of new parts of the crystalline phase. As a result of this, the boundary between the 
crystal and the melt moves into the melt at a rate which is determined by the degree 
of supercooling. The linear rate of growth w is the second characteristic parameter 
of the process of crystallization. 


Linear Rate of Growth of Crystals of Betol 


T°, C 80 78 75 73 68 66 65 
w,mm/min. 093 1:05 1:00 0:97 0-86 0:80 0:50 


The curve w = w (AT) has also a maximum (Fig. 215). The similarity of the curves 
of c and w is not fortuitous. Deposition of crystalline material on the surface of the 
growing crystal proceeds discontinuously this being connected with the formation of 
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two-dimensional nuclei on the crystal faces. When a two-dimensional nucleus has 
been formed, deposition of a new crystalline layer (growth of the two-dimensional 
nucleus) proceeds all over the face of the crystal at a comparatively large rate. The 
temperature dependence of the rate of formation of two-dimensional nuclei is in 
general similar to the rate of formation of three-dimensional nuclei. At small degrees 
of supercooling both c and w increase because of the increase in the difference between 
the free energies of the melt and the crystal, while at larger degrees of supercooling 
the curves of c and w both fall because of an increase in viscosity. 


The Glassy or Amorphous State 


When a liquid is cooled there is not in every case a transition to a crystalline state. 
A variety of substances have a strong tendency to supercooling and the ability to 
remain for long periods in the supercooled state. At sufficiently low temperatures, 
these supercooled liquids exhibit mechanical and thermal properties which are char- 
acteristic of solids; their high viscosity and the small diffusional mobility of the atoms, 
lead to the retention of a definite spatial distribution of atoms. Such a body is elastic. 

Thermal agitation consists of vibrations of atoms around fixed positions of 
equilibrium. However, in distinction to crystals the centres of vibration of the atoms 
in a liquid do not form a regular space lattice. There is no long-range order in the 
distribution of the atoms in such systems—only short-range order of the type we 
associate with liquids. A typical example of a substance which has a marked tendency 
to supercooling is glass, so the corresponding state of a substance with large viscosity, 
elasticity and a disordered distribution of atoms is often called glassy or amorphous. 
In distinction to the process of crystallization which takes place at a definite tem- 
perature 7, the transition to the glassy state with high viscosity takes place over a 
more or less wide range of temperature. 

From the phenomenological point of view the difference between substances 
which readily crystallize and substances which are readily supercooled is explained by 
differences in the relative positions of the maxima of the curves of c = c(AT) and 
w = w(AT), since on the whole the process of crystallization depends on the rate of 
formation of nuclei as well as on their linear rate of growth. In the case where the 
maxima of both curves are coincident or close together, the substance crystallizes 
easily and it is difficult or impossible to bring it into an amorphous state by cooling 
the melt. Metals are such substances. In the case where the maxima are not superposed 
and the curves do not cut each other the substance readily passes into the glassy state, 
and in distinction to metals, it is difficult to crystallize it (glass). When the curves of 
c and w are partially coincident the substance may be brought either into the amorph- 
ous or into the crystalline state depending on the rate of cooling. An example is 
selenium. 

According to crystal chemistry, the reason that glass has such a pronounced 
tendency to pass into the amorphous state is that the basic structural motif in glass is 
a net of silicon-oxygen tetrahedra, each linked with the other by directed valence 
bonds composed of oxygen atoms. The formation of a regular periodic structure in 
such conditions is very difficult. Not only glass but also quartz—that is, pure silicon 
dioxide—can easily be produced in amorphous form (fused quartz). 

We can distinguish a variety of substances by their tendency to crystallize. 
Readily crystallizable substances are those metals which have structures corresponding 
to close-packing or nearly close-packing of spheres. Metals with more complex 
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structures (zinc, tin, antimony, selenium) have a greater tendency to supercooling. 
Boric anhydride, which is built up of boron-oxygen triangles and tetrahedra, has a 
particularly marked tendency to supercooling. The formation of quite small crystal- 
line aggregates of this substance on the glass walls of a vessel takes about a week, 
while to crystallize the whole mass requires several months. Many molecular organic 
substances also readily form glasses. The reason suggested by crystal chemistry for 
this is that the formation of a regular crystalline structure in these cases requires not 
only periodic distribution of the centres of the molecules but also a strictly determined 
relative orientation of the molecules in space corresponding to their orientation in 
the crystal. 


Terraces and Spirals on Crystal Faces 


Studies of the shapes of crystals show that real crystals are never bounded by 
completely plane faces. Instead, various types of departure from plane faces are 
encountered, and these have a great influence on a variety of crystal properties. 
Investigation of the dissolution of faces makes it possible to pick out the basic lines 
of facial sculpture and discover the important properties of growth. 

The most distinctively sculptured faces are those which appear on crystals formed 
from the vapour or from solution. A feature of such crystals is steps and terraces 
(Fig. 216), which show that growth takes place by a layer process and is connected 
with the formation of surface nuclei. When a growing layer reaches the edges of the 
crystal its growth stops. Its growth may also be stopped by obstacles such as are met 
with on crystal surfaces. Lemlein produced interesting shapes of growth fronts, in 
particular the bending of growth fronts round obstacles and the production of curved 
growth fronts by allowing a plane front to grow through a small aperture (similar to 
the phenomenon of diffraction and the production of elementary Huyghens’ waves). 

Comparatively recently an interesting detail of the sculpture of a crystal face was 
discovered, namely the spiral. Fig. 217a shows circular spirals on the face of a silicon 
carbide crystal. More frequently, the spirals have polygonal shapes corresponding 
to the symmetry of the faces. Fig. 217b shows a hexagonal spiral again forming on a 
silicon carbide crystal. Fig. 217c shows a rhombic spiral on a paraffin crystal and 
Fig. 217d shows a two-start rectangular spiral appearing on the face of a crystal of 
potassium ferrocyanide (see also Fig. 228). 

Step-height measurements on the spirals have been carried out, especially on 
silicon carbide, by a micro-interference method, and have shown that the heights are 
equal to or multiples of the height of the unit cell. The spiral form of the faces makes 
it possible for a crystal to grow without interruption since, when the plane fronts 
spread out, the spiral rotates and thus the stepped layer never grows out. Spiral 
growth of crystals explains several curious structural properties of complex crystals 
such as the multitude of structural types (polytypes) and the appearance of large 
periods (superperiodicity) which are found in silicon carbide, zinc sulphide, iceland 
spar, and so on. Surface spirals are found on a wide range of substances with various 
chemical compositions and a variety of physical properties (silicon carbide, cadmium 
iodide, beryllium, silver, paraffin and others). This shows that spirals are not an 
accidental phenomenon on crystals, but are one of the typical features of crystal 
sculpture and an important mechanism whereby crystals grow from the vapour and 
from solution. 


Photograph by R. W. G. Wyckoff 


Fic. 216. Stepped shape of crystal faces (compare Fig. 66). 
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Surface Diffusion of Atoms 


The rate of migration of atoms on the surface of a solid (surface diffusion) is 
significantly greater than the rate of diffusion of atoms within a solid. This depends 
on the fact that the activation energy for surface diffusion is several times less than 
the activation energy for bulk diffusion. There is direct experimental evidence for 
high atomic mobility on crystal surfaces; thus Volmer, studying the growth of plate- 
shaped crystals of mercury from the vapour, showed that although the majority of 
vapour atoms condensed over the whole area of the face and not on its perimeter, 
growth of the crystal did not proceed in such a way as to thicken the plate but in the 
direction of increasing area of the platelet. This can be explained if it is assumed that 
atoms adsorbed on the surface of a plate-shaped crystal migrate forthwith to the 
edges and that growth of the crystal proceeds there. A direct experiment to show the 
effect of surface diffusion was carried out by Lukirsky, who produced a spherical 
shaped crystal of rock salt; after heating for several hours at temperatures of between 
720-760° C, that is well below the melting point, figures having the symmetry of the 
crystal were observed on the spherical surface. Around the places where the [100], 
[110], and [111] axes emerged, there were formed respectively square, rhombic and 
triangular figures (Fig. 218). The formation of these figures can be explained by sup- 
posing that the heating gave rise to surface diffusion which caused the crystal to move 
closer to a more equilibrium form and, from being a sphere, become transformed into 
a polyhedron with stepped faces. The departure from spherical shape was also sup- 
ported by the observation that the annealed crystal did not roll along a straight line 
path but along a zig-zag trajectory. Changes in the linear dimensions of the crystal 
as a result of surface diffusion were very small, being about 10 microns for a sphere 
of diameter 2 cm. 


Total Rate of Crystallization 


Consider a system existing under given conditions of supercooling. Such a system 
might be a melt or an unstable crystalline phase (the latter case includes phase transi- 
tions or the recrystallization of a deformed metal). At the start the amount of material 
transforming is zero. With the passage of time this quantity increases but the whole 
mass of the unstable phase is not transformed into the stable phase. In practice it is 
important to know the total transition rate, that is the rate of increase of the amount 
of new phase at each instant and also the time of complete transition t,. 

In Fig. 219 the unbroken curves show the kinetics of phase transition of y- into 
a-iron (based on magnetic measurements). The temperature of a-y equilibrium in iron 


1-W[ 


£0 


time 
Fic. 219. Total rate of crystallization. 
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is 906° C. and the transition proceeds at a rate which depends on the degree of super- 
cooling. At the beginning the transition rate is small because of the small number of 
nuclei and the short time available for their growth. As time goes on the rate of 
transition increases steeply and dies away equally quickly towards the end of the 
transition. Similar S-shaped curves occur in the transition of rhombic sulphur into 
monoclinic (dotted curve, Fig. 219). The decrease in the transition curve in the final 
stages is explained by collisions of the growing crystals with each other and with the 
walls of the vessel, resulting in a cessation of growth on the common faces. 


2. Thermodynamics of Crystal Formation 


Difference of Free Energies of Crystal and Melt 


Consider a system consisting of a crystal and its melt. A change in the specific 
volume free energy of these phases as a result of a small degree of supercooling 
AT = T,—T can be written in the form 


where S% and Sp are the entropies of the melt and the crystal at the temperature of 
crystallization. The difference between the free energies of these phases 1s 


AF’ = (S8—S®)AT = -2 AT, ... [3.7] 
0 


where g is the latent heat of crystallization. Formula [/] takes account of only the 
volume free energy and not of the surface energy which can be neglected for a suffi- 
ciently large crystal. If, in the supercooled melt there is a crystal such that its free 
energy is less than the free energy of the melt, then the crystal will begin to grow and 
will continue to do so for a time but the whole melt will not crystallize. For this to 
happen it is necessary that sufficient heat be removed to maintain the required degree 
of supercooling. 

The equilibrium condition for a sufficiently small crystal is quite different because 
of the influence of the surface energy. For simplicity suppose that the crystallite has 
the shape of a sphere of radius r. Taking account of the surface energy and the 
dimensions of the crystal, formula [/] takes the form 


AT 
Tr )-ednrte [13.2] 


where o is the surface tension at the crystal-melt interface. 


AF = —4nr° ( 


Heat of Formation of Nuclei of Crystallization 


The change in the free energy difference between crystal and melt is shown as a 
function of the size of the crystal in Fig. 220. For a very small crystallite, the balance 
of free energy is seen to be positive on account of the second term and, consequently, 
such a crystallite will be unstable relative to the melt. For a crystallite to be more 
stable than the melt, its dimensions must be greater than some critical value r, corres- 
ponding to the maximum of the curve of AF. All crystallites with dimensions less 
than the critical will remelt while those with dimensions greater than critical become 


THERMODYNAMICS OF CRYSTAL FORMATION 371 


centres or nuclei of crystallization. Since the melt is unstable relative to them such 
crystallites will grow. The critical dimension of a crystallization nucleus is obtained 
from the condition 


2015 
ri, = — ».. [13.3 
* q(Io—T) 33] 
The greater is the latent heat of crystallization and the degree of supercooling and the 
less the surface energy, the less is the critical size of a nucleus. 
The heat of formation of a nucleus is obtained from the height of the maximum 


of the free energy curve (Fig. 220) af 


... [13.4] AF 


where S is the surface area of the nucleus- 
The heat of formation is 1/3 of the surface 
energy of the nucleus. 


Influence of Walls and Impurities 


Fic. 220. Heat of formation of a 


The energy required to form a nucleus crystallization nucleus. 


of a new phase is significantly reduced 

when the nuclei are formed on bounding surfaces, the walls of the vessel or the surfaces 
of impurity particles. Consider the formation of a spherical nucleus ABC (phase II) 
on a plane surface (phase III) and bounded by the mother liquor (phase 1) which feeds 
the crystallization nucleus (Fig. 221). In a case where the nucleus is formed on the 
wall, the work to form it is 


= taS = 4 (6,S,+03S2,—62S>), 


where a, is the surface tension on 
the nucleus mother-phase interface 


B 
6, Ao hoor I, o, the same on the wall mother- 


A C phase interface, and o, the same 
on the nucleus-wall interface. In 


: equilibrium o,—0; = o, cos 0. 
The area of the surface is S$, and 
the area of the base of the spherical 
segment of the nucleus are given 
by 

Yi S, = 2nrh = 2nr? (1—cos 8), 
Fic. 221. Formation of a nucleus on a S, = nr?sin? 0. 
boundary between phases. 
Whence 
R = 1 nr’, [2 (1—cos 0)—sin? 6 cos 6]. ... [13.5] 


For the limiting angle 0 = x (no wetting) this expression gives the heat of formation 
of a free nucleus inside a homogeneous volume of the mother-phase; R = 4nr?c. In 
the case of partial wetting 0 < 2 and R<AF, that is, the heat of formation of a 
nucleus on an interface is less than the heat of formation of a free nucleus. With 
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complete wetting 9 = 0 and R = 0. In this case the formation of a new phase (con- 
densation of the vapour) proceeds even at very small supersaturation. 

These discussions are valid in general and explain the important part played by 
the walls and particles of impurity in the formation of nuclei. The heat of formation 
of nuclei in general is less for particles of isomorphic impurity or crystalline particles 
where one or other of the faces has a structure compatible with the crystallizing 
substance. 


The Probability of Formation of Nuclei by Fluctuations 


The process of crystallization can begin in two ways. Firstly, there may be 
intentional or accidental introduction of ready made centres of crystallization (crystal 
seeds or impurities); alternatively the nuclei may form spontaneously, the energy 
required being supplied by thermal fluctuations. The probability that a nucleus will 
be so formed is determined by the expression 


- _AF _ oS _ 16n0°Ta 
kT 3kT 3kq2 (To — AT) AT2 
eT =e = eg Ma (Tom Aanyar ... [13.6] 


For crystallization in condensed systems (liquid or solid phase) an important factor 
is the increase in the viscosity as the temperature is lowered. This arises from a 
reduction in diffusion, the temperature dependence of which is expressed by a formula 
analogous to [6]: D = Ae ®/*", where Q is the energy of activation for diffusion. 
Taking into account the viscosity of the system, the probability of formation of a 
nucleus is determined by the formula 


1 4oT 
~ 2 ir {e+ id iT=Tol } 


. ... [13.7] 
The turning value of the function is expressed by the equation 


ax’ (3—x) = Q(x—1)*, 


To 4a\? 
x= and a = $10 (~) . 


Mechanism of Crystal Growth 


where 


Consider a very simple model of a crystal, one made up of cubic blocks, and take 
account only of interactions between nearest neighbours. At sufficiently low tem- 
peratures the equilibrium state of the crystal is determined by the minimum of poten- 
tial energy of interaction which corresponds to the densest packing of the blocks. 
The formation of a step on the external face arises from there being insufficient blocks 
to make up a complete face (Fig. 222). At higher temperatures the crystal is in 
dynamic equilibrium with its vapour which has a finite density of blocks. As a result 
of the balance between the opposing processes of condensation and evaporation, the 
structure of the external faces of the crystal will be similar to that shown in Fig. 223, 
being permanently ‘rough’. 

The energies of crystal blocks are proportional to the number of neighbours and 
differ according to their positions. The weakest binding is for isolated blocks of 
type B. When the blocks congregate in groups the binding energy increases. On an 
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incomplete face, the strongest binding is that of blocks of type A which land in a 
re-entrant step. When the crystal is evaporating, the first to go are isolated blocks 
and individual groups. The most difficult blocks to disperse are those in the complete 
part of the face, although a certain number of vacancies of type C will be formed by 
thermal energy fluctuations. 

Blocks on the faces of a crystal have high mobility (surface diffusion). Thus 
growth of a crystal from the gaseous phase (or from solution) at given supersaturation 
Ap proceeds as follows: a steady stream of blocks lands on the external face of a 
crystal, falling in the main in positions B. These blocks move around over the surface 


Fic. 222. Growth sequence of a crystal. Fic. 223. Growth of a real crystal face. 


of the crystal remaining there for some mean lifetime. If in this time the blocks move 
into the corner of a step then they may stick there, causing the step to grow longer 
and spread across the face. Thus the face of a crystal grows by means of terraces and 
the spreading out of plane growth layers. If as a result of growth and the filling up 
of steps a complete crystal face is formed then the process of growth is halted since 
individual blocks adsorbed on such a face will be in unstable equilibrium there unless 
the degree of supersaturation is changed. If the growth of the crystal is to continue, 
new steps must be formed and this requires the formation of stable groups of blocks 
on the face. These are the two-dimensional nuclei (Fig. 224). 


The Probability of Formation of Two-dimensional Nuclei 


Suppose that the nucleus is an island with the shape of a circle of radius p. The 
change of free energy required for the formation of such a nucleus 1s 


AF = —np’o+2npA, ... [13.8] 


where o is the gain of free energy per unit area when molecules are added to the 
island, and / is the free energy per unit length of a step. As in the case of formation 
of three-dimensional nuclei, the formation of two-dimensional nuclei is connected 
with the work which goes to form the perimeter. From the condition for a minimum 


“= we 


Fic. 224. Two-dimensional nucleus on the face of a crystal. 
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of AF we obtain the critical dimension and the work to form a two-dimensional 
nucleus 


2 
pp, = : and AF = me = nAp. ... [13.9] 


The heat of formation of such a nucleus is half the energy of the step which marks its 
perimeter. 

The calculation of the probability of formation of two-dimensional nuclei shows 
strong dependence of the probability on the degree of supersaturation. If a crystal is 
to grow at a rate which is measurable in the laboratory (the order of 1 per month) 
the degree of supersaturation required has to be not less than 25-50%. With higher 
degrees of supersaturation the process of growth is not held up by the formation of 
two-dimensional nuclei. At lower degrees of supersaturation the probability of 
formation of nuclei is much too small. Experiments on the growth of crystals from 
the vapour show that growth proceeds at a measurable rate at much lower degrees of 
supersaturation (of the order of 19%). The theory of growth of the ideal crystal is 
thus in serious disagreement with experiment. 

From the above we may conclude that the experimental fact that crystals grow 
at small degrees of supersaturation (and in these conditions are completely regular and 
well-formed) shows that real crystals are not perfect. Frank and others have developed 
a theory of the mechanism of growth in which a step on the crystal face does not grow 
out but is available indefinitely. This mechanism of growth is connected with the 
emergence of screw dislocations on crystal faces. 


Screw Dislocations and the Growth of Spirals 


If one part of a crystal slips by a small amount relative to another part (Fig. 225) 
a step AB may be formed which finishes at the point B within the crystal face. Fig. 
226 shows a model of such a defect, called a screw dislocation, on an atomic scale. 
When such a defect is present the face ceases to be an ideal plane becoming bent into 
a section of a spiral. Depending on the direction rotation we can have either right or 
left handed screw dislocations. When the displacements are so small that the height 
of the steps are equal to one or several unit cells, the departure of the crystal face from 
being planar is very small and special methods are required to make the defects visible. 

Given that there is a screw dislocation in the crystal face, the step can advance 
continuously and is not eliminated by the process of crystal growth. This explains 
crystal growth at small supersaturations. Fig. 227 shows successive positions of a 
step 1, 2, 3, 4, 5 and formation of a growth spiral (6 and c). To begin with, the step 
advances parallel to itself but, since the rate of advance of the step close to the axis 
of the screw dislocation is large, the steps become curved and spirals are formed. 
However, the curved parts of the steps have lower stability so the rate of frontal 
growth is here reduced until equilibrium is reached, corresponding to a spiral with a 
shape such that all its parts advance with the same angular velocity. 

Circular spirals form when the rate of growth is independent of crystallographic 
direction. The rate of advance of a plane front with a radius of curvature p is deter- 
mined by the formula 


v = v, (l—p/p,); ».. [13.10] 
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where v,, 1s the rate of growth of a straight front and p, is the critical radius of a 
curved two-dimensional nucleus given by 
a® 


= ——_-—, ... | 23.11 
2kT Ina [13.11] 


Pr 


Here - is the degree of supersaturation, }® = oa is the binding energy of 
0 


nearest neighbours, o = «—1 and a is the interatomic spacing. In these conditions 
the shape of the spiral is similar to the Archimedean form, 


r = 29,0, [13.12] 


Fic. 226. 
Model of a screw dislocation. 


CP2B 
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with spacing between successive turns 


Ar = 4np,, ... [13.13] 
and turning with angular velocity 
wo = 22. ... [13.14] 
2px 


Polygonal spirals are formed when the rate of movement of a growth front v,, depends 
on crystallographic direction. Then the lines of the growth fronts tend preferentially 
to be parallel to the directions of dense packing on the crystal face. More complex 


Fic. 227. Formation of a growth spiral. 


facial relief is formed when there is interaction between several spirals with the same 
or opposite hands. Fig. 228a shows the superposition of a large number of spirals 
with the same direction of turn (the number of spirals is about 10* per cm?) and Fig. 


2286 shows the pattern formed by the interaction of two spirals rotating in opposite 
directions. 


3. Kinetics of Crystallization 


Consider an isothermal process of crystallization from the melt and assume that the 
rate of formation of nuclei c and the linear rate of growth w depend only on the 
supercooling AT. 


Theory, taking no Account of Collisions between the 
Growing Crystals 


Géler and Sachs considered the kinetics of a process of crystallization under 
conditions which are independent of growth. Suppose at the time t one of the nuclei 
is formed. At the later time ¢ the volume to which this crystal has grown, assuming its 
shape to be cubic, is ¢ = 8 w® (t—t)*. Denote by u(t) the noncrystallizing part of 
unit volume of the liquid at time t. In the time interval dt, dN = cu (t) dt nuclei of 
crystallization are formed. The volume of these nuclei at time f is cu (t) dt8w? (t—1)°. 
The total volume of all the crystals which have grown since the time when crystalliza- 
tion began is 

| 


1—u(t) = 8cw° | u(t)(t—t)? dt. 


0 
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Hence the non-crystallizing part of the volume of the melt is 


t 


u(t) = 1—8cw? | u(t)(t—t)° dt. oes [13.15] 
O 
This is af integral equation of the Volterra type. Its solution is given by the series 
4p*t* (4p*t*)? (—4p*e*)" 
u(t) = 1- —... $+-—————_ ... {13. 
) ry (ny! ” [13.16] 
where 
p* = 12ew’. ... [13.17] 
This solution can be written in the form 
u(t) = cosh pt cos pt. ... [13.18] 


The physically interesting range of the solution lies within the limits of + of a 


2 


crystallization is completely finished. Hence the time for complete crystallization is 


period. When ¢t = 0, u(0) = 1; when t = > «(5) =0, that is the process of 


{=== . ... [13.19] 


The total number of crystals in unit volume is 


ty 
‘0 
N,=c | w@ar = a ... [13.20] 


0 


The maximum linear dimensions of the crystals is 


— | —., ... 123.21 
|, = 2wt, > nl [73.21] 


The theoretical curve of 1 —u(t), which represents the crystallizing part of the volume 
of the melt is shown on page 483. This curve rises slowly in the early moments of 
crystallization, rises steeply in the middle and is specially steep at the end of the 
process of crystallization. The initial part of the curve may agree with experiments 
but in the later stages of the process of crystallization there is severe disagreement 
since the experimental curves are S-shaped. 

As we have already shown, the slowing up of the process of crystallization is 
explained by the fact that when the boundaries of the growing crystals meet each 
other or collide with each other, growth on these boundaries stops. At the end of the 
process of crystallization the majority of the crystals are in contact with each other 
and are cut off from the process of crystallization. These collisions between the grow- 
ing crystals have not been taken account of in the above theory, which is thus an 
approximation describing only the early stages of the process when the number and 
dimensions of the nuclei are small and their total volume does not exceed 15-20% of 
the total volume. 
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Theory, taking Account of Collisions between the 
Growing Crystals 


Kolmogorov has developed a theory of kinetics of crystallization for the three- 
dimensional case taking account of the fact that the boundaries of the growing crystals 
come in contact. Suppose we have a volume V of the melt (Fig. 229). Consider an 
moment ¢ not fall within a volume which is crystallizing. 
Consider any other point P’. If at the moment t</ a 
nucleus is forming at the point P’ then in time (t—7) it 
will have reached a distance w(t—t) and if w(t—t)> PP’ 
then the point P will be engulfed by the growing crystal. 


Fic. 229. Calculation of the probability of. 
collisions of the boundaries of crystals during 
growth. 


Consequently the critical volume around the point P is V(t) = 4nw?(t—t)’. Now 
take the unit of time to be so small that c<1. The probability of formation of a 
nucleus in the volume considered is cvAt. The probability that in this interval of time 
a nucleus will not appear within the critical volume is 


1 —cv (t) At. 


Now divide the time intervals ¢ into units of At, ¢ = nAt, t; = iAt. Then the prob- 
ability that the point P will not be engulfed by crystals in time ¢ is expressed by the 
product of probabilities 


q(t) = [] [1-—cv(iAt) At]. ... [13.22] 
i=1 
From which 


In q(t) >) In [1-—cv(iAt) At] = -¥ cv(t)At = —c | vu(t)dt = —cQ. 


Since the non-crystallizing part of the volume is equal to the probability we have 
obtained 


u(t) = q(t) =e™, 
Q -| v(t)dt = 8w? | (t—t)> dt = 2w'tt, 
8) 0 
_ pats 


u(t) =e 72w' =e ©, ... [13.23] 


The first two terms of the expansion of this function in series agree with the corres- 
ponding terms of the series [/6]. What is new is that, according to [23], completion 
of the process of crystallization requires an infinitely long time. If, however, we take 
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for the time when crystallization is finished in practice as t/—the time in which 0:999 
of the volume of the mother-phase has crystallized then 


, 254 1:37 


, — 
Pp +/ew 


, [13.24] 


The number of crystals at the end of crystallization 


0 2 @) 


_ Patt 4 , 
N(t) = N(oo) =c [ «oa =C¢ e © dt _ ¥6e _ 0-065¢ 
4! p Pp 
0 0 
The value of this integral can be found from a general formulat 
z+1 
00 1 a | 
Ww" dt = —— : , —1). 
fe p41 aT (w>0; n>0; z> —1) 
0 Ww —— 
n 
Problems 


1. Find the temperature of the maximum of the curve c = c(T) which gives the rate 
of formation of nuclei. 

2. Determine the critical dimension and rate of formation of a nucleus in the crystal- 
lization of (a) water, (6) copper. 

3. Find the solution of the equations of the kinetics of crystallization not taking 
account of collisions between the growing crystals. 

4. (a) Compare the kinetics of crystallization y,(t) = cosh pt cos pt and u,(t) = 
exp (—p*t*/6); (b) find the time of complete crystallization t,; (c) find the total 
number of crystals at the end of crystallization. 

5. Find the equation for the kinetics of crystallization for the two-dimensional case 
taking account of collisions between the growing two-dimensional crystals. 

6. Find, by the method of dimensions, the relations between the quantities which 
determine the kinetics of crystallization for (a) the three-dimensional case, (5) the 
two-dimensional case. 

7. Suppose that the rate of growth of a nucleus depends on its dimensions and is 
proportional to the difference of free energies between the nucleus and the melt 
and find (a) the linear rate of growth w, and (6) the volume rate of growth »,. 

8. Consider the kinetics of crystallization for the case when there are cy nuclei (per 
1 cm? of the melt) at the beginning and in addition, new nuclei are formed at 
a rate c. 


+ Jahnke and Emde, Tables of Functions. Dover 1946. 


Chapter 14 


THERMAL PROPERTIES OF CRYSTALS 


1. The Specific Heat of Crystals: Experimental Data 


The Specific Heats c, and c, 


The specific heat c is a measure of the change of internal energy E of a body 
with temperature 
= = = 60,%,7) [74.1] 
= a7 = OO, v, T). .. | 14. 
Because of the relation between p, v, and T which is expressed by the equation of state 
S(p, v, T) = 0, the specific heat depends on only two of the thermodynamic para- 
meters and is represented graphically by a surface of some kind. The most important 
two plane sections of this surface are at v = constant and p = constant, and these 
determine the specific heat at constant volume c, and at constant pressure c, 


OE OE 
a= (28), ante (28) mcr 


c, is the easier to calculate theoretically. However since it is difficult to keep the 
volume of a liquid or solid constant when it is heated, one usually measures c,. In 
isobaric heating of a body the heat of expansion has to be supplied in addition and 
this is given by J pdv. Therefore c,>c,. The difference in the specific heats is deter- 
mined by the thermodynamic relation 
2 
Cy, = =, 2 [14.3] 


where « is the coefficient of volume of thermal expansion, x is the coefficient of com- 


Table 64 


Atomic Heats of Various Metals 
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pressibility, v is the volume of the gram molecule and T is the temperature. Table 64 
gives values of the atomic heat of various metals. 

As the temperature rises, the difference c,—c, increases and reaches a value of 
~ 1 cal/gram-atom. °K. At low temperatures c,—c,—0. 


The Energy and Specific Heat of a Classical Oscillator 


The particles in a solid execute vibratory motions around their positions of 
equilibrium. The amplitude and energy of these vibrations increase with rise in 
temperature. At small amplitudes the vibrations can be considered to be harmonic. 
The total energy of an oscillator is equal to the sum of its kinetic and potential energy 
E = K+U. The mean value of these energies taken over the period of oscillation 
are the same K = U; so consequently E = 2K, while for a perfect gas E = K. This 
twofold increase in the thermal energy of a crystal as compared with the energy of a 
monatomic gas can be considered as due to the doubling of the number of degrees of 
freedom. On the classical theory, every degree of freedom receives the same thermal 
energy 4kT and this is independent of the chemical nature and mass of the oscillator. 
The total energy of a three dimensional oscillator is thus 3kKT and the specific heat 3k. 
The total thermal energy of a crystal containing N atoms at temperature T will then be 


E = 6:4kT- N = 3KNT, ... [14.4] 
from which we obtain for the specific heat of the crystal 
dE 
= — = 3KN. 2 (14.5 
Cy dT [ J 


The classical theory predicts that the specific heat of crystals, like perfect gases, will 
be independent of temperature. The numerical value of the specific heat of a one 
component crystal referred to the gram-atom 1s 


c, = 3R = 6 cal/gram-atom. °K ... [14.6] 
and for crystals of compounds referred to the gram-molecule 
| » = 3R-n = 6ncal/mole. °K ... [14.7] 


where n is the total number of particles in the chemical formula of the compound. 


The Laws of Dulong and Petit and of Neumann and Kopp 


Long before kinetic theory was known, Dulong and Petit (1819) pointed out 
that the atomic heat of the majority of metals was close to 6-2 cal/gram-atom. °K 
(Table 64). This agrees with our theoretical values. Table 65 gives the values of the 
molar heat and the corresponding shares of the specific heat per atom in various 


compounds. 


Table 65 


Molar Heats of Some Compounds at Room Temperature 


Crystal compound 


Molar heat 
Molar heat per atom 
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As was shown by Neumann (1831) and Kopp (1863) the molar heats of compounds 
are equal to the sums of the atomic heats of the elements they contain. The molar 
heats of compounds with composition AB are close to 12 cal/mole. °K and of com- 
pounds with composition AB, to 18 cal/mole. °K and so on. However at high and 
more especially at low temperatures there are marked departures from the law of 
Dulong and Petit and its generalisation, the law of Neumann and Kopp. Thus, the 
atomic heat of the diamond crystal which is 5-15 cal/gram-atom. °K at 830° C has 
fallen to 1-46 cal/gram-atom. °K at room temperature. 


Fic. 230. Temperature depend- 
ence of the specific heat of solids. 


a Fic. 231. (a) The specific heat curve 
for nickel; (6) the low temperature 
region of the same curve. 


The Temperature Dependence of the Specific Heat 


As the temperature is lowered, the specific 
heat of metals falls (Table 64). As the temperature 
400 600 = 1200 6007," ‘approaches absolute zero the specific heat of 
metals and all solids approaches zero; c,20 as 


O06 b T-0 (Fig. 230). The specific heats of a variety 
O06 of substances (diamond, aluminium, silver, 
04 calcium chloride, etc.) fit well on to a single 
0? curve if for each substance we measure the tem- 

perature in units of a temperature characteristic 


a 16 207°x for each, and refer the specific heat in each case 

to a single atom. The characteristic temperature 
for each substance determines the upper limit of the temperature region in which there 
is significant departure from the law of Dulong and Petit. At low temperatures, the 
specific heat curve can be represented with sufficient accuracy by a T? law. From this 
the characteristic temperature can be calculated. These are given for a few substances 
in Table 66. 

In a variety of cases there are more or less striking departures from the idealised 
curve of Fig. 230. At high temperatures the atomic heat of metals goes above 
6 cal/mole. °K by amounts that are specially large for the transition metals. Thus the 
atomic heat of iron which is already 7-82 at 300°C has risen to 10-53 cal/mole. °K at 
600° C. Fig. 231a shows how that atomic heat of nickel tends to 9 cal/mole. °K at 
high temperatures. At very low temperatures metals show a departure from the 


Cp cal.'aram-atom. °K 
TN BAe S 


C, cal./gram-atom. °K 
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Table 66 


Characteristic Temperatures 


Metal 0,°K | ~ Metal 0, °K Compound 

Be 1000 Cu 315 NaCl 

Mg 290 Ag 215 KCl 

Zn 250 Au 170 | CaF, 474 
Cd 172 Fe | 420 

Hg 96 W 310 


T° \aw and change to direct dependence on T; Fig. 231b shows the low temperature 
part of the specific heat curve of nickel and the linear dependence of specific heat in 
the temperature range below 6°K. In this range we have for nickel 


c, = 0-001744T. .. [14.8] 


Linear extrapolation of this law to high temperatures shows that at 1000° K the part 
of the specific heat which would correspond to this law is 1-7 cal/mole. °K. This fact 
and also the fact that c,—c, ~ 1 cal/mole. °K combine to explain the enhanced value 
of the specific heat of nickel at high temperatures as compared with the value obtained 
from the law of Dulong and Petit. 

The additional peak on the specific heat curve of nickel at 630°K is connected 
with the ferromagnetic transition which occurs at the Curie point. Similar peaks 
occur also when there is a change of atomic order in alloys, when the orientation of 
molecules in molecular crystals is destroyed, and so on. Peaks on the specific heat 
curve usually indicate the different orders of phase transition and are of great im- 
portance for revealing the existence of transitions in solids. 


The Specific Heat and the Structure of Crystals 


In crystals with pronounced anisotropy of structure and of binding forces, the 
vibrations of the atomic oscillators are anisotropic. Anisotropy of an oscillator leads 
to anisotropy in the vibration frequencies so only in a coordination crystal can the 
particles be thought of as isotropic oscillators with vibration frequencies which are 
the same in all three coordinate axes v,; = v, = v3. Inalayer type crystal the vibration 
frequencies v, and v, parallel to the layer structure are the same and are much greater 
than the vibration frequency v, perpendicular to the plane of the layer: v,; = v, > v3. 
In a chain type crystal the vibration frequency v, parallel to the axis of the chain is 
greater than the vibration frequencies v, and v; in perpendicular directions; 
Vy > V2 = V3- 

In a molecular crystal it is necessary to distinguish the frequency of independent 
molecular vibrations v,, and the frequency of intra-molecular vibrations v,. In 
the former case, the molecules vibrate as a whole, in the latter one can speak of the 
vibrations of individual atoms within the molecules. The frequencies of intra-mole- 
cular vibrations are very much greater than the frequencies of vibration of the 
molceules; v, > Vy. The difference in character of the vibrations of the particles in 
structures of various types leads to peculiarities in the temperature dependence of 
the specific heat of crystals. 
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The Specific Heat of Layer-type and Chain-type Crystals 


As Tarasov (1945) showed, the curve of the specific heat of layer- and chain-type 
crystals at low temperatures must differ from the T° law which applies to crystals with 
the coordination type of structure. In the limiting cases of layer- and chain-type 
crystals, when we can neglect interaction and flexibility of the layers and chains the 
specific heat at low temperatures must obey quadratic and linear laws: T? and T. 
Experimental data for the layer type crystals of arsenic and antimony at low tempera- 
tures follow a T* law well, while for the chain-type crystal of selenium there is a good 
approximation to the linear law. 


The Specific Heat of Molecular Crystals 


The specific heat of the molecular crystal of benzol has a complex temperature 
dependence (Fig. 232). The low temperature part of the curve shown in the figure 
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Fic. 232. Temperature dependence of the specific heat of benzol. 


corresponds to a low characteristic temperature and represents the excitation of 
molecular vibrations in the crystal. The abnormal increase in specific heat at tem- 
peratures above 80° K is connected with the excitation of intra-molecular vibrations. 


Saturation of these vibrations proceeds with a high characteristic temperature within 
the temperature range shown. 


2. Principles of the Quantum Theory of the Specific 
Heat of Crystals 


Energy and Specific Heat of a Quantum Oscillator 


The sharp fall in specific heat of solids at low temperatures is a result of the 
breakdown of the classical law of equipartition of energy. The breakdown is itself a 
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result of the quantum nature of the atomic oscillators (Einstein 1907). The energy 
spectrum of a quantum oscillator [1.145] ¢, = nhv consists of a system of equally 
spaced levels (we need not take into account the zero point energy of an oscillator 
when calculating the specific heat). The vibration frequency of atoms in a solid 
~10'° sec” * and corresponds to a frequency in the infra-red. The size of the step in 
the energy staircase of an atomic oscillator is hv = 6x 10~'* ergs. At temperature 
T = 300° K the mean thermal energy kT = 4x 107 '* ergs which is comparable in 
order of magnitude with the energy of the quantum of vibration. Near to room 
temperature, almost all oscillators will be excited and will have thermal energy in 
accordance with the law of equipartition of energy. At low temperatures the mean 
thermal energy kT is so small (kT <hv) as to be insufficient to excite thermal vibrations 
of the oscillators. The majority of oscillators will thus remain in the state of zero 
point energy E, = 4hv and will execute only zero point oscillations, not thermal 
oscillations. Under these circumstances, only a small fraction of the atomic oscillators 
will be excited, and the mean energy of an oscillator will be less than kT. Thus at low 
temperatures the specific heat of a quantum oscillator will be less than the specific 
heat of a classical oscillator. To determine the temperature dependence of the specific 
heat we require the mean energy of a quantum oscillator. 

The mean energy corresponding to thermal equilibrium in a quantum system 
with a discrete energy spectrum ¢€,, €&,...,¢€, can be determined as follows: the 
probability of finding a system in the nth state with energy ¢«, is proportional to the 
Boltzmann factor e~*/*?, The probability of this state normalised to unity is 


— "sn. 
kT 


Pr rr oe [14.9] 


ve ™, ... [14.10] 


is the Partition Function of the system. The mean energy of the system is 


Y ee * 
A 


= ... [14.7] 
» e kT 


emean = » Prey = 


This expression can be put in the form 


d — fn 
Emean — — ~ In (x é a) eee [14.12] 
1 n 
d{ — 
(7) 
which shows that the mean energy of the system is the negative of the differential 
coefficient with respect to the reciprocal of temperature of the partition function. Ina 


degenerate system more than one state may belong to a single energy level, in which 
case the partition function can be written in the form 


Y ne 2. [14.13] 
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where g, is the degeneracy of the level ¢,. The mean energy of the degenerate system 
is determined by the formula 


__ 4 ( se") ... [14.14] 


which is a generalisation of formula [/2]. 
The partition function for an oscillator which is non-degenerate can be calculated 
from formula [/0] by putting ¢, = nhv. Substituting 


yo ... [14.15] 


we have 


Putting this value for the partition function in [12], we obtain 


E -__4 in — = hy 4 tn : = hy 


mean a(i\ i-e dx 1-e* e-1 
kT 


Replacing x by its value from [/5] we obtain for the mean thermal energy of a 
quantum oscillator 


hy 
h kT 
emean = —t = kT hw cee [ 14.16] 
ekT _4 ekT _ | 


At high temperatures (kT >hv) &,,2,, * KT which is equal to the energy of a classical 
oscillator. At low temperatures we can neglect the one in the denominator of [ /6] 
and obtain 


Emean = ve “" (kT < hy). 2. (14.17) 


At low temperatures the energy of a quantum oscillator falls according to an ex- 
ponential law and approaches zero asymptotically: ¢,,.,, 20 as T0. 

Differentiating [/6] with respect to temperature and multiplying by three we 
obtain the formula for the specific heat of a three dimensional quantum oscillator 


hv 


d Exmean hv\? et? 
cq = amet = 3k (i) ao = Kf), 2. [14.18] 
(e*T — 1)? 


where f;(x) is the Einstein specific heat function. At low temperatures 


h 2 _ hw 
c, = 3k (i) e“' (kT < hy), 2. [14.19] 
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and the temperature dependence of the specific heat is determined to a first approxi- 
mation by the exponential. At T= 0; c, = 0. The transition from the high tem- 
perature region in which the classical law is obeyed to the low temperature region 
where the quantum nature of the atomic vibrators makes itself felt is determined by 
equating the thermal energy kT to the energy of the quantum vibrator hv. Thus we 
obtain the Einstein characteristic temperature 6, 


kor = hy. eee [74.20 | 


The characteristic frequency of vibration [/.130], v = _ J “| Thus if the elastic 
mN m 


coefficient « is constant, the characteristic temperature must fall as the mass of the 
oscillator increases; this agrees qualitatively with experiment (Table 66, series Be — Hg, 
Cu—Au). The exceptionally high value of the characteristic temperature of diamond 
(8 = 2000° K) which exceeds that of beryllium although the mass of the beryllium 
atom is less than the mass of the carbon atom can be explained by the high strength 
of binding in the diamond crystal (« is large). 


Energy and Specific Heat of a System of Free Oscillators 


Consider a system of N independent oscillators all vibrating with the same 
frequency v. The vibrational energy of this system is 


E = 3NE€means .. [14.27] 


and the vibrational molar heat is 
Cy, = 3Rf,(x). ... [14.22] 


The characteristic temperature is determined by formula [20]. Formulae [20]-[22] 
apply strictly speaking to a gas of vibrators. In a complete calculation of the energy 
of a gas we require to take account of the energy of translational motion of the 
oscillators. The application of these formulae to a crystal is possible only as a first 
approximation, so in spite of the achievement of the theory of specific heat of solids 
due to Einstein it does not agree quantitatively with experiment. At low temperatures, 
instead of the T° law, Einstein’s theory gives an exponential dependence and a more 
rapid fall of specific heat than really takes place. 


Energy and Specific Heat of a System of Coupled Oscillators 


Molecules and crystals can be considered to be systems of coupled oscillators. 
If one of the oscillators is excited then because of the coupling, vibrations are started 
in neighbouring oscillators and vibration waves spread out in the system with a 
velocity which, in a crystal, is the velocity of sound. If the oscillators are excited 
thermally and the system is in thermal equilibrium, a system of stationary vibrations 
is set up which is a superposition of standing waves. The energy of elastic waves 
excited by thermal motion is determined by the amount of heat in the system and its 
temperature dependence—the specific heat of the crystal. 

The most important difference between the system of coupled oscillators and a 
system of independent oscillators (a degenerate system) lies in the splitting up of the 
vibration frequencies leading to the removal of degeneracy. In place of a single 
frequency vg which characterises the vibrations of independent oscillators we have 
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now a spectrum of frequencies in a system of coupled oscillators. In a system of 
discrete particles this spectrum is made up of normal frequencies and in a homo- 
geneous elastic body the spectrum is continuous. 

1. Molecule. The vibration spectrum of molecules is discrete and consists of a 
comparatively small set of frequencies v;, the number of which is determined by the 
number of atoms in the molecule. The internal energy of a molecule is determined 
by the formula 


n n hv 
E =Y @nean(V) = >, “in, -_ ... [14.23] 
i=1 1 iT 


which, when v = const. and ¢,,.,, = const., becomes formula [2/] for the degenerate 
system. Differentiating [23] with respect to T gives the vibrational part of the specific 
heat. For a gram-molecule we obtain , 


. h 2 kT 
cy =R > (i) oo 2. [14.24] 


i= (eT —1)? 


2. Crystal. Crystals are systems with a large number of degrees of freedom the 
vibration spectrum of which occupies a wide range of frequencies from v,;,~ 10* sec” ! 
tO Vn4x~10!3 sec™!. The low frequency part of this spectrum is in the acoustic range 
and the high frequency part in the infra-red range. The crystal spectrum must be 
thought of as quasi-continuous, the distribution of frequencies within it being deter- 
mined by the density of states function g(v), where the number of vibrations in the 
frequency range from v to v+dv is q(v)dv. The density of states in the spectrum in- 
creases rapidly with increasing frequency. Therefore there is no great error if we take 
the spectrum to begin at v,;, = 0. At the high frequency end of the spectrum the 
limiting frequency v,, can be determined from the relation 


Ym 


| q(v)dv = 3N. we. [14.25] 


0 


The internal energy of a crystal can be conveniently expressed in integral form 


™ "hy 
E= | Eneand(v) dv = | Sa 9 (v) dv. ... [14.26] 
0 okt _ 1 
The specific heat is obtained by differentiating [25] with respect to temperature 
Vn hv 
hv 2 eft 
c =k a} peo a) a. ... [14.27] 
kT inde 
5 (e*? — 1)? 


The characteristic temperature 6,, is determined from formula [20] if in it we take 
the frequency v to be the maximum frequency v,,. 


kO_ = AV. ... [14.28] 


To find the energy and specific heat of a crystal from formulae [26] and [27], we must 
know the function q(v). The basic problem of the theory of specific heats of solids is 
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the determination of the frequency spectrum, that is, the determination of the form 
of the function g(v), the density of elastic vibrational states and the limiting fre- 
quency v,,. 


Energy and Specific Heat of an Isotropic Solid 


In the Debye theory of specific heat (1912), a crystal is considered as a continuous 
isotropic solid. The propagation of waves in a uniform medium is described by the 
wave equation 


1 07u 
V2u; = 352 (i = 1,0), .. [14.29] 


where u; = u; (x, y, Z, t) is the displacement of points in the body, c; the velocity of 
wave propagation. In a solid both longitudinal / and transverse t elastic waves can be 
propagated. The velocity of propagation of both waves is determined by the density 
p and the elastic properties of the medium 


[E |g 
c= |-, c= |[-, ..- 114.30 
if a= [14.30] 


where E is Young’s Modulus and G the shear modulus. As formula [30] shows, the 
velocity of propagation of waves in the continuous medium does not depend on the 
frequency and is the same for long and short waves. To determine the internal energy 
and specific heat of a solid we require to know the spectrum of these elastic vibrations. 
The simplest case is the vibration spectrum of a one-dimensional body, that is a 
thin rod. 

1. The spectrum of characteristic vibrations of a thin rod. Consider an elastic rod 
of length L rigidly clamped at the ends at the points x, = Oand x, = L. The solution 
of equation [29] for this case has the form 


u,(x,t) = A, sin 2x 5 sin 2nvy, (i) t, ... [14.31] 


(n=1,2,3,...;i=19 


where n is the number of the harmonic, A, the amplitude and v,(i) the frequency. 
The characteristic vibrations of a rod form a system of standing waves which arise 
when there is a whole number n of half wavelengths in the length of the rod: 


A 
— —— L. 
i, 
This condition can be written in the form 
1 n 
——_—- = a) eevee 14.32 
on OL [14.32] 


=6,,=n (i=10). ... [14.33] 
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The total number of vibrations Z; in the interval from 0 to v,(i), 
2L 
Zi = — v, (i), eee [14.34] 
C; 


is a linear function of frequency. Differentiating [34] we obtain 


2L 
dZ, = - dv, (i), ». - [14.35] 
| 
from which 
q;(v) = — = const. ... [14.36] 


The density of distribution of vibrations in the spectrum of a one dimensional body 
is constant and does not depend on frequency. 

2. The spectrum of characteristic vibrations of a three-dimensional body. The 
solution of a differential equation depends on the boundary conditions so the spectrum 
of characteristic vibrations of a solid should, strictly speaking, depend on the shape 
of the body. However the influence of the shape of the body affects only the low 
frequency parts of the vibration spectrum, that is those parts where the wavelength is 
comparable with the dimensions cf the body. For wavelengths which are much Jess 
than the linear dimensions of the body, 4, < L, the body can be considered as infinite 
and the distribution of energy in the short wavelength part of the spectrum as inde- 
pendent of the shape of the body. At normal temperatures the energy arising from 
the acoustic part of the spectrum must be very small since the internal energy and 
specific heat of a body are practically independent of shape. The dependence of the 
specific heat on the shape of the body can only manifest itself at very low temperatures 
when the relative weight of the low frequencies is large. It may also be evident in 
finely dispersed systems. 

Leaving aside this limiting region of temperature we shall now calculate the 
spectrum of elastic vibrations of a body of the simplest and most symmetrical shape, 
that is to say a cube. 

Consider a cube of edge A. Pick out one of the standing waves lying in a direction 
with direction cosines «, 8, y. A standing wave is formed on condition that along 
each cube edge we can measure out a whole number of projected half wavelengths 


An A, A, 
m5 = Aa; N25 = AB; ny 5 = Ay, ... [14.37] 


where ,, 2,3 are positive whole numbers giving the order of the harmonic and 
A, = A(n1, 2,3) 1s the wavelength. From the relation connecting the direction 
cosines we obtain 


2 


Ar 
(nj +n3+n3) 4 A’, ... [14.38] 
Replace 4, by the frequency of vibration according to formula [33] and we then obtain 


2 2 2 4A? 2¢: ° 
nytnz+n3 = G2 Va (i) (i = l, t). eee [14.39] 
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. . . C; a: 
Now construct a cubic space lattice with cube edge Wi The corners or nodes of this 


lattice, that is the points with integral coordinates, represent individual vibrations of 
the body. The nodes near to the origin represent the lower harmonics and those 
further away, the higher harmonics. The number of vibrations in the spectrum of a 
solid is limited by the minimum value of the wavelength, 4,,;, or the maximum value 
of the frequency, v.,.,. For given values of v,(i) formula [39] is the equation of a 
sphere. All nodes inside this sphere represent possible vibrations which lie in the 
frequency interval from 0 to v,(i). The total number of vibrations of a solid, Z;, is 
equal to the volume of one octant 


1 4n 8A? 4n v 
Ep MOaFaMO Gabo, ... [4a] 


where v = A? is the volume of the body. Differentiating [40] we obtain 
dZ, = 4n ~ v? (i) (i = 1,9), 2. [1447] 
whence 


alv,@] = 4n 5 v2 (i) (i = I,f). ... [14.42] 


Formulae [40] and [42] show that the number of vibrational modes of a three 
dimensional body is proportional to the cube of the frequency and the density of 
vibrational states to the square of the frequency. Similar calculations for a two 
dimensional body—a plate or membrane—leads to a square dependence for Z; and 
a linear dependence for the density of vibrational states, as can easily be seen by 
comparison of the results for one-dimensional and three-dimensional cases. 

The total number of vibrational states Z, taking account both of longitudinal and 
transverse waves will be 


4nv/1  2\ , 4x , 
= = — ... (14. 
Z = Z,+2Z, = 7 (ata Ym = a Vas [14.43] 


where v,, is the maximum frequency of vibration and c is the mean wave velocity 
determined by the relation 


3 1 2 
oF 3 +73. ... [14.44] 


The complete distribution function, taking account both of longitudinal and trans- 
verse waves will be 


qty) = oe” ye, [14.45] 
Putting this value into [26] we obtain the formula for the internal energy 
12nhv f v3dv 
= | — .. [14.46] 


CP2 C 
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The vibration spectrum of a continuous solid is not limited at the high frequency end 
and must extend right to v,, = 00, with the result that there is an infinite number of 
characteristic vibrations Z. In fact, the discrete atomic structure of solids limits the 
frequency of vibration to some value y,, which can be determined from [43] re- 
membering that the maximum value Z,,,, is determined by the total number of degrees 
of freedom. For a system containing N particles the number of degrees of freedom 
is Znax = 3N. Using [43] and replacing Z by the number of particles, [46] becomes 


9Nh [ vd 
E= | —, 2. [14.47] 
ve iF _4 


Changing the variable of integration by means of [/5] we obtain 


kT\* (" x3dx 
— 9N 2. U14: 
ONAy,, (jr) | Pol [14.48] 
0] 


m 


Differentiating [48] gives the specific heat referred to the gram-molecule 


kT\3 (" etxtd 
c, = an (Fr ) ae 7 = 3nRfp(x), ... [14.49] 


where fp(x) 1s the Debye specific heat function, n the number of particles in the mole- 
cule. At low temperatures, x,,— 00, so in this region of temperature the upper limit 
of the integrals in [48] and [49] can be taken as oo. In this case the value of the 
integrals does not depend on temperature. The internal energy of a solid becomes 


Ewx(kT)* (kT <hy,,), ... [14.49a] 


which is similar to the Stefan-Boltzmann law for radiation density. Thus we obtain 
the 7° law for the specific heat at low temperatures. If we introduce the characteristic 
temperature from the Debye formula [28], then in the low temperature region, the 
internal energy and specific heat of a solid will be represented by the formulae 


T\s T 
E = 3RTx19-48(-); cy = 3Rx7792(—-); (kT < hq). 


Fig. 233 shows curves of the specific heats f,(x) and fp(x), where the frequency 
of the Einstein oscillators v has been taken equal to the Debye maximum frequency 
Vm Lhe curve of f; lies every- 
where below the curve of fy, 
as it must do since the Einstein 
theory takes no account of vi- 
brations with frequencies y<y,. 
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The Debye theory enables us to represent the characteristic temperature in terms 
of the elastic constant or the velocity of sound 


6,=—t a ... [14.50] 


where /,,in = 2a (a is the interatomic spacing). Taking the velocity of sound in a 
solid as c = 3 km/sec and a © 3x 1078 cm, we obtain 6 ~ 400° K, which agrees in 
order of magnitude with the experimental values. 

If, in formula [27] we put the expressions for g(v) applicable to infinitely thin 
plates and rods, we obtain results which are valid for molecular layer and chain type 
crystals respectively. The specific heats of these crystals depend respectively on T? 
and 7 at room temperatures. Tarasov generalised the Debye theory to the case of a 
uniform body in m dimensions. For the internal energy of a m-dimensional crystal 
he obtained 


*~max 


T \" x" dx 
E = 3mRT | — oe ... (14.51 
(m) = amet (7) [ [14.51 

0 
and for its specific heat 
r mn max mg 9 a 
c,(m) = 3m(m4+1)R (F) | <q 3mR (7 era. ... [14.52] 
6 


The actual curves of the temperature variation of specific heat may have a very 
complex form depending on the structure of the crystal and the nature of the bonds 
between its structural elements. Thus, a layer type crystal, depending on the degree 
of binding between the layers, may have a continuous transition from a curve obeying 
the T? law to a curve obeying the T° law. Taking account of interaction between the 
layers, the specific heat of such a crystal can be written in the form 


c(2—3) = D, (2) ~ (7) E (7) —D, (= )| oo. [14.53] 


If the binding between the layers is very small (the two-dimensional case), then the 
characteristic temperature 6, corresponding to interaction between the layers and 
connected with the exchange of elastic waves between them is zero; 8, = 0 since 
c, = 0. In this case formula [53] reduces to its first term which represents the specific 
heat of a two-dimensional crystal. If the binding between the layers is as strong as 
that between atoms in each layer, then 0, = 6, and formula [53] becomes the same 
as that for a three-dimensional homogeneous crystal. 

Another limiting case is that of molecular crystals, such as inorganic substances, 
with very weak interactions between the molecules. In the limit, such a crystal is of 
zero dimensions (m = 0), and the specific heat is given by the Einstein formula with 
constant frequencies which correspond to the frequencies of characteristic vibrations 
of the atoms in the molecule. The part of the specific heat which takes account of a 
weak interaction between the molecules can be determined by the Einstein formula 
or, for a homogeneous distribution of interaction, by the Debye formula. The formula 
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for the specific heat of a molecular crystal containing N molecules and n atoms in 
each molecule can be expressed in the form 


Cy = Cetep, ... [14.54] 


3 (n= 1) hy; RX, 0; 
= -__! = — —__ d . 
ce 2 Rf (3) and ¢p in Io (*) x 
0 


At low temperatures the second term is more important; at higher temperatures the 
first term, which corresponds to higher frequencies. This explains the bend which 
appears on the specific heat curves of molecular crystals (e.g. benzol). 


where 


Phonons 


In the Debye theory, we have quantized the characteristic elastic vibrations of a 
solid which we considered as homogeneous. There was however nothing we could 
identify as vibrators. The energy of the elastic waves of the individual vibrations was 
taken as ¢ = hy, where A is the quantum constant and v the frequency of vibration 
determined by formula [33]. In thermal equilibrium, the source of the energy of 
elastic waves in the crystal is thermal energy. The mean energy é,,.,, coming from a 
single vibration with frequency v is determined by the Planck formula [/6]. In a 
similar way as the quantization of electromagnetic radiation leads to the concept of 
photons, quantization of elastic waves leads to the concept of phonons. The sound 
quantum with frequency v = c/d (c is the velocity of sound) has energy ¢ = Av and 
momentum p = é/c = A/d. From this point of view, the internal energy of a crystal 
is the energy of the phonons, the number of which increases with increasing tempera- 
ture. At low temperatures the energy of the phonons is determined by the Debye 
formula [49a] which is analogous to the Stefan-Boltzmann law for the density of 
black body radiation. The difference between phonons and photons is that the 7* law 
is applicable to photons at any temperatures while for phonons it is only applicable 
at temperatures less than 0,,. This difference is explained by the fact that as a result 
of the discrete structure of a solid, its spectrum is limited or cut off at the short 
wave end. 


3. The Theory of Normal Vibrations of a Crystal 


Born and Karman (1912) solved the problem of the elastic vibrations of a crystal 
in the most strict and logical form taking account of the discrete periodic structure. 
The essential difference between the spectrum of normal vibrations of a crystal and 
the spectrum of vibrations of a homogeneous solid lies in the dispersion of the velocity 
of elastic waves in the discrete medium. 


Characteristic Vibrations of a Monatomic Chain 


Consider an infinite periodic chain of particles of mass m, arranged along the 
X-axis at equilibrium distances a from each other. Consider longitudinal vibrations 
of this chain. When the distances between the particles are changed, forces arise which 
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tend to return the particles to their positions of equilibrium. For small displacements, 
these forces can be considered as quasi-elastic. Let €, be the displacement of the /th 
particle along the X-axis. The equation of motion of any particle when displaced 
from its position of equilibrium can be written in the form 


me, = —o [(o1— Sra) -—(Er-1 - ED], »» [14.55] 
where « is the coefficient of quasi-elastic force. Rewrite equation [55] in the form 
mé, = —2a (« —He sent) ... [14.56] 


the solution of which has the form of a travelling sinusoidal wave 
Ep = AZ oxtw (x, =al; 1=1,2,...,N),  ... [14.57] 


the + and — signs of which correspond to two waves going in opposite directions. 
From [57] we have 


Crap tEy_1 = E, (E7704 4. e@ 2nea) = 2€, cos 2704. coe [14.58] 
Differentiating [57] gives 
€, = —4n*v7€,. ... [14.59] 


Substituting [58] and [59] in [56] gives the following relation for the frequency of 
waves which can be propagated in the chain: 


4n*y?m = 2a (1—cos 2n0a) = 4a sin” xoa, 


whence 
1 fo. 
y= /< sin 10a = Vina, SiN Noa. ... [14.60] 
mN m 


Formula [60] expresses the relation between the frequency of vibration v, the wave 
number o and quantities which determine the mechanical properties of the chain, that 
is, the lattice period a, the mass of the particle m and the elastic constant a. 

The first essential difference between the discrete chain and the continuous rod is 
that the frequency is no longer directly proportional to the wave number o. This 1s 
the phenomenon of dispersion: short waves to which correspond high frequencies of 
vibration are propagated more slowly than long waves because if the inertia of the 
particles. The velocity of ‘Propagation of waves in the chain is determined by the 
formula 


v sin 70a ‘a sin moa sin moa 
_ = Qa — = D To, ar [74.61] 
Co o m noa moa 


The maximum velocity of propagation is for long waves. For o = 0 we obtain 
‘ot ac E 
=a /—= —= /|-, ... | 14.62 
Vmax J m m J p [ ] 
a 


where ax corresponds to Young’s modulus E and m/a to the line density of the chain. 
Thus in the long wave limit, formula [6/] is the same as formula [30] which expresses 
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the velocity of propagation of waves in a continuous medium. The maximum fre- 
quency of vibration corresponds to the maximum value of sin xoa = 1, from which 
we obtain the maximum value of the wave number 


1 


O max a= 4; O max = 7~ 


. ... [14.63 
5 [14.63] 


Substituting this value for ¢,,,, in [6/] we obtain the velocity of propagation of the 
shortest waves in the chain 


Vinax = 0°64 Vmax: ... [14.64] 


Umin 


ald 


The second essential difference between the chain and the rod lies in the cut-off 
of the frequency spectrum. As follows from [60], the maximum frequency of vibration 
of the particles of the chain 


vee oe Jz ... [14.65] 
m™N Mm 
is twice as large as the frequency v, of an independent oscillator with mass m and 
elastic constant «. The maximum frequency of vibration corresponds to the maximum 
value of the wave number g,,,, and the minimum value of the wave length which can 
be propagated in the chain is thus 


Amin = 20. ... [14.66] 


This result has a simple interpretation. The shortest wavelength corresponds to vibra- 
tions of neighbouring particles with maximum phase difference which in this case is 
when neighbouring particles vibrate with opposite phase. 

Fig. 234 shows the relation between the frequency v and the wave number o. For 


v 


, elastic rod 
A (Debye) 
/\ 

atomic chain Fic, 234. Dependence of fre- 
(Born—Karman) quency on wave number for a 
{ ; one-dimensional chain. 
- } Independent 
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| | (Einstein) 
| 
Af 
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an atomic chain this is represented by two sinusoidal branches in the range of the 
, 1 1 , 
variable from — 5 to 5a" while for a rod or a string it is represented by a straight 
line which is tangential to the sine curve at the origin. This shows that in the long 
wave region the theory of the discrete structure of a solid agrees with the theory of 
the homogeneous medium. In the short wave region the two theories give different 
results. The horizontal dotted line in Fig. 234 represents the constant frequency of 
an independent oscillator as appears in the Einstein theory. We now proceed from 
the infinite chain to a finite chain containing N particles and having length L = Na. 
The limitation in length of the chain leads to a limitation of the vibration spectrum 
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at the long wavelength end. If N is sufficiently large (this condition is satisfied even 
for microscopic crystals of length ly and containing several thousand atoms) the 
boundary conditions have little influence on the vibration spectrum. We can think 
of the finite chain as clamped at the ends corresponding to the boundary conditions 
of a clamped rod (see §2, page 389), or as a section of an infinite chain. In the latter 
case, the phases of vibration of the end atoms are taken to be the same. These are 
the periodic boundary conditions of Born and Karman which, in an alternative form, 
consider the finite chain to have its ends connected together to form a circle. The 
finite length of the chain and its boundary conditions affect the result only at very 
low temperatures or in the case of very small crystals of colloid dimensions. 

First consider the finite chain as being firmly clamped at the ends. The normal 
modes of the chain form a family of harmonics the wavelengths of which, as in the 
case of the rod, are determined by [32] which has the form 


2N 
1, = se (n =1,2,...,N); .. . [14.67] 


the difference from the string is that the number of normal modes of the chain is 
limited and is equal to the number of degrees of freedom N. The shortest wavelength 
of the chain will be that of the highest harmonic 


Armin = An = 2a, 


which agrees with [66]. The frequencies of vibration of a finite chain satisfy relation 
[60] in which we introduce the values from [32] and [67]. This gives 


mn 
= in — —. ... 114.68 
Vv, = Vmax sins [14 ] 


Differentiating [68] gives the frequency density 


dn 2N [14.69] 
1) = Ty piven eee . 


For an atomic chain, the density of vibrational states is not constant: the spectral 
density increases with increasing frequency of vibration and at 


Characteristic Vibrations of a Diatomic Chain 


Consider a periodic lattice consisting of particles with different masses m and M. 
Number all the particles from 1 to 2N. The odd numbered particles are to have mass 
m and the even particles mass M. The distance between neighbouring particles is 
a/2 and the lattice period is a. The case we are considering corresponds to a one- 
dimensional crystal with a basis and the total length of the crystal L = Na comprises 
N cells, each cell containing two particles. The equations of motion of the particles 
are of the form 


mesiey = —a [(Eo141— S21) — (C2142 —S2141)]; 0 
Mey, = —0 [En—Eo1-1)~ Gare — End) (4703 
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where €,, and €,,,, are the displacements of the particles from their equilibrium 
positions. These equations can be written in the form 


Cart2t¢ 
meoi+1 = —20 Cae 2 ) 
... [14.77] 
ME, = —20 (gfe Sa) 


The solution of these equations is that of harmonic vibrations of particles in the 
form of running waves. As a result of difference of mass between the particles the 
amplitude of their vibrations will be different. Consider a wave travelling in the 
positive direction along the X-axis 


_ 2ni (0x2141— vt) 
Sasi = Ae \ [4.72] 


Es _ Be?" (ox21— vl) 


Here x,,; = 2/la and x.,4, = X2,+4a are equilibrium position coordinates of particles 
and A and B are the respective amplitudes of vibration of light and heavy particles. 
The displacements of neighbouring particles are connected by the following relations 


—nioa, niga. 


B B A . 
C21 = C241 ° 4° > car+2 = Catt ° A’ ’ Cat+1 = Cor ° Bo cee [14.73] 


Differentiating [72] twice gives 
Ep = —4n’y7,. ... [14.74] 
Substituting the value of the displacement ¢, and the acceleration &, obtained from 


[72] in the equations of motion [7/] we obtain the relation between the amplitudes 
of vibration of the particles: 


(2n?mv? — a) A+acoszoa:B=0 
Consistency of equations [75] requires their determinant to vanish 
2n*mv*—a, COS Noa 
COS Z0a, n2?@My?—a | 0. ... [14.76] 


Expanding this determinant we obtain the equation which gives the frequencies of 
vibration of the chain 


a4 e(m+M), .,, a? 
Ant" — — oat + 7 sin toa = 0, ... [14.77] 
the solution of which is 
a(m+M) a 
4n?y? = ow mM J(m+M)’—4mM sin? n0a, .. . [14.78] 
which can be written in the form 
OL 
_ Te L AA 2 tA ee 
v= dnz=mM (m+M+./m?+M +2mM cos 2noa). ... [14.79] 


Substituting the value of the vibration frequency in one or other of equations [75] 
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we obtain the ratio of the amplitudes of vibration of the particles of different mass 


B= m-—M+,/m*+M’*+2mM cos 2noa 


A 2M cos 2nca -+ + [14.80] 


To a single value of the wave number there corresponds two different values of 
the frequency v_ and v, which arise from the different.signs before the square root in 
[79]. Within the range of the variable o from 0 to 2/2a, v_ and v, vary monotonically 
and take the following limiting values: 


o VL V4 

0 0 VWi+V, 

1 O Oo 
2a "1 = 37M "2 im’ 


The two solutions of Equation [79] form two frequency branches: the acoustical 
v_ = v_(o) and the optical v, = v,(c). These are shown in Fig. 235. When the wave 
number becomes small and the wavelength long, the frequency of vibration in the 
acoustical branch falls towards zero while in the optical branch it reaches a maximum. 
This difference is a result of the different ways in which neighbouring particles vibrate. 


Fic. 235. Acoustical and _ optical Fic. 236. Phases of vibration of the 
branches of the vibration frequency particles in the acoustic and optical 
spectrum of a diatomic chain. wave. 


In the acoustical branch, neighbouring particles vibrate with the same phase and long 
wavelengths correspond to movements of the unit cells as a whole (Fig. 236a); in the 
optical branch, neighbouring particles oscillate in antiphase and here long waves 
correspond to vibrations of the particles within the unit cells (Fig. 2365). These 
vibrations can be considered as vibrations of two translational lattices with respect 
to each other, each lattice consisting of particles of the same kind. When co = 0 we 
obtain from [80 | 


(3). “1 (3), - ~ i (o = 0), ... [14.81] 


which confirms that the form of the vibrations of the chain is as described above. In 
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the acoustical branch the particles vibrate with the same phases and the same ampli- 
tudes. In the optical branch the particles vibrate in antiphase. The amplitudes of 
vibration are reciprocally proportional to their masses. At the upper limit of the 
wave numbers o = g,,,, we have 


(4) = 0; (J) __-™ (5 = Cmax) « -» [14.82] 


In this case, in the acoustical branch, the heavier particles remain stationary. 
The reality of the two branches in the vibration spectrum of crystals has recently 
been established by experiments on the scattering of cold neutrons. 


The Vibrations of a Chain of Diatomic Molecules 


Consider a chain consisting of atoms of all one kind but with different elastic 
constants « and 8. Assume «>. The constant « is a measure of the force developed 
in intramolecular displacements while f is that of the force developed when the 
molecules move relative to each other. In this case the frequency of vibration is 
determined by the formula 


1 a 
v= Ta [2a + f)£J4 (a+ BY —16aB sin? na]. —- - . [14.83] 


If «>, then the optical branch becomes a horizontal straight line with frequency 


|e 

V,=_ f_, eae . 

+ ~ A Om [ 14.84] 
Vo) b 

a 

Ws \ 

g 

o ——» 0 
oc —> 


Fic. 237. Acoustic and optical branches of the spectrum of vibration of a three- 
dimensional crystal: (a) monatomic; (b) diatomic. This is a schematic represen- 
tation; in fact the range of the variable co is a three-dimensional zone. The 
curves shown represent the functions v (c) along straight lines through the origin, 
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which corresponds to the frequency of the characteristic vibrations of a diatomic 
molecule. The acoustical branch is determined by the formula 


v= aps sin moa, ... [14.85] 
7 AN 2m 


which corresponds to the vibrations of a chain consisting of particles with mass 2m, 
that is the vibrations of a chain formed of rigid diatomic molecules. In the low 
frequency branch molecules vibrate as a whole, in the high frequency branch they 
vibrate as independent molecules. If the constants « and f are of similar magnitude 
then this division of the vibrations is not possible. 


Vibrations of a Three-Dimensional Crystal 


The theory of vibration of a one-dimensional chain can be generalised to the 
case of three dimensions. For a monatomic three-dimensional crystal we have three 
branches of the curves of v(a) as shown in Fig. 237a. For a diatomic crystal containing 
two kinds of atoms we have six branches (Fig. 237b) three of which correspond to 
acoustical vibrations and the three others to optical vibrations. Blackman obtained 
the distribution function for vibrational frequencies for a few simple lattices and hence 
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Fic. 238. Frequency distribution function for the vibrations of a simple 
cubic lattice. 


determined the specific heat. In this work he took account of the interaction of atoms 
not only with nearest neighbours but also with atoms of the second coordination 
sphere. Fig. 238 shows curves of q(v) on a relative scale for three branches v(c) 
(curves b, c, and d) and the composite curve a determined by an approximate method 
(the step curve). Calculations of the specific heat for halogen crystals obtained from 
Blackman’s model do not agree very well with experiment. 
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4. Thermal Conductivity of Crystals 


Definition 


When a body is heated in an non-uniform manner the temperature tends to even 
out as a result of heat transfer from hotter to colder parts. Within the body there arise 


d 
thermal currents the density of which x depends both on the character of the tem- 
perature field which is measured in an elementary region of the body by a temperature 
dT , ; ; ; 
gradient Ix’ and also on the properties of the medium determined by the coefficient 
x 


of thermal conductivity x 
a“ AS. ... [14.86] 


The thermal conductivity x, which measures the ability of a medium to conduct heat 
is usually measured in the following units: cal/cm.degree.sec, erg/cm.degree.sec, 
W/cm.degree, the relation between which is determined by the following conversion: 


1 Watt. sec = 0-239 cal = 10’ ergs. 


Phenomenologically thermal conductivity is described by a differential equa- 
tion of the form [/./3] the solution of which depends on the initial and boundary 
conditions. We shall only be interested in one particular aspect of thermal conduc- 
tivity, namely the mechanism of thermal conductivity in solids and the dependence 
of the coefficient of thermal conductivity on temperature, chemical nature and struc- 
ture of the substance. Consider first some experimental facts relevant to the thermal 
conductivity of solids. We shall take account of the chemical nature of the substance 
by dividing all solids into metals and non-metals. 


Thermal Conductivity of Non-metals 


Thermal conductivity, in marked distinction to specific heat, 1s sensitive to small 
differences and defects in the atomic structure. This can be seen by the example of 
the temperature dependence of the specific heat and thermal conductivity of crystalline 
and amorphous substances. There is very little difference between the specific heats 
of a body in the crystalline and glassy states and the dependence on temperature is 
similar. It is very different with thermal conductivity: Fig. 239 shows curves of the 
temperature dependence of the thermal conductivity of some crystals and amorphous 
substances; curves / and 4 are for crystalline and fused quartz. As the temperature 
falls the thermal conductivity of quartz glass like its specific heat falls steadily 
while the thermal conductivity of crystalline quartz rises rapidly. At sufficiently low 
temperatures the thermal conductivities of crystalline and amorphous quartz differ by 
several orders of magnitude. The behaviour of other crystalline substances such as 
NaCl and CaF, (curves 2 and 3) is similar to that of «-quartz, while typical glasses 
such as crown glass and Pyrex (curves 5 and 6) behave similarly to quartz glass. The 
small value of the thermal conductivity at very low temperatures (point 7 which is 
for Jena glass) shows that as 7-0 the thermal conductivity of amorphous substances, 
like the specific heat, tends to zero. To a first approximation the thermal conductivity 
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Fic. 239. Temperature dependence of the 
thermal conductivity of some crystals and 
amorphous substances. 


of amorphous substances is proportional to the 
specific heat while the thermal conductivity of 
crystals at temperatures down to that of liquid 
air 1S reciprocally proportional to temperature. 
The behaviour of the thermal conductivity of 
crystals in the region of very low temperatures 
can be studied by investigations of the thermal 
conductivity of solids at the temperatures of 
liquid hydrogen and helium. 

Fig. 240 shows the changes of the thermal 
conductivity of some crystals at low temperatures. 
For a-quartz the thermal conductivity rises as the specimen is cooled down to 
a temperature of the order of 10° K then the curve passes through a maximum and 
tends to zero as JT tends to zero. For other crystals there is a similar behaviour: 
the curve x(T) passes through a maximum. The position, height and shape of the 
maximum depends on the composition and structure of the crystal. In the case of 
synthetic corundum «-Al,O, (the crystals investigated were coloured, that is they 
were sapphires) the thermal conductivity maximum occurs at 40° K. Note specially 
the very high value of the thermal conductivity of corundum at its maximum. For a 
graphite crystal the thermal conductivity maximum occurs about 80° K. The position 
of this maximum is higher, the higher is the characteristic temperature of the crystal; 
being in the range (,1;-—34) 9. If the thermal conductivity of graphite is measured in 
directions parallel to the atomic layers then the effective longitudinal vibrations are 
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those to which apply a characteristic temperature 0 = 2100° K. This is almost equal 
to the characteristic temperature for diamond. Fig. 241 shows the curve x(7) for 
diamond, the maximum conductivity of which is 33 W/cm. °K occurring between 
70 and 80° K. Because of the high characteristic temperature of diamond and graphite 
their thermal conductivities remain high above the temperature of the maximum and 
even at room temperature exceed those of silver and copper. Below the maximum, 
the thermal conductivity changes with temperature according to a T° law for graphite 
and to a T” law for diamond where n ~ 2:7-2:8. These are approximately the same 
as the temperature dependence of the specific heat for layer and coordination crystals 
respectively. At very low temperatures the thermal conductivity of graphite, because 
of the anisotropy of its structure, falls rapidly and reaches values less than that for 
glasses. This is why graphite is a good thermal insulator at low temperatures. 

The fact that the curve x(7) passes through a maximum suggests that there are 
different mechanisms of thermal conductivity of crystals in the temperature ranges 
above and below the maximum. The theory of the thermal conductivity of crystals 


Fic. 242 


Changes in the thermal conduc- 
tivity of quartz, perpendicular to 
the c axis after neutron irradia- 
tion. The approximate doses 
corresponding to curves are 
A: 003, B: 1, C: 2:4, D: 
19 x 10!® n/cm?. The lowest curve 
gives values for an unirradiated 
specimen of quartz glass. 
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(Peierls, 1929) as will be shown below leads to the conclusion that at low temperatures 
the coefficient k ceases to be a unique single-valued characteristic of a crystalline 
substance since the thermal conductivity begins to depend on the dimensions of the 
specimen. Experimentally, this dependence was demonstrated by de Haas and 
Biermasz (1935-38), in experiments on a crystal of potassium chloride. As the dia- 
meter of the specimen was reduced from 7:6 to 2:5 mm. x fell according to an approxi- 
mately linear law. Similar measurements with a diamond crystal were carried out by 
Berman, Simon and Ziman (1953). The diamond, of length 10-9 mm had a square 
cross section with side at first 39 mm which was progressively reduced to 3-2, 1-7 and 
finally 1-1 mm. The solid curves on Fig. 241 show the temperature dependence of the 
thermal conductivity of the specimens with largest and smallest cross sections. The 
thermal conductivity of the thinnest specimen is markedly less at low temperatures 
than that of the thickest specimen. 

One can derive theoretical curves showing the high and low temperature branches 
of the x(T) curve of diamond and these are shown as dotted curves in Fig. 241. The 
theoretical value of the thermal conductivity of diamond at the maximum is about 
1000 W/cm. °K, which is about 30 times higher than the measured value. This large 
discrepancy between theory and experiment can be explained by the presence of 
structural defects in the crystal which reduce its thermal conductivity. This conclusion 
is confirmed by measurements of the thermal conductivity of crystals which have been 
irradiated with neutrons. Fig. 242 shows the results obtained by Berman and others 
on quartz which has such a high sensitivity to neutron bombardment that after doses 
of 10?7n/cm? its structure is completely amorphous. As the radiation doses increase, 
the thermal conductivity of «-quartz falls markedly and tends to the value for quartz 
glass. 


Thermal Conductivity of Metals 


At sufficiently high temperatures, the thermal conductivity of metals, like other 
crystalline substances, falls as the temperature rises (Fig. 243). There is a sharp drop 
in thermal conductivity at the transition from the crystalline to the liquid state, where 
long range order is lost and only short range order similar to that in amorphous 
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substances is retained. Melting has thus a similar effect on the thermal conductivity 
of materials as other methods of making them amorphous but the change of thermal 
conductivity when metals melt is relatively less than when non-metals, for example 
quartz, are made amorphous. An exception is bismuth where on melting, the volume, 
thermal conductivity and electrical conductivity all increase. This can be explained 
by an increase in the metallic character of the bonds. 

In the low temperature region, the thermal conductivity of metals, like that of 
non-metals, passes through a maximum and eventually tends to zero. This is illustrated 
by the results of Berman and MacDonald (1951) on the monovalent metals, copper 
(Fig. 244) and sodium. The sodium samples had different amounts of impurity; the 
purest had traces of silver while the less pure had traces of potassium and aluminium 
in amounts varying from 0-01 to 0:1°%. The thermal conductivity of the less pure 
sodium reached a maximum of 14 W/cm. °K at 8° K. For the purest sodium, the 
thermal conductivity was still rising in that range of temperature up to values exceeding 
30 W/cm. °K. Theoretical considerations show that maximum thermal conductivity 
for the purest sample should occur about 4:3° K, but this was beyond the experimental 
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range. In solid solutions the thermal conductivity depends on concentration and falls 
as the amount of the second component increases. This can be seen, by the example 
of the silver-gold alloys (Fig. 245). 

In spite of the general similarity in the ways in which the thermal conductivities 
of metals and non-metals depend on temperature and the degree of perfection of the 
atomic structure, the mechanism of thermal conductivity is different for these two 
classes of substance. In metals, as distinct from non-metals, it is the conduction 
electrons which produce not only electrical conductivity but also most of the thermal 
conductivity. The part played by electrons in the thermal conductivity of metals 
can be directly demonstrated by the dependence of x on magnetic field. Thus Fig. 
246 shows that the thermal conductivity of cadmium falls by quite large factors 
in magnetic fields of the order of a few kilo-oersteds. As we would expect from con- 
sideration of the Lorentz force, a transverse field has a much greater effect than a 
longitudinal field lying in the direction in which the electrons move along the thermal 
current. As the temperature is lowered the influence of the magnetic field on the ther- 
mal conductivity increases. In superconductors, the transition to the superconducting 
state is accompanied by a sudden change in the slope of the curve and a fall in thermal 
conductivity since the superconducting electrons take no part in thermal exchange. 
Fig. 247 shows the curve x(T) for lead in the superconducting region. 

The similarity between the mechanisms of physical and thermal conductivity of 
metals is shown by the Wiedemann-Frantz (1853) law which states that the ratio x/o 
is a constant for most metals at room temperature. Lorenz (1881) showed that the 
ratio 


= L ... [14.87] 
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did not, to a first approximation, depend on 
temperature. The classical electron theory 
of metals gave for the Lorenz number L 


L =3 (). ... [14.88] 


The Wiedemann-Frantz law is satisfactorily 
established for metals at sufficiently high 
temperatures. At low temperatures it is 
found experimentally that L becomes 0 20 40 G6 8. ,,00 
smaller, and passes through a minimum. 
This can be seen for sodium in Fig. 248. 
The minimum is deeper when the impurity 
content is less. When there are no impurities, quantum theory shows that L should 
reduce to zero at absolute zero. 
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Fic. 248. The temperature dependence 
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The Theory of Thermal Conductivity of Crystals 


The thermal energy of a solid resides in the elastic vibrations of its particles. The 
velocity of propagation of these vibrations 1s, for long waves, equal to the velocity of 
sound, and is a few kilometres per second. As a result of dispersion, the velocity of 
propagation of short waves is reduced by about 40%, but nonetheless remains quite 
large in absolute magnitude. The time to propagate an elastic wave along a rod of 
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length 25 cms is about 10~* secs. On this reasoning the thermal conductivity of a 
solid should be large and the time of establishment of thermal equilibrium should be 
small. However experiment shows that this time is much larger than would follow 
from a simple calculation of the velocity of free propagation of elastic waves and the 
thermal conductivity is correspondingly less. As is well known, from the experience 
of glass blowing, a rod made of a non-metallic material can be heated in various parts 
and kept at high temperature for several hours without any marked rise in temperature 
in the unheated parts. 

Debye (1914) explained this phenomenon by the scattering of thermal waves as 
they go through the crystal. The maximum energy in the thermal spectrum belongs 
to the short waves with wavelength comparable with the interatomic spacing. The 
shorter is the wavelength the greater is the scattering of waves on the inhomogeneities 
of the structure such as impurities, mosaic blocks and mechanical deformations (static 
stresses). Now wavelengths of sound waves are much greater than the dimensions of 
the atomic and microscopic inhomogeneities. Thus sound waves are propagated in 
solids without appreciable scattering, only suffering reflexion at the surfaces; for them, 
solids are transparent media. On the other hand, waves which correspond to the high 
frequency end of the spectrum are strongly scattered by microscopic or atomic inhomo- 
geneities of the structure; the numbers of these inhomogeneities increasing in real 
crystals as their scale is reduced. For short waves crystals are like muddy materials 
in which the waves experience multiple diffusion scattering. This reduces their effec- 
tive velocity of propagation in the same way as the scattering of particles lowers the 
velocity of diffusion in gases, although the absolute magnitude of their velocity of free 
motion is still large. 

The scattering of thermal waves on static stresses in the structure, or their re- 
flexion on the surface of crystals is insufficient to explain thermal conductivity. It can 
be concluded from analysis of the dependence of thermal conductivity on the con- 
centration and on the degree of plastic deformation that a large part of the scattering 
of thermal waves must still take place in an ideal crystal without static stresses. This 
scattering can take place only on crystal inhomogeneities produced by thermal 
motion (dynamic stresses). Consequently thermal waves must be able to scatter each 
other. But if we think of these waves as produced by the movements of particles 
which are subject to Hooke’s law then they ought to obey the principle of super- 
position: the waves ought to proceed independent of each other. 

To explain the possibility of redistribution of energy between the various fre- 
quencies and the establishment of thermal equilibrium in a crystal it is necessary to 
assume non-linear thermal vibrations of the atoms, that is the breakdown of the law 
of proportionality between the displacement of the particles from their positions of 
equilibrium ¢ produced by thermal motion and the restoring force f(¢) 


FE) = BE-go? +her—... ... [14.89] 
The expression for the potential energy of an atomic vibrator becomes 
U(E) = $ PEL gS 4+4he—..., +» [14.90] 


which is no longer simply quadratic. Thus we have to take account of anharmonicity 
of thermal vibrations in a solid. 

The anharmonic terms—those with coefficients in g,h,... are larger, the larger 
arc the displacements of the atoms from their positions of equilibrium. The ampli- 
tudes of thermal vibration in solids € are much larger than the displacements of atoms 
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produced by macroscopic elastic deformations which obey Hooke’s law. Such de- 
formations do not exceed 0-1°% which corresponds to €,, = 0-003 A. The amplitudes 
of thermal vibration in crystals at room temperature as can be seen from X-ray data 
are £4, ~ 0-10-0-15 A, which is about 3-5°% of the interatomic spacing. As the tem- 
perature is lowered the amplitudes of thermal vibrations become less. However, even 
at absolute zero the zero point vibrations remain in the crystal. The energy of zero 
point oscillations 4hv corresponds to the energy of thermal vibration at a temperature 
T = 40, where @ is the characteristic temperature. This shows that the zero point 
oscillations will also be anharmonic. Thermal vibrations including the zero point 
oscillations are anharmonic in all regions of temperature in which the crystal exists. 

Debye put forward the theory of thermal conductivity of a solid considering it 
as a homogeneous elastic medium, in which the thermal resistivity is due to scattering 
of elastic waves in a similar manner to the scattering of light in translucent media 
which is described by Bouguer’s or Lambert’s law. Thus when the waves pass 
through a length x in the medium their intensity falls according to an exponential law 
I = Ipe **, where p is the scattering coefficient and depends on the wavelength and 
on the scattering density (non-transparency) of the medium. Introducing a parameter 
which measures the scattering of the waves, that is the path length / = 1/p in which 
the intensity of the wave falls by a factor e, Debye obtained a formula for the thermal 
conductivity of a solid, 


cv 
= = , ... 114.97 
rr 4 cvl [14.917] 


where c is the volume specific heat. Calculation of the scattering coefficient showed 
that at sufficiently high temperatures p was proportional to g? where g is one of our 
anharmonic coefficients. The velocity of sound does not depend much on temperature 
so, in the region of temperature where the specific heat is constant, the thermal con- 
ductivity is reciprocally proportional to temperature. This agrees qualitatively with 
experiments on crystals at temperatures above the thermal conductivity maximum. 
Formula [9/] is similar to the formula for the thermal conductivity of gases 


=1lcvl ... [14.92] 


in the kinetic theory of gases. Formula [92] can be applied to the solid if we take the 
thermal energy and thermal conductivity to be the energy and thermal conductivity 
of the phonon gas. The quantity / in this case is the mean free path of a phonon. The 
different numerical coefficients in [9/] and [92] are not important since the theory 
of thermal conductivity of crystals does not as yet enable us to calculate the absolute 
value of x. Phonon scattering satisfies the basic laws of conservation of energy and 


momentum 
hy, = hy, +h, ... [14.93] 


Pi = PotPs, | ... [14.94] 


and leads to the establishment of thermal equilibrium. From [94] it follows that the 
direction of the thermal current is not lost on scattering and consequently the thermal 
resistivity of a body should be zero. Thermal resistivity arises as a result of scattering 
of phonons by processes which can conditionally be called collisions of phonons with 
the crystal lattice. As Peierls showed, equation [94] in this case has a different form 
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where a is the lattice spacing, and g is the unit vector the possible directions of which 
are determined by the lattice symmetry. The last term on the right hand of [95] 


h . 
determines the quantity of momentum aa transferred as a result of lattice scattering. 
ma 


Such collisions (scattering processes) were called by Peierls ‘Umklapp’ or ‘turn-round’ 
processes. They are responsible for the thermal resistivity of ideal crystals. The 
thermal conductivity of a crystal arising from the motions of phonons with given 
frequency is described by formula [92], where / is the mean free path of a phonon 
between two Umklapp processes. Taking into account the frequency spectrum of 
crystals and polarisation of the phonons corresponding to transverse and longitudinal 
vibrations, formula [92] becomes 


K=4> Viclk, )o(k, Uk, Ds ... [14.96] 
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where j determines the polarisation of the phonon and k; its frequency. At high 
temperatures the contribution to the thermal conductivity c (k;,j) of phonons of 
different frequencies is the same. The specific heat is also constant. The mean free 
path / of a phonon depends on its excess energy and on the number of phonons which 
at high temperatures is proportional to 7. Thus / and x are reciprocally proportional 
to temperature as we have already shown for the elastic wave model. 

From [95] it follows that phonons can take part in Umklapp processes if their 


; h i _ 
momentum is not less than A? and this gives the lower limit of the energy of these 
ma 


phonons: 
,_ ... [14.97] 
2na 
Since 
hv hv 
ymax Armin 2a’ 
we have 
hy’ ~ thy, = KO. ... [14.98] 


On Peierls’ calculations the numerical factor in [98] is 4. The mean energy of these 
phonons is 


| +ko 
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At low temperatures this energy is proportional to e~°/37. Thus thermal resistivity 
should be proportional to f(T)e~°/°" where f(T) is the temperature dependence of the 
specific heat. These considerations show that the increase of thermal conductivity of 
a crystal according to a hyperbolic law changes to a more complex law in which the 
most important factor is the exponential. 

At sufficiently low temperatures, the density of the phonon gas falls, thus the 
major factor begins to be the collisions of phonons with the walls, that is with the 
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crystal boundaries. When these collisions are predominant, the thermal conductivity 
begins to depend on the shape of the specimen. This corresponds to the transition 
from a dense phonon gas to a rarified gas and to the vacuum state. Neglecting com- 
pletely the collisions of phonons with the lattice and considering only collisions with 
the walls, Casimir found that the thermal current in a cylindrical specimen of circular 
Or square cross section was proportional to the temperature gradient, to the cube of 
the absolute temperature and the cube of the radius (or the cube of the side). If we 
determine from this the thermal conductivity x’, then it will be proportional to the 
radius of the crystal and the cube of the temperature 


K' ~ rT?. ».. [14.99] 


Formula [99] explains qualitatively the fall of thermal conductivity at 7-0 and its 
dependence on the dimensions of the specimen. 

Debye explained the great difference in thermal conductivity between crystals 
and amorphous substances by the differences in mean free path of the thermal waves. 
The experimental value of the thermal conductivity enables us to obtain the mean 
free path: For quartz glass at room temperature / ~ 8 A, which is comparable with 
the dimensions of the unit cell of «-quartz. Thus phonons are scattered on static 
lattice defects of atomic scale. The mean free path of the phonons in amorphous 
substances does not depend on temperature so in this case the thermal conductivity 
must be proportional to the specific heat. 

The mechanism of thermal conductivity in metals is more complex than in non- 
metals since heat is carried by conduction electrons as well as by thermal waves. The 
total thermal conductivity of a metal is made up of two parts; the thermal conductivity 
of the phonon gas x,, and the thermal conductivity of the electron gas x, 


K = Kp, tKe. ... [14.100] 


Comparison of the thermal conductivities of metals and non-metals shows that 
Kph~K,. This being so, it still remains unclear why the majority of metals obey the 
Wiedeman-Frantz law with fair accuracy over a wide range of temperature with the 
exception of the low temperature region. The explanation for this might be that the 
presence of free electrons in a metal is a source of additional strong scattering of 
phonons and reduces the importance of scattering of phonons by thermal inhomo- 
geneities of the lattice. Thus in pure metals the thermal conductivity of the lattice x,, 
is much less than x,, being in fact about 1-29( of the electron conductivity. In alloys, 
the role of the thermal conductivity of the lattice may become more important because 
of additional scattering of phonons on the impurities. 


5, Thermal Expansion of Crystals 


Anharmonic Thermal Vibrations 


The dimensional changes of solids and liquids on heating are connected with 
differences in the behaviour of the attractive and repulsive forces when the atoms are 
moved from their positions of equilibrium. The potential energy curve for the inter- 
action of two particles (Fig. 47) has a clearly asymmetrical shape relative to the vertical 
ordinate through the minimum of the curve. When atoms are brought closer together, 
the repulsive energy increases more rapidly than does the attractive energy when the 


412 THERMAL PROPERTIES OF CRYSTALS 


atoms are taken further apart. When the amplitude of thermal vibrations is increased 
the minimum spacing between the atoms is reduced and the maximum spacing in- 
creased so, by the above reasoning, the increase of spacing when the atoms separate 
is greater than the reduction of spacing when they come together. This is why the 
dimensions of a body increase on heating. In an anisotropic crystal the asymmetry 
of the curve of interaction potential may be the other way round for some directions. 
There may then be in these directions a contraction of linear dimensions on heating. 
If the potential energy curve were symmetrical, for example a parabola (as in harmonic 
oscillators), there would be no change in dimensions of the body when the temperature 
is changed. The lowest part of the potential curve close to the minimum, can always 
be considered to be a parabola with sufficient accuracy. This explains why the thermal 
expansion coefficient of all bodies near absolute zero tends to zero. Thus the reason 
for thermal expansion is found in the anharmonicity of thermal vibrations of atoms 
in the crystal. This is also applicable to molecules where the mean interatomic spacing 
likewise depends on temperature. 


The Thermal Expansion Tensor 


Consider the change in dimensions of a crystal on heating (thermal deformation) 
at constant pressure. The thermal expansion of the majority of crystals is anisotropic 
and must be represented by a polar diagram of the linear expansion coefficient. The 
coefficient of linear thermal expansion 


1 dl 


~ Ta’ 


.. [14.107] 


where / 1s the length of the crystal at temperature 7, d/ the thermal deformation pro- 
duced by a change of temperature d7. The change of dimensions of crystals on 
heating from temperature 7, to 7, is given by an exponential formula 
T2 
j a(T) dT 
1 = I,e™ , ... [14.102] 


which when « is a constant takes the simpler form 


1 = Ipe(T2- 7), ... [14.103] 


Since the coefficients of linear thermal expansion of solids are small, of order 107 5/°K, 
[ 103] reduces to a linear law of expansion / ~ /, [1+0(T,—T7,)], which is valid over 
small ranges of temperature. 

When a crystal is uniformly heated, all its parts expand uniformly and as a result 
the crystal experiences a homogeneous deformation produced by a change of the scalar 
quantity 7. Because of anisotropy, the coefficients of linear expansion of crystals of 
all systems except the cubic depend on direction. Thermal deformation is described 
by the tensor of thermal expansion. Take «,1, «2, %33 as the principal linear coeffi- 
cients along three mutually perpendicular axes. If to start with the crystal has a 


spherical shape with unit radius then after heating by 1° C the crystal will have an 
ellipsoidal shape, 


ty 3, By [14.104] 
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which represents the tensor of thermal expansion. Since the coefficients of expansion 
are small, the equation of the thermal expansion ellipsoid can be put in the form 
XTAXZHXZ = 142(0, 1x? +0,.x7 +0552). ... [14.105] 


The radius vector of the ellipsoid can be written in the form r = 1 +g, where g is the 
coefficient of linear expansion of the crystal in the direction of the radius vector. It 
is clear that 


r? = xi+x3+x} =(1+2)* = 142g. ... [14.106] 
Comparing [105] and [106] we obtain 
& — 06 1X7 +02 9X3 +055x2. eee [74.107] 


Since the radius vectors of the ellipsoid of thermal expansion are close to unity, the 
coordinates x,, X,, X3 are equal to the cosines of the angles between the radius vector 
and the coordinate axis. Supposing that the radius vector coincides with the direction 
of a new axis which we call XY, the equation for the direction cosines for it can be 
written in the form x, = C133 X2 = C233 X3 = C33. Finally the coefficient of linear 
expansion of a crystal in an arbitrary direction appears as 


g= 011073 +%22C33 + 0633033. eee [14.108] 


For a cubic crystal «,,; = 22 = 33, g = const, and the ellipsoid of thermal expan- 
sion, as for an isotropic body, reduces to a sphere. For crystals of other systems which 
have an axis of symmetry with multiplicity greater than C,, the ellipsoid of thermal. 
expansion is oriented relative to the axis of symmetry as shown above. 

In uniaxial crystals (tetragonal, hexagonal and rhombohedral) the ellipsoid of 
thermal expansion is an ellipsoid of revolution with axis of revolution parallel to the 
principal axis of the crystal. In crystals of other systems the ellipsoid of revolution is 
triaxial. In rhombic crystals the principal axes of the ellipsoid of thermal expansion 
are parallel to the diad axes and its position is simply determined relative to the 
crystallographic axes. In monoclinic crystals one of the principal axes of the tensor 
of thermal expansion is parallel to the monoclinic axis, and the two others lie in the 
monoclinic plane, their position relative to the crystal axis being determined by 
means of the monoclinic angle. In triclinic crystals the position of the ellipsoid of 
thermal expansion cannot be immediately connected with the crystallographic axis 
and is determined by means of the three angles. 


Experimental Results 


Experimental values of the coefficients of thermal expansion for crystals of various 
systems are given in Table 67. 

The smallest coefficient of linear expansion is that for diamond, the carbon atoms 
of which are linked together by strong covalent bonds. The largest value is that for 
the organic molecular crystal of para-nitroaniline. In uranium and calcite one of the 
coefficients of linear expansion is negative. 

Table 68 gives values of the coefficients of linear expansion for various cubic 
metals at a variety of temperatures. 

As the temperature is lowered the coefficients of linear expansion become less 
and as the temperature approaches absolute zero the coefficients tend to zero. Thermal 
expansion depends on the shape of the potential energy curve and on the level of 
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Table 67 
Coefficients of Thermal Expansion of Some Crystals at Room 
Temperature (10° degree” *) 


Crystal symmetry Crystal 


Cubic Diamond 
Tetragonal B-Sn 
Hexagonal a—Quartz 
Rhombohedral Calcite 
Rhombic a-U 


Monoclinic para-nitroaniline 


Table 68 


Temperature Dependence of the Coefficients of Linear Expansion 
a. 10° degree™' for Various Cubic Metals 


Coefficients of linear expansion at the following temperatures. 


thermal energy. Near to absolute zero, thermal excitation of the quantum vibrators 
of a solid is very small which explains the trend a>0 as T-0. The temperature 
dependence of the coefficient of linear expansion for metals is thus similar to the 
temperature dependence of the specific heat. The connection between « and c¢, is 
given by the thermodynamic relation 


YKC,y 


C= 
3v ” 


... [14.109] 


which is known as Griineisen’s law; here « is the coefficient of compressibility, and 
y a constant the value of which varies between 1-:5-2:5 for different metals. 


Thermal Expansion and Crystal Structure 


The structural properties of a crystal are reflected by regularities in its thermal 
expansion. This can be seen by the example of crystals with layer and chain-like 
structures. As an example of a layer-type crystal consider hexagonal graphite and of 
a chain-type crystal, rhombohedral tellurium. The coefficients of thermal expansion 
parallel, «,, and perpendicular, «,, to the principal axis for these crystals have the 
following values at room temperature: 


Crystal a, x 10° a, x 10° (°K)~! 
Graphite 28-2 —1°5 
Tellurium —1-6 27:2 


The greatest increase in length of the crystal is in the direction of the weakest 
bonds. In the layer-type crystals this is the direction perpendicular to the planes of 
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the layers. Thus in the graphite crystal and also in white tin and zinc, «, has the largest 
value. In the chain-type crystals the directions of weakest binding are perpendicular 
to the direction of the axis of the chains, thus, in the tellurium crystal the largest 
value is the coefficient «,. The negative values of the coefficients «, in graphite and 
a, in tellurium can be explained by anisotropy of thermal vibration. In the layer-type 
crystal the maximum thermal displacements of atoms are perpendicular to the planes 
of the atomic nets and 1n the chain-type crystal perpendicular to the axes of the chains. 

In the cases considered, the pronounced anisotropy of thermal vibrations can 
lead to a contraction of the crystal which in the two cases respectively is along the 
axis of the chain and in directions lying in the plane of the atomic nets. 

The changes in dimensions of a quartz crystal on heating are interesting. While 
the dimensions of the a and c axes of the unit cell of «-quartz increase on heating, 
B-quartz contracts on both axes (Fig. 249a). It appears that the structures of both 
modifications of quartz are space lattices of silicon-oxygen tetrahedra linked to each 
other by inclined valency bonds made of oxygen atoms. The oxygen atoms in the 
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4657 a ean x10-"°K coefficients of thermal expansion of a- and 8-quartz 


(temperature of the «<8 phase transition 575° C); 
the upper curve is the coefficient of linear expan- 
sion a#,, and the lower curve is «33; (6) change of 
volume of the unit cell of lead titanate; the left 
hand branch of the curve is that of the ferroelectric 
phase, the right hand branch that of the para- 
electric phase (the Curie temperature of the ferro- 
electric transition T7- = 485° C); (c) changes of the 
lattice parameter of 6-plutonium. 
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silicon-oxygen nets can execute torsional vibrations similar to those executed by 
tellurium atoms in the spiral chains of the tellurium crystals. The mechanism of 
thermal contraction of tellurium and f-quartz may be the same. 

The dimensional changes of crystals of ferro- and antiferromagnetics on passing 
through the Curie point are anomalous. Fig. 249b shows the volume change of the 
unit cell of PbTiO, which in the ferroelectric range below T, = 485° C is tetragonal 
while above the transition point in the paraelectric range it is cubic. Cubic lead titanate 
behaves like most other crystals, that is it expands on heating, while the tetragonal 
modification shrinks on heating although the largest contraction takes place at the 
Curie point. The transition through the ferroelectric Curie point is connected with a 
sharp change in the specific heat. The reciprocal of the volume of the unit cell of 
PbTiO, has a temperature dependence rather like a A-point. 

In ferromagnetic alloys the transition to the paramagnetic state is also accom- 
panied by contraction of the unit cell. If this contraction is comparable in magnitude 
to the normal thermal expansion then the resultant change of volume may be nearly 
zero. Good compensation takes place in the alloy of iron with 36% nickel (Invar) 
which has a zero coefficient of expansion over a wide temperature range. 

Very interesting things happen when one of the modifications of plutonium is 
heated. 6-plutonium which is stable in the temperature range 319-451° C has an f.c.c. 
structure, that is one of the ordinary simple metallic structures. On heating, the unit 
cell parameter of 6-plutonium falls almost linearly (Fig. 249c), corresponding to a 
negative coefficient of expansion O,.., = —8°6x107°/°K. It appears that this con- 
traction is connected with the thermal excitation of new valencies. For this reason, 
the specific volume of the following temperature modification 6’-Pu is equal to the 
specific volume of 6-Pu, and the specific volume of the highest temperature modifi- 
cation ¢-Pu is even somewhat less. 

The dependence of thermal expansion on the structure and the strength of the 
bonds is seen to advantage on the crystal of para-nitroaniline. The molecule of para- 
nitroaniline has the following structure: 


Vo 
/ 
nO 4 \_-# 
oN c 6h N\y 
HOH 


On one side of the benzine ring is the nitro- group NO, and on the other side (in the 
para- position) the amino- group NH,. As a result of interaction of the molecules 
between the nitro- group of one molecule and the amino- group of another one, 
hydrogen bonds may arise, O...H—N. This is confirmed by experiment. Fig. 250 
shows the projection of the structure of the para-nitroaniline crystal on the mono- 
clinic plane (the hydrogen atoms are not shown). The chain-like distribution of the 
molecules is easily seen; this is caused by hydrogen bonds which are indicated by 
dotted lines. The length of the hydrogen bonds is 3:06 A which is much smaller than 
the shortest intermolecular spacing 3-66 A between the chains corresponding to the 
usual van der Waals’ forces. If a polar diagram showing the coefficient of linear 
thermal expansion g of the crystal is drawn for directions which lie in the monoclinic 
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plane, this shows considerable anisotropy of thermal expansion. The smallest value 
& = %33 1S approximately in the directions of the hydrogen bonds (in the directions 
of the molecular chains) and the largest value g = «,, in directions approximately 
perpendicular to the chains. The principal axis of the ellipsoid of thermal expansion 
(1+g)* is parallel to «,, and makes with the a axis of the crystal an angle of ~40°. 
The position of the ellipsoid of thermal expansion relative to the crystallographic axes 


O12 34 FR 


scale f lattice periods fp—t+-——f+--—+--_+ 4 
coefficient of expansion 10-° 20 40 60 80 100 


Fic. 250. The connection of the thermal expansion tensor with the struc- 
ture of the para-nitro-aniline crystal. 


is determined by the peculiarities of the molecular arrangement. Anisotropy of ther- 
mal expansion is a result of anisotropy of the intermolecular forces and has its origin 
in the distribution of hydrogen bonds within the given crystal. 


Calculation of the Coefficient of Thermal Expansion 


At low temperatures atomic vibrations can be considered to be linear, the re- 
storing force to be Hookean and the potential energy of vibration to be parabolic. 
Any given lattice vibration can be reduced to a system with normal independent 
harmonic vibrations which do not interfere with each other. If the crystal is homo- 
geneous and there are no stresses such as foreign atoms or mechanical deformations, 
then elastic waves are propagated in the crystal as in a uniform medium without 
scattering. The lattice waves will be reflected and scattered only at the crystal boun- 
daries. As the temperature is raised and the amplitude of thermal vibrations increases 
the situation ceases to be linear. Hooke’s law ceases to be obeyed for such vibrations 
and in the expression for the restoring force there appears a quadratic term 


F(E) = BE—-ye" ss (B>0; y>0), 2. [14.110] 


where € is the displacement of an atom from its position of equilibrium. If the co- 
efficient of thermal expansion is positive then the coefficient of anharmonicity is 
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positive. The expression for the potential energy of the oscillator now includes a 
cubic term 


U (2) = 4 pe? —F ye. Jo. (14117) 


Consider a linear chain of coupled oscillators. The time average of the number 
of atoms which have thermally produced displacement € is determined by the Boltz- 
mann factor e~ 7/*T_ Consequently the displacement € in a system of oscillators has 
weight €e~")/KT| The mean displacement is 


_u® - $e ae 
ye .. [14.112] 
AG) be 
-_ e *T ge | e UT. 9° UT dé 


Expand the anharmonic exponential in series 


739 3 
ar _ 1.79 
= 1+ 7 ne 
Assuming that the energy corresponding to the anharmonic restoring force is small 
compared with thermal energy, 4 yé> < kT, then in the denominator of [7/2] we 
need retain only the first term of the expansion and in the numerator the first two 
terms. If we had retained only the first term in the numerator then we should have 
had an odd function of €, for which € = 0. This shows that in a system of harmonic 
oscillators the equilibrium spacing between the particles does not depend on tem- 
perature and in consequence « = 0. 
With the approximations stated above, formula [112] takes the form 


+ 0 _ pe 
y | E4¢@ 2kT dé 
€ =? ve. [14.113] 
pg? 
3kT e 2kT dé 
To integrate this we make use of the formulat 
2 1:3°5...(@2a-1 
[> ede = -Ca~t) /E . ... [4.114] 
Carrying out the integration we obtain 
za IKE ... 4.5] 


B 


The relative extension of the chain, referred to a single interatomic spacing is 


t See T. B. Dwight: Tables of Integrals, Macmillan, New York. 
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From which the coefficient of linear expansion is 


k 
a = at ... 46] 


The sign of the expansion coefficient is determined by the sign of y. If the asymmetry 
in the potential energy curve is such that when the particles are brought closer to- 
gether the energy increases faster than when they are removed further apart (this is the 
case we are considering) then y>O and consequently heating the body makes it 
expand. 

Express the potential energy of interaction as a Taylor series: 


dU d?U dU 
U(r) = U(ro +) = vo+(5,),e+4(S] e244 (55), e+ vee wee [14,117] 


e e e dU e e 
In equilibrium (<) = 0. Comparing [///] and [1/7] we obtain 
0 


d’U d°U d 
B= (a), 7 = -3(5) = -3(5), ~ = ... [14.118] 


Putting this value of y into [//6] we obtain (for ro = a) 


yk k k N, R 


= = = —,-_- = =~; eee 14.11 
Jap? 2028 2a3E  2Na®E WE [14.119] 


where E is Young’s modulus. If we consider the elastic extension referred to a unit 
cell we have 


d 
F = Ea? — = par, 


from which 8 = Ea. Putting numerical values in [/19] gives 


R 10’ 


=~ ws = 10-5/K, 
* = DE 10-10"! 


which, in order of magnitude, agrees with experiment. 


Problems 


1. (a) Find the relationship between coefficients of volume expansion «, volume com- 
pressibility 8, and thermal elasticity y; (6) verify the formula for the case of an ideal 
gas. 

2. Find the general expression for c,—c,. (Hint: use the condition for entropy to be 
a complete differential.) 

3. Find the value of c,—c, for iron at 700°C [« = 5x10°°/°K; B = 59x10" 
(kg/cm’)~!; density p = 7:9 gm/cm’]. 

4. Find an expression for the Einstein specific heat of a solid. 

5. (a) Find which is the direction of null expansion for a uniaxial crystal, (b) discuss 
the formula you have found and (c) find the direction of null expansion for calcite. 
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6. Find the coefficients of thermal expansion of a uniaxial crystal if the volume co- 
efficient of expansion and the change in the axial ratio c/a on heating are known. 
Determine the position and magnitude of the axes of the ellipsoid of thermal 


expansion for a monoclinic crystal. 


Chapter 15 


SELF DIFFUSION AND DIFFUSION 
IN CRYSTALS 


1. Basic Concepts and Experimental Results 


Fluctuation of Thermal Energy. Formation of Vacancies and 
Interstitial Atoms in a Crystal 


Thermal motion of particles in solids (crystals and glasses) consists of vibrations 
around definite positions of equilibrium, the particles retaining their arrangement in 
space relative to each other. As a result of fluctuations of thermal energy, some atoms 
acquire an energy which is much more than the mean. Such atoms may be able to 
surmount the potential barriers which keep them in equilibrium positions in the lattice 
and take up non-equilibrium (interstitial) positions between the other atoms. In this 
case there also appear in the crystalline lattice vacant lattice sites (vacancies) corres- 
ponding to equilibrium positions which are not occupied by atoms. A lattice vacancy 
can readily be occupied by one of the neighbouring atoms; this results in movement 
of the vacancies through the crystal and in fact in movement of atoms. Interstitial 
atoms also have higher mobility than the atoms which occupy the equilibrium posi- 
tions in the lattice. Thus, atoms in a solid can move around at rates which increase 
with increasing temperature. 

Diffusion in solids plays an important part in making possible such processes as 
thermo-chemical treatment (case-hardening, nitriding, cyaniding, chromating and so 
on), which produce strengthened and hardened surface layers or protective coatings 
(oxide films on aluminium surfaces). Diffusion processes play an important part in 
corrosion and in a variety of phase transitions which take place in solids. Methods 
of producing metals and alloys from powder (powder metallurgy) by sintering are 
likewise based on diffusion. 

Diffusion transport of atoms proceeds also in pure metals. To distinguish it from 
chemical diffusion (the transport of chemically dissimilar atoms) the transport of 
atoms of the same kind is called self-diffusion. Self-diffusion takes place in crystals, 
liquids and gases. Self-diffusion plays an important part in the processes of recovery 
and recrystallization which take place when deformed metals are heated. 


The Basic Equations of Diffusion 


The processes of diffusion are relatively simple if at the beginning there is a non- 
uniform distribution of the components. When such a specimen is heated, diffusion 
usually leads to equalising the concentration c. If one measures the change of con- 
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centration c with time at various points in the specimen onc can derive quantities 
which measure diffusion. In the simplest case the amount of substance dm diffusing 
in time dt is determined by the equation 

dc 


dm = —DS — dt, J. [15.7] 
dx 


dc a . ry ° e 
where 7s is the gradient of concentration, S is the cross-sectional area normal to the 
x 


gradient of concentration through which the diffusion current passes and D is the 
diffusion coefficient which is a measure of the velocity of diffusion. In the most 
general case, with a non-uniform distribution of concentration and a non-stationary 
process such that the concentration varies with time, diffusion is described by a 
differential equation of the type [/./3], in which v = c. The equation is then called 


d . 
Fick’s law. For a stationary process & = 0) equation [/./3] goes over to the 


. dc , Lop , , 
equation gq = —D ix (where qg is the diffusion current) corresponding to equation 
x 


[7] above. 
The solution of the diffusion equation can be found in various cases. In one such, 
the smooth surfaces of two pieces of different metals are held together at a temperature 


Cu Cu+Ni Ni Cu+Ni . 
initial state after heating final state 
at 1000°C 
100% 0 100% 0 00% 0 
of || no "0 
0 1002 0 100% O 1002 


Fic. 251. Different stages of diffusion in a binary alloy. 


sufficiently high for the diffusion rate to be large. The distribution of concentration at 
each moment of time can be described by curves as shown in Fig. 251. By measuring 
the distribution of concentration at any instant and comparing the result with the 
theoretical curve the diffusion coefficients at the temperature of the experiment can 
be determined. In some cases the rate of diffusion in solids may be very large. Thus 
at 300° C, the rate of diffusion of gold in lead is greater than that of diffusion of 
sodium chloride in aqueous solution at room temperature. 

Let Q be the magnitude of the potential barrier (energy of activation for diffusion), 
which has to be surmounted by an atom in a crystal if it is to make a diffusion jump. 
The temperature dependence of the diffusion coefficient is determined by the Boltz- 
mann Jaw 


_@ 
D = Ae **, ... [15.2] 
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The quantities A and Q are almost independent of temperature but may be highly 
dependent on composition. In some cases 


A = Ca’Q, ... [15.3] 


where a is the interatomic spacing and C is a constant. 


The Measurement of the Self-diffusion Coefficient by means of 
Tracer Atoms 


Formula [2] is also applicable to self-diffusion. Up till recently it was not 
possible directly to measure the rate of self-diffusion experimentally. However since 
the discovery of artificial radioactivity the position has changed, since it is now possible 
to measure the rate of mixing of tracer atoms, that is radioactive isotopes of the same 
element introduced as if they were impurities. The first application of artificial radio- 
active isotopes for this purpose was carried out in Leningrad by A. Zagrubsky (1937) 
who measured self-diffusion in gold, the artificial radioactivity being produced by 
irradiating normal gold with neutrons from a radium-beryllium source. A layer of 
radioactive gold was deposited electrolytically on the surface of a gold disc. The rate 
of self-diffusion after heating at various temperatures was determined by measuring 
the rate at which the activity of the electrodeposited layer fell as active atoms diffused 
inwards. 


The Coefficient of Self-diffusion of Gold 


T, °K 1073 1173 1273 
D,cm?/day 2:3x107’ 5-0x 1077 1-4x 1075 


The experimental results on the coefficient of self-diffusion of gold lead to the 
formula 
62900 


D = 7:94x10%e RT cm?/day. ... [15.4] 


The activation energy for self-diffusion Q is 62-9 kcal/mole and is about 2/3 of the 
total energy of sublimation of gold (L = 92-0 kcal/mole at room temperature). 


Activation Energies for Diffusion and Self-diffusion in Metals 


The activation energies for diffusion and self-diffusion in some metals are given 
in Table 69. The activation energies for diffusion for different atoms in the same 
solvent may be very different. The greater the chemical difference between the solvent 
and the diffusing atoms the less is the activation energy; the largest values are for 
self-diffusion. This generalisation can be explained if we assume that by reducing the 
chemical difference between the atoms the binding between them is increased. 

Carbon and nitrogen form interstitial solid solutions in iron. Since diffusion of 
these atoms in the iron lattice proceeds fairly rapidly this shows that diffusional 
movements can take place along interstitial sites. The rate of diffusion depends on the 
condition of the material (grain size, internal stresses). The rate of diffusion of thor- 
ium in tungsten increases markedly as the grain size of the tungsten is reduced. This 
shows that thorium atoms diffuse preferentially along the crystal boundaries. How- 
ever diffusion of zinc in copper shows no dependence of rate on grain size; apparently 
zinc atoms diffuse through the grains as readily as along the grain boundaries. The 


CPZE 


424 DIFFUSION IN CRYSTALS 


Table 69 


Activation Energies for Diffusion and Self-diffusion 


Solvent Solute 


Cu 
Zn (10%) 
Zn (30%) 
Sn (10%) 


Pb 
Sn 
Tl 

Cd 
Ag 


rate of diffusion of zinc in copper is highly dependent on the composition of the 
alloy. As the composition of zinc increases the intermediate phases (f, y, €) are 
formed and along the diffusion path there appears a distribution of the phases (Fig. 


Fic. 252. Distribution of phases in the diffusion path. 


252) corresponding to the copper-zinc composition diagram. The rate of diffusion 
of zinc is different in the different phases. 


2. The Mechanism of Diffusion in Crystals 


There are various ways in which atoms can change place in a crystalline lattice. If 
the crystal has an ideal undamaged structure and is to retain this ideal structure, two 
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mechanisms of diffusion are possible (Fig. 253): (a) direct interchange of a pair 
of atoms and (b) ring diffusion when a large group of atoms take part in a simul- 
taneous exchange of their positions. Fig. 253 shows examples of ring diffusion in 
a triangle and in a hexagon. The latter case corresponds to close packing of spheres, 
where six atoms form a regular hexagon which approximates to a circle. Direct 
exchange of positions by pairs of atoms in a close packed structure requires that 
large potential barriers be surmounted since neighbouring atoms have to pass each 
other. But group exchanges of atoms by the ring mechanism of diffusion would 
mean that the share of the energy of the potential barrier belonging to a single 
atom would be much less than when pairs of atoms change position. However this 
energy increases as the number of atoms in the ring increases and the probability that 
this process can take place falls rapidly because of the difficulty of accumulating the 
necessary fluctuations of thermal energy. 

In a real crystal two basic types of structural defect on an atomic scale are 
possible; vacant lattice sites A (vacancies) (Fig. 254) and interstitial atoms A’. The 


Fic. 254. Simultaneous forma- Fic. 255. Potential energy curves for 
tion of a vacancy and an inter- (a) a periodic row; (b) a vacancy; (c) an 
stitial atom. interstitial atom. 


probability of diffusion jumps of atoms in a real crystal is greater than in an ideal 
crystal for two reasons. First, diffusion in a real crystal can take place by the move- 
ment of individual atoms, not groups of atoms and secondly, the potential barriers 
are smaller. Fig. 255a shows schematically the curve of the potential energy along one 
of the atomic rows of a crystal with a strictly periodic structure. The curves of poten- 
tial energy for a crystal with a defective structure are shown in Fig. 2555 (defect of the 
vacancy type) and in Fig. 255c (defect of the interstitial type). 

These types of defect structure can arise in an ideal crystal as a result of thermal 
agitation. Let u be the energy necessary to remove an atom from an equilibrium 
position in the crystal lattice (a lattice site) and put it between the neighbouring atoms 
(interstitial site) (Fig. 254). This process was considered by Frenkel as a sort of 
internal ‘evaporation’ or local dissociation of the crystal. In each process of internal 
evaporation both a vacancy and an interstitial is formed, so a crystal, even of a simple 
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one component substance, at any temperature different from 0° K is a solid solution 
of both types of ‘impurity’: vacancies and displaced atoms.t To each temperature 
there corresponds a definite equilibrium concentration of the defects of one kind or 
the other. The number of displaced atoms is proportional to exp (—u/kT). 
Vacancies can also be formed in another way, namely by the removal of one of 
the atoms of the surface layer (Fig. 256) since such an atom has only partial binding 
with the crystal and can move to an adsorbed state. The vacancy thus formed can 


( 


Fic. 256. Formation of a vacancy on the surface of a crystal. 


pass into the interior of the crystal by exchanging with neighbouring atoms. Such a 
process of formation of vacancies can be thought of as dissolving negative atoms in it 
(Frenkel). Some of the atoms adsorbed on the surface of a crystal can also penetrate 
inwards and form defects of the second type. If the process of internal evaporation 
gives equal numbers of defects of both types then the independent processes of for- 
mation and destruction of vacancies and interstitials on the surface of the crystal can 
destroy this equality. The transition of one of the surface atoms to an adsorbed state 
requires less energy than is necessary for complete evaporation since a smaller number 
of bonds have to be broken, so this process 1s more probable than the process of 
complete evaporation. 

As an example of a calculation of the concentration of atomic defects in a crystal, 
suppose that u = L, where L is the heat of sublimation. In these circumstances the 
concentration of defects in the crystal is equal to the density of the saturated vapour 
above the crystal and a crystal containing N atoms has a number N’ of defects given by 


N’ = Nexp(—L/RT). .. [15.5] 


Table 70 gives the numbers of defects calculated by means of formula [5] for a cad- 
mium crystal for which L = 23 kcal/mole. 


Table 70 


Concentration of Atomic Defects in Cadmium 


TK | NIN 
300 10718 10° sec = 1 day 
600 107? 10° * sec 


+ We may here digress to point out that the majority of crystals of simple substances are iso- 
topic solutions in which various degrees of disorder are possible in the distribution of the isotopes on 
the crystal lattice. The only exceptions are natural monoisotopic elements, for example sodium, or 
artificially separated isotopes. Disorder in isotopic mixtures is retained even at absolute zero. 
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The concentration of defects increases very rapidly with temperature although in 
the case considered above the final concentration is very small (in some cases the 
concentration of vacancies can be much larger and, near the melting point, may be as 
large as 12%). However the absolute number of defects in unit volume of the crystal 
is very large because the number of the atoms is very large. Thus in onecc. of cadmium 
there are N~10*? atoms. So at room temperature in each cubic centimetre of metal 
there are N’ = 10* vacancies and near the melting point there are N’ = 10!°. These 
numbers are similar in order of magnitude to the apparently insignificant numbers of 
impurities and defects which determine the electrical and optical properties of semi- 
conductors. Here these small concentrations of defects are of basic importance for 
diffusion in common crystals. 

Let us now carry out some calculations on the rate at which atoms move by the 
vacancy mechanism. First calculate the rate at which vacancies move in the crystal. 
If Au is the height of the potential barrier between an atom and a vacancy then 
exp (— Au/kT) is proportional to the probability that the atoms which surround a 
vacancy will ‘evaporate’ and pass into the vacancy. This probability is inversely pro- 
portional to the lifetime of an atom around a vacancy: t = A exp (Au/kT). If there 
were no potential barriers an atom would move with mean thermal velocity vg. In 
this case the lifetime of an atom is equal to the time to move it by one interatomic 
spacing: 


a 107° _ 


This time is of the same order of magnitude as the period of free oscillation of atoms 
in the lattice. Thus 
T = T, exp (Au/kT). ... [15.6] 


The lifetime of an atom is strongly dependent on temperature. If we use the figures 
in Table 70, and put Au = 23 kcal/mole, then we obtain the lifetimes which are given 
in the third column. At room temperature a vacancy moves at a rate of one atomic 
jump per day while at 300° C each vacancy makes 10* jumps per second. 

We can now calculate the mean rate at which atoms move by the vacancy 
mechanism. The probability that a given atom has a vacancy beside it is N’/N = 
exp (—u/kT). The probability that an atom adjacent to a vacancy will move by one 
step in time df is dt/t. So the probability that a given atom in the crystal will move 
by one step in the stated time is equal to the probability of the joint event 
(dt/t)(N’/N) = dt/0, where @ is the lifetime of the atom we are considering. Hence 


N u tu+Au 
6=1— =Te&T = te *T ... [15.7] 
N 
The mean velocity of atomic movement by the vacancy mechanism is then 


= Vy exp (—[u+Au]/kT). 


3. Diffusion in Deformed Alloys 


Uphill Diffusion 


In deformed alloys which have large internal stresses, diffusion can redistribute 
the components of the solution in directions contrary to those which lead to uniform 


428 DIFFUSION IN CRYSTALS 


distribution. To begin with, consider qualitatively a binary solid solution without 
internal stresses and with uniform distribution of components A and B. The atomic 
radii of these components are supposed to be different (r4>rg). The distribution of 
the atoms in such a solid solution in statistical disorder is shown schematically in 
Fig. 257a. 

Now subject the crystal to non-uniform elastic deformation. For example such 
a deformation might be elastic bending, in which case those zones which are extended 
will on the average have an increase in the volume of their unit cells, while those zones 
which become compressed will have their volume reduced. As a result of the exten- 
sions and compressions, the energy of the bent crystal will be greater than the energy 


OA 08 


Fic. 257. Diffusion in a solid solution (a) without stress; (b) with internal 
stresses. 


of an undeformed crystal by the work to deform it elastically. If the crystal is freed 
from the external forces which are deforming it, then the internal elastic stresses 
within it will tend to restore it to the undeformed condition. 

Suppose that the crystal is held in a bent state and heated to a temperature such 
that the rate of diffusion is large. Under these conditions, the transition to the more 
stable state with minimum free energy requires a reduction in the total energy of 
elastic deformation. In a solid solution where the atoms have different dimensions, 
reduction in elastic energy can take place if the atoms with larger radius go preferen- 
tially into the extended parts, that is the outer zones, while the atoms with smaller 
radius go to the compressed zones. This is shown in Fig. 2575. The possibility of 
such a diffusion process leading to an increase in the concentration gradient (uphill 
diffusion) was suggested by Konobeevsky to explain the influence of low temperature 
annealing on a deformed alloy of magnesium (ry,= 1:63 A) with aluminium 
(r4; = 1:43 A) and zinc (rz, = 1-33 A). In these alloys, annealing produced complex 
changes in the intensity and width of X-ray lines: as well as the usual K,, and K,, 
doublets such as reappeared when pure deformed magnesium was annealed these 
alloys in some cases developed ‘triplets’. In a special case, diffusion produced an X-ray 
pattern corresponding to two solid solutions with different aluminium concentrations. 
This would have resulted in a doubling of the lines on the X-ray pattern, so the original 
doublets would have become two pairs of lines. The appearance of triplets is explained 
by partial superposition of these pairs. If after the low temperature anneal, the alloys 
are heated at higher temperature such that recrystallization can take place, then the 
redistribution is retained even after recrystallization. But if the deformed alloys are 
heated at once at high temperature then the X-ray picture of the recrystallized alloy 
shows normal doublets. This can be explained if in rapid heating at high temperature 
the internal stresses are quickly released by recovery in the same way as in pure de- 
formed metals. In such short intervals of time, diffusion processes do not take place 
and consequently uphill diffusion is not observed. The phenomenon of diffusion in 
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deformed alloys shows that it is necessary to generalise Fick’s law, the generalised 
equation having the form 
dc dc 076 
=— = ’ =—_ 5 ” 9 eee 1 ° 
at ax? dx? [15.8] 


where € is a quantity which measures the energy of elastic stresses, de/dx is the gradient 
of these stresses, D’ the usual diffusion coefficient, and D” the coefficient of uphill 
diffusion. The second term in [8] has a negative sign since uphill diffusion leads to 
an increase in the concentration gradient. 


4. Diffusion in Solid Electrolytes 


Investigations of the rate of diffusion of lead ions in PbCl, and PbBr, by means of 
tracers of artificial radioactive lead, gave the following temperature dependence for 
the coefficients of diffusion: 


_ 38120 _ 30000 
Depa, = 1:06x10’e RT and Dpypy,, = 3:°43x10%e RF (cm?/day). 


Hence the rate of diffusion of lead ions in lead bromide is greater than in lead chloride. 
This is connected with the larger ionic radius of bromine as compared with that of 
chlorine. 

Data on the mobility of ions in solid electrolytes can also be obtained from 
measurements of the electrical conductivity of crystals. Comparison of the mobilities 
of ions from diffusion data and electrical conductivity data shows good agreement in 
the case of lead bromide where the electrical conductivity at high temperatures is due 
to movement of the cations Pb* *. For lead chloride the two sets of data are in serious 
disagreement: the measured electrical conductivity is about 1000 times larger than the 
calculated. This shows that in lead chloride the electrical conductivity takes place by 
the mobility of Cl~ anions. 

Investigations at different temperatures show that there is a different temperature 
dependence of the mobility of cations and anions. As the temperature is lowered the 
mobility of the lead ions falls faster than that of the iodine ions. At 260° C the electrical 
conductivity is 40°% due to ions Pb** and 60% due to ions I~, while at 155° C the 
Pb* * ions are responsible for only 0-4°%% of the electrical conductivity. In these salts 
at low temperatures mobility is due to anions, and at high temperatures to cations. 
At low temperatures the electrical conductivity is very sensitive to the mechanical 
state of the specimen and to impurities. 

The electrical conductivity of ionic crystals has a positive temperature coefficient, 
that is, it increases with increasing temperature but even at high temperatures is still 
very small for most of them. However a few substances have exceptionally large 
electrical conductivities which can be explained by peculiarities in their structures. 
An example of such a substance is silver iodide which exists in three modifications. 
The structures of the first two modifications y-AgI (sphalerite lattice) and B-AglI 
(wurtzite structure) correspond to the well-known low and high temperature modifi- 
cations of zinc sulphide. The cubic lattice of the high temperature modification 
a-Agl which is stable above 146° C has a Jattice period a = 5:03 A and contains 
two particles in the unit cell. The iodine ions form a b.c.c. lattice with random distri- 
bution of silver ions on the vacancies of this structure. The density of «-AgI is about 
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15°% higher than f-AgI while the electrical conductivity near the transition tempera- 
ture is 4000 times greater than that of B-AgI. Near the melting point (552° C) the 
electrical conductivity of solid «-AgI is somewhat larger than that of molten silver 
iodide while most other salts experience an increase in electrical conductivity on 
melting (that of NaCl for example increases by 3000 times). The high electrical con- 
ductivity of «-AgI is explained by peculiarities of its structure: «-AglI has a large 
number of vacancies which can be occupied by silver atoms but normally remain 


(a) B-Agl (sphalerite (6) B-Ag,Hegl, (c) a-Ag,Hel, 
structure) (tetragonal) (cubic) 


@ Ag O Hg C)! 


Fic. 258. Structures of the polymorphic modifications of Ag,Hgl,. 


empty since the number of vacancies is greater than the number of silver ions. The 
activation energy for diffusion of silver ions through these vacancies is very small; 
Q = 600 cal/gm. atom. 

The hypothesis that there may be permanent vacancies is supported by investiga- 
tions of the structure and electrical properties of the two polymorphic modifications 
of Ag,Hgl,, which have similar structures to B-AglI. Introduction of the divalent 
atoms of mercury into silver iodide leads to the formation of vacancies according to 
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Fic. 259. The change of specific heat at the polymorphic transition 
B > a Ag,Hegl,. 


the scheme Ag,l, - Ag,HgoI, where the symbol 6 indicates that there is a vacancy 
in the structure. Fig. 258 shows the relation between the structures of these substances. 
In all cases the iodine atoms form a lattice of the face-centred type. The silver ions in 
B-Agl occupy the sites of another face-centred lattice (Fig. 258a@). In f-Ag,Hgl, a 
quarter of the sites of this lattice remain empty (in Fig. 2584 the centres of the upper 
and lower faces) and the cell consequently acquires tetragonal symmetry while the 
shape remains cubic (c/a = 1-00). The structure of «-Ag,Hgl, is cubic with a random 
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distribution of the three cations on the four lattice sites (Fig. 258c). The transition 
from the f- to the a-modification takes place in stages since as the temperature rises 
the number of cations on the vacant sites increases. This is a second order phase 
transition from the ordered to the disordered state and is accompanied by a specific 
heat discontinuity (Fig. 259). The rate of transition increases rapidly, beginning 
about 40° C and being completed at the Curie temperature JT, = 50-7° C. During 
the transition the colour changes from yellowish to orange. 

The electrical conductivity of a-Ag,Hgl, is exceptionally large and at the 
temperatures around 50° C is several thousand times larger than that of any other 
solid electrolyte. The formula for it is o = 4x 10? exp (—8600/7). Although the 
ionic radii Ag* and Hg** are almost the same, transport experiments show that only 
6% of the charge is carried by the mercury ions which have a reduced mobility 
because of their larger charge. One can think of «-Ag,Hgl, as a crystal in which one 
part of the lattice—the cations—has melted, while the other part—the anion lattice— 
remains crystalline. In some treatments these crystalline electrolytes are considered 
as approximating to metals, with the cations taking over the function of the free 
electrons. 


Problems 


1. Find the values of Q and A for self-diffusion of gold using Zagrubsky’s measure- 
ments: 
T 800 900 1000° C 
D 1:3x 1077 5-0x 1077 1:4x 107° cm?/day. 
2. The equation for self-diffusion of lead is D = 5-76 x 10° exp (—28,050/RT). 
(a) Find the coefficient of self-diffusion of lead at room temperature, at T = 165° C, 
and near the melting point; (b) at T = 165° C calculate the time which is required 
for radioactive lead in contact with normal lead to penetrate to a depth of 0-1 mm. 


Chapter 16 


MECHANICAL PROPERTIES OF CRYSTALS 


1. Elasticity, Brittleness and Plasticity of Crystals 


The Degree of Deformation 


When external forces are applied to a solid, the linear dimensions and shape 
change in a manner which depends on the type and magnitude of the applied forces. 
Within the solid, mechanical deformations take place and these can be determined by 
measuring the dimensions of the specimen before, during and after the application of 
the stress. In the simplest cases (extension, compression, wire-drawing and rolling) 
the deformation is determined by the strain 


Imp. 


0 


A= 100, 


where /, and / are the initial and final lengths respectively of the specimen. In the case 
of drawing or rolling the deformation can be described by similar formulae in which 
the thickness of the sheet or the diameter of the wire is used instead of the length of 
the specimen. Thus if we use the cross sectional area of the specimen instead of the 
linear dimensions, we obtain 
A = 2275. 100. 
So 


The strain as measured by A, can be transformed to /, if we assume that volume 
of a body remains constant in plastic deformation. 


Elastic Deformation 


External forces change the relative arrangement of the particles in a solid, moving 
them from the positions of equilibrium which correspond to minima of potential 
energy. The resulting interatomic interactions give rise to forces within the body 
which tend to return the particles to their initial positions. These internal forces act 
against the external forces and when a stationary state is reached are equal to them. 
If the external forces do not exceed some limit which varies within a wide range for 
crystals of different substances, then the movement of the particles and the deforma- 
tion produced are reversible. Such deformations are called elastic. When the external 
forces are removed an elastically deformed crystal returns to its initial state under the 
influence of the internal forces. In an elastically deformed state, the magnitude and 
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character of the deformation can be determined from changes in the external shape 
of the crystal. The magnitude of the internal elastic stresses can be determined from 
the magnitude of the applied stresses acting on the crystal. The energy of elastic 
deformation stored in the crystal can be measured by determining the work done by 
the external forces. Knowing the elastic constants of materials makes it possible to 
calculate these quantities for various cases of deformation. 


Brittleness and Plasticity 


When the external forces are increased beyond the limit of elastic reversible de- 
formation, two things may happen—Drittle fracture or plastic deformation—depending 
on the nature of the crystal and the conditions of the experiment. In fracture the 
crystal disintegrates irreversibly into two or more parts. As a result of anisotropy 
brittle fracture of crystals in the majority of cases proceeds along well defined crystal 
planes which are characteristic of the given crystalline substance. These are the planes 
which have minimum resistance to fracture and are called cleavage planes. The 
magnitude of the tensile strength is an important characteristic of a material. 

In many substances there is before fracture a more or less extensive region of 
irreversible plastic deformation, in which the body changes its shape but is not broken 
in pieces. Examples of plastic crystalline substances are many metals and alloys. 
Single crystals of zinc can be extended to ten times their original length without 
fracture. In such a large deformation, a cylindrical single crystalline specimen is 
transformed into a ribbon. 

Plastic deformation leads to marked changes of the structure and properties of 
crystalline substances. However even at the largest strains the crystalline state and 
the crystal type are retained. 

Plastically deformed crystals exhibit a variety of characteristic forms of damage 
to their crystalline structure accompanied by the accumulation of the energy of 
residual internal stresses. These strains and stresses balance each other inside de- 
formed crystals and remain after the external forces have been removed. A plastically 
deformed crystal is in a state of metastable equilibrium. Mechanical, thermal, elec- 
trical, magnetic and other properties of deformed crystals may be very different from 
the properties of undeformed crystals. 

Investigations of plastic deformation of crystalline substances and the structural 
damage produced is of great practical value. The characteristics of plastic fracture in 
tension are usually, the extension to fracture and the tensile strength, both referred to 
the initial cross-sectional area of the specimen. In extension the cross-sectional area 
is reduced and in the region of plastic fracture often shows considerable thinning 
(‘necking’). Thus the true fracture stress may be very much greater than the tensile 
strength. For ideal elastic substances the residual extension is zero. 


The Influence of the Conditions of the Experiment on the Type 
of Deformation 


It is impossible to draw a firm line between plastic and brittle crystals. One and 
the same solid may exhibit brittleness or plasticity. The character of the deformation 
is influenced by various factors, such as temperature, the type of stress, the rate of 
deformation, the surrounding medium and so on. Raising the temperature as a rule 
brings about increased plasticity, this being widely used in hot working of metals by 
pressure. As the temperature is lowered, brittleness increases. Thus it is usual to 
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obtain powders from plastic substances for X-ray study by filing them in liquid air. 
The opposite problem—that of retaining the plasticity of materials at low tempera- 
tures—arises in a variety of technical problems (cold setting of plastics). In cryogenic 
technology materials are necessary which retain their plasticity at temperatures down 
to absolute zero. 

The only materials which retain significant plasticity under these conditions are 
some metals and alloys. Consequently, this is one of the basic properties of metallic 
binding and is a result of the electron gas in a metal which distinguishes metallic from 
other types of binding (ionic and covalent). The increasing plasticity with rise in 
temperature can lead to a peculiar type of deformation which occurs when cadmium 
crystals are extended at high temperatures (Fig. 260). Because there is no work 
hardening, slip is concentrated on a few planes. Deformation becomes non-uniform, 
the crystal is divided into parallel sided blocks and this leads to a lowering of the total 
plasticity of the crystal. Similar things happen when tin crystals are extended slowly 
(Fig. 261). 

The rate of deformation has a marked influence on the character of deformation. 
Raising the rate of deformation increases the tendency to brittle fracture. This is true 
both for crystals and for liquids. With viscous liquids, it is possible to select velocities 
of deformation at which the type of deformation corresponds to brittle fracture. 
Thus Fig. 262 shows plastic deformation of a viscous filament made of a mixture of 
transformer oil and resin (viscosity 5 x 10° poise, which corresponds to the viscosity 
of honey or treacle). This experiment was carried out by Kornfeld and Rivkin who 
found that when the filament was pushed slowly it bent plastically (Fig. 262) but when 
the velocity of the blow exceeded 23 m/sec, the filament broke up into pieces (Fig. 263). 

The influence of a stressed condition on the character of deformation is shown by 
experiments with brittle materials. Thus for example uniaxial stressing of marble 
(compression or extension) shows it to be brittle, but when it is deformed under con- 
ditions of combined volume and tensile stress it acquires some plasticity. Finally, the 
influence of the medium is shown by experiments on the bending of rock salt crystals. 
At room temperature in air these crystals are brittle while when they are deformed 
in water they become plastic. 


2. Elasticity of Crystals 


Hooke’s Law 


The basic types of deformation of solids, to which all other types of deformation 
can be reduced, are: (1) linear extension and compression (Fig. 264a) and (2) simple 
shear (Fig. 2645). Corresponding to this, elastic properties of isotropic solids are 
determined by two constants; Young’s modulus E and the shear modulus G. Poisson’s 
ratio 4 which measures the transverse compression during extension can be expressed 
in terms of these two constants. The basic law of plastic defoimation is linear de- 
pendence between the force F and the deformation Al produced by it. In uniaxial 
extension deformation is described by Hooke’s Law 


Al 
F = ES —- or p= Ej, ... [16.7] 


where / and S are the initial length and cross-sectional area of the specimen, p is the 
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Fic. 260. Formation of slip packets during the extension of a cadmium 
crystal (a) at 458°K:; (b) at 523°K. 


FiG. 261. Formation of slip packets 
during slow extension of a tin 
crystal. 


Fic. 262. Plasticity of a filament 
of a viscous liquid under condi- 
tions of slow deformation. 


Fic. 263. Brittle fracture of a filament of a viscous liquid as a result 
of impact deformation. 
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tensile stress and A the relative deformation. In simple shear, the relation between 
the force and deformation is given by a similar relation 


Al 

F=GS— = GS tana or o =Gtana, ... [16.2] 
where S is the cross-sectional area of the specimen on the shear plane, his the thickness 
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Fic. 264. Basic types of deformation: (a) linear extension; (5) simple shear. 


in a direction perpendicular to the shear plane, « is the shear angle and a is the shear 
stress. In the case of triaxial compression 


Pp = Kk = —KQ, oe e [16.3] 


where © is the volume deformation and x is the modulus of compressibility. 

The linear relation between force and elastic deformation for solids 1s explained 
by the fact that the curve of potential energy of interaction between the particles can 
be approximated by a parabola at sufficiently small displacements. This corresponds 
to the model of a solid in the form of a system of quasielastic oscillators. If the 
elastic limit (the onset of plastic flow) is sufficiently high, then departures are possible 
from the linear Hooke’s law on account of the influence of anharmonic terms in the 
displacement potential energy. 

For crystals and other anisotropic media, the relation between stress and defor- 
mation has a more complex form than that described by the formulae [/] and [2]. 
In such cases the values of the moduli E and G depend on the orientation of the 
specimen relative to the crystallographic axis. The corresponding number of elastic 
constants for a crystal is greater than for an isotropic body and changes depending 
on the symmetry of the crystal. 


The Stress Tensor 


To determine the characteristics of the stressed state, we subject a small cube to 
stress and determine components of the forces acting on its faces. When the forces 
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are in equilibrium, this means that they are equal on opposite faces so it is sufficient 
to investigate the forces acting on three mutually perpendicular faces. Call these forces 
X, Y, Z, and their components on the coordinate axis x,, y,, Z, and so on (Fig. 265). 
Altogether we have nine components of stress which 
determine a tensor of second rank: 


Xx Vx 2x 
Xy Vy Zy ... [16.4] 
Xz Vz 22 


Fic. 265. Resolution of the forces 
acting on the faces of an elemen- 
tary cube. 


The diagonal components x,, y,, Z, are perpendicular to the three faces of the cube 
and are tensile or compressive stresses. The other six components are parallel to the 
faces of the cube and are shear stresses. These components form pairs of forces 
tending to turn the cube round the coordinate axes. In equilibrium, the moments of 
corresponding pairs are equal x, = y,, y, = Zy, Z, = X,- The stress tensor is thus 
symmetrical and is determined by six components, that is, it is obviously represented 
by a surface which in the general case is a three-axed ellipsoid. 
We may write the stress tensor in the form 


Cistyols3 
T stress = toiylootes 9 (tix, = ty 1)- eee [16.5] 
31l32l33 


The Deformation Tensor 


As a result of deformation the relative positions of particles of the crystal are 
changed. Let R be the radius vector and (xyz) the coordinates of a point before dis- 
placement, while R’ and x'y’z' are the corresponding quantities after displacement 
(Fig. 266); u is the displacement vector and u,, u,, u, are its components. If the com- 
ponents of the displacement vector are constant for all points in the body then 


u, = x’-x =const; u, = y’—y=const; u, = z'—z = const, 


which corresponds to parallel transport of the whole crystal. In deformation, how- 
ever, the displacements of different points are different. Consider how homogeneous 
deformation, that is deformation in which a given straight line in the body remains 
straight and a plane remains a plane. In these conditions a cube is deformed into a 
parallelepiped and a sphere into an ellipsoid. Such 
conditions are not satisfied by such deformations as 
bending, torsion etc. In homogeneous deformation, 
R ; the components of the displacement vector are linear 
R functions of the coordinates 


Zz 
U 


Un = Nyy Xtly2V +132, 
x Uy = PayX+lo2V+lo32Z, ... [16.6] 
U, = V3ayX +32. V+135Z. 


Fic. 266. Displacement of points of a 
body as a result of deformation. 


ELASTICITY OF CRYSTALS 437 


The nine quantities r;, determine the components of the deformation tensor which is 
also a tensor of second rank. The components r,,, r22, 33 are the relative extensions 
along the coordinate axis; the components r,3, r3;, 71. are shears. The possibility of 
representing uniform deformation by means of an ellipsoid shows that, in the absence 
of rotation, the deformation tensor is symmetrical with six independent components. 
We can then write the deformation tensor in the form 


11112113 
Tact = | '21%22%23 |, Cn = Wei) ces [16.7] 
31032133 


The Elasticity Tensor 


Hooke’s law for a crystal implies a linear dependence between the components 
of the stress tensor and the components of the deformation tensor and is represented 
by the elasticity tensor which is a tensor of fourth rank; 7.,,.,, = CTaep- In the general 
case a tensor of fourth rank is determined by a matrix with 9x9 = 81 terms, while 
for symmetric tensors of second rank, the arbitrary tensor of fourth rank has 
6x6 = 36 components. We can write the elasticity tensor in the form 

—__| P11F 227332303112 
£41 | €44012013C14C15C16 
E92 | €21©22€23C24C25C26 
£33 | €31032033C34C35C36 ..- [16.8] 
£23 | €41©42C43CqaCasCae 
£31 | C51052C53C54C55C56 
£12 | €61©62€63€64C65Coo 


or in abbreviated form 


tix = Ciil une eee [16.9] 
Solving the linear relations [9] for deformation, we obtain 
liz => Siitime eee [ 16.10] 


The coefficients of proportionality c;, are called the elastic constants and s,, the 
elastic moduli. 

Consider now the expression for the energy of elastic deformation. For an iso- 
tropic body Hooke’s law is t = cr and the elastic energy —dA = ¢tdr. For an aniso- 
tropic body the generalised expression for the elastic energy has the form 


—dA = tyydr yy tterdroy t+ ty3dra3t tesdragttyidrs,ttydry, ... [16.11] 


The elastic energy of a crystal is a single valued function of the deformation rj, 
and the differential of the elastic energy which can be written in the form 


0A 0A 0A 
dA = — ary +> dra,+ see + — dri.) oee [16.12] 
11 22 


or 0 Ory. 


is a complete differential. Comparing [//] and [/2] we obtain 


, ss [16.13] 
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Differentiating this expression again with respect to r,,, we obtain 


Oty A _ tim [16.14] 
Ori Or Ovim Ox 
and since 
t Otim 
= ~ d cy = * 
it follows that 
Cir = Cui ... [16.15] 


Consequently, the elasticity tensor is symmetric, being determined in the general case 
by 21 independent components. It follows that the total number of elastic constants 
for a triclinic crystal is 21. 

The number of elastic constants is reduced depending on the symmetry of the 
crystal (Table 71) and in the cubic crystal falls to three. As Table 71 shows the number 
of different symmetry groups of the elastic tensor, including the isotropic group, is 10. 


Table 71 
The Number of Elastic Constants for Crystals of Different Systems 


System Symmetry Number 
Triclinic 1 
Monoclinic 2/m 
Rhombic mmm 
Rhombohedral 3 
Rhombohedral 3m 
Tetragonal 4 
Tetragonal 4/mmm 
Hexagonal 6/mmm 
Cubic m3m 
Isotropic 


The Cauchy Relations 


If the forces of interaction between the particles of a crystal have spherical sym- 
metry, then this gives six further relations between the elastic coefficients. These are 
called the Cauchy relations: 


C23 = Cag, C56 = C4, Cog = C95, [16 16] 


C31 = C55, C12 = C66, Cas = C36. 
For a crystal of the cubic system, formulae [/6] give one independent relation 


Cia = C4a- oe [16.17] 


Table 72 gives values of the elastic constants for several cubic crystals (non-metals). 

The Cauchy relations are approximately satisfied for ionic crystals with structures 
of the NaCl type, but for AgCl there is a considerable departure from this relation. 
This also happens for MgO. This can be explained by a strengthening of the direction- 
ality of binding in these crystals. The right-hand part of Table 72 gives data for 


Table 72 
Elastic Constants for Cubic Ionic Crystals 
(x 102! dyne/cm?) 


Crystal . 


Ci 
AgCl 6:05 3°64 
MgO (80° K) 8:56 | 15-67 
CaF, 16-4 4-48 3-38 
FeS, 36:1 —4-74 | 10-55 
NaClo, 6°5 —2:1 1:20 


several crystals in which there are no centres of symmetry. Here the Cauchy relations 
are not obeyed. The departure from the relation is smallest for fluorite which is 
nearest to the ionic type. 

It is of interest to give the corresponding data for metals. Table 73 gives values 
of the elastic constants for several face-centred cubic metals and also for tungsten 
which is body-centred cubic. 


Table 73 
Elastic Constants for Cubic Metals 


cx 101! dyne/cm? 


Metals which have the most symmetrical structures still do not obey the Cauchy 
relations. Metallic binding cannot be thought of even approximately as spherically 
symmetric. 

The data on the elastic constants of silver chloride (Table 72) are interesting for 
this has a structure of the NaCl type but relation [7] is not obeyed even approxi- 
mately. This shows that the silver ion does not have spherical symmetry: its electron 
configuration is different from the configuration of the atom of a noble gas. Judged 
by its elastic anisotropy, the silver chloride crystal approximates to that of a metal. 
It is sometimes called a ‘transparent metal’ and is used in photo-elastic work to make 
transparent models which reproduce the mechanical properties of polycrystalline 
metals more accurately than perspex models. 


Generalisation of the Theory of Elasticity of Crystals 


One of the basic assumptions of the classical Cauchy theory of elasticity of 
crystals is the symmetry of the stress and deformation tensors. Laval (1951) showed 
however that when non-central forces act between the particles of an anisotropic 
lattice the symmetry assumption for these tensors may not be satisfied. The break- 
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down of the relations ¢,, = t,; and rj, = 1; is to be expected in crystals with directed 
bonds without a centre of symmetry and which have enantiomorphous forms, that is, 
they have either right-handed or left-handed screw axes (for example, quartz, selenium, 
tellurium etc.). The assumption about the symmetry of deformation and stress tensors 
is valid for crystals which have no polar directions or have a centre of symmetry, and 
for these crystals the Cauchy theory of elasticity applies. However this theory must 
be considered as a special case of a more general theory of the elasticity of crystals. 

As was shown above, the elasticity tensor is in the general case determined by a 
matrix of fourth rank and having 81 terms. However, in the general case relations 
[15] are valid for the elasticity tensor and these require it to be symmetrical relative 
to the principal diagonal. Consequently in the generalised theory the maximum 
number of elastic constants is 45 while in the Cauchy theory it is 21. 

The new theory of elasticity still requires more complete experimental justifi- 
cation but there is a variety of results to show its usefulness. Thus, in a tetragonal 
crystal the velocities of propagation of transverse elastic waves along the tetragonal 
[001] axis with direction of vibration along [100] is 


Nag 
Uroo1) = [“ 


while along the [110] axis with direction of vibration along the [001 ] it is 


v = [tz 
[100] ~ > 
p 


where p is the density of the crystal. In the Cauchy theory cy, = c;, and both 
velocities should be the same. The measurements of Le Corre on ammonium phos- 
phate show that these velocities are different and that the ratio of the coefficients is 
quite different from unity. In fact 

Naa = 1-36+0°11. 

N55 
Joel and Wooster carefully examined the results of the measurement of the elastic 
constants of ammonium phosphate obtained on the Laval theory by Zwikker, and 
found a smaller value of the ratio N4,/Ns5, = 1:08+0-01. This departure is much 
larger than the probable error and cannot be explained on the Cauchy theory. 

Consideration of the piezoelectric properties of quartz from the point of view of 

the new theory showed that in addition to the two constants d,, and d,, known before, 
a third piezo-electric constant d,;, was now required. The meaning of this constant 
is that when the quartz crystal is bent round an optic axis which coincides with the 
direction of the screw axes, piezoelectric charges must be expected to arise on the basal 
planes. The magnitude of these charges is 


_ dyoP 
a) 


where P is the moment of the couple and / is the thickness of the platelet. In Le Corre’s 
experiments on quartz, a piezoelectric effect was obtained in torsion and this gave 


dy = —7-2+40-:7x 1078 c.g.s. units, 


which is comparable with the magnitude of the other piezoelectric moduli of quartz. 


FiG. 267. Appearance of the surface after impact fracture. 


Fic. 268. ‘Fracture Rose’. 


Fic. 269. Cleavage surface of a crystal of tellurium. 
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Zubov and Firsov measured the plastic constants of quartz by a dynamic method and 
again showed that the experimental data agreed better with the Laval theory than 
with the Cauchy theory. 

The importance of the new theory of elasticity in the physics of crystals is that 
it is relevant to all the physical properties of crystals which are connected with stress 
and deformation (piezoelectricity, magnetostriction and photoelasticity). The Tables 
of constants which determine the corresponding properties, can be extended to include 
additional constants required by the new theory. For those crystals where the aniso- 
tropy of binding and of structure are small—and up to now, one has to deal mainly 
with such crystals—the new theory of elasticity agrees with the earlier. 


3. Cleavage and the Structure of Crystals 


Cleavage of Crystals 


When amorphous bodies, such as glass and resin, are broken, one commonly 
observes that the fracture surfaces are curved into conchoidal shape. When fracture 
is the result of impact, finer wavy details of the surface relief may arise in the form of 
concentric circles (Fig. 267), or of systems of lines radiating fanwise from the point of 
impact. This is shown in Fig. 268 and was called a ‘fracture rose’ by Gogoberidze. 
Conchoidal fracture also takes place in some crystals (quartz, corundum, and others). 
However, more typical of the brittle fracture of crystals is the appearance of plane 
fracture surfaces called cleavage surfaces. The phenomenon of cleavage and the for- 
mation of plane surfaces of separation is an immediate consequence of the anisotropy 
of the crystal and the structure of its space lattice. The strength of the binding of the 
various systems of atomic networks to each other is not the same throughout the 
crystal. The cleavage planes are the planes of weakest binding of the particles within 
the crystal. 

As is well known, crystals of rock salt can be cleaved on the cube {100} planes 
which are the usual external faces. It is not however necessary that the cleavage planes 
should be the external faces. Thus in crystals of fluorite CaF, which crystallize in 
the form of cubes, the cleavage faces are the octahedral planes {111}. Cleavage faces 
are also found in the fracture of some metallic crystals, in particular metals with 
structures differing from simple packing of spheres. A typical example is tellurium, 
a cleavage surface of which is shown in Fig. 269. 


The Tensile Strength 


The strength of a crystal on any given plane cross-section which coincides with 
one of the crystallographic planes is determined by the tensile strength or fracture 
stress v,,,. This quantity is different for different crystallographic planes (hk/) and is 
least for the cleavage planes. For crystals of rock salt, zinc, antimony and tellurium 
it is ~(0-5—1-0) kg/mm”. The magnitude of the tensile stresses which are necessary 
to produce fracture of a crystal depends on the angle between the cleavage plane and 
the direction of the stress 


VSo 
F = —_,. ... 116.18 
cos’ @ L ] 
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Here @ is the angle between the normal to the cleavage plane and the direction of 
the Force F and S, is the area of the cross-section of the specimen, here assumed to 
be regular. 

The tensile strength on a given cross-section of a crystal is proportional to the 
total number of bonds per unit cross-section which have to be broken to break the 
crystal into two parts. If the bonds are not all the same, the strength of the crystal, 
assuming that all bonds are to be broken simultaneously (the ideal case) is determined 
by the sum of the contributions of all the bonds. If the crystal is composed of particles 
all of the same kind, then the fracture stress v,,; on any plane falls as the interplanar 
spacing d,,) is increased. In this case, the cleavage planes will be the planes with the 
largest interplanar spacing, that is, the planes which are most densely packed with 
atoms. This rule, first enunciated by Bravais, is found to be true in some cases (the 
layer type crystals and close packed metals) but is not true in general. It is not correct, 
for example, for symmetrical coordination crystals (e.g. sphalerite) which are made 
up of particles of different kinds since it takes no account of the distribution of par- 
ticles of the various kinds on the different planes. A more complete analysis will show 
at least for the simplest cases, the connection between crystal structure and cleavage. 


Crystals with Chain-type Structures 


By the very nature of chain-type crystals, the interaction between the atomic 
chains is much less than the interaction within the chains. The strength of a crystal 
made up of densely packed chains is large in directions parallel to the chains and 
small in the perpendicular directions. The cleavage planes of a chain-type crystal 
must be parallel to the axes of the chains, and since dense packing of chains usually 
requires hexagonal or trigonal symmetry the cleavage planes are prism planes {1010}. 
This is supported by the cleavage of crystals of trigonal y-selenium and tellurium and 
also by cleavage of asbestos and other fibrous minerals (pyroxenes and amphiboles) 
which contain chains and ribbons formed of SiO, tetrahedra connected by their 
apexes. 


Crystals with Layer-type Structures 


In layer-type crystals, interatomic bonds within the layers are stronger than the 
binding between the layers. Such crystals will readily exhibit cleavage and the cleavage 
planes are parallel to the layers. Thus, in hexagonal layer-type crystals the cleavage 
planes are parallel to the basal planes (0001). In agreement with this is the cleavage 
of the isomorphic crystals arsenic, antimony and bismuth and also of the crystals of 
zinc and cadmium which have hexagonal close-packed lattices somewhat extended 
along the hexagonal axis. The layer-type crystals of graphite and boron nitride which 
have similar structures also cleave perfectly on their basal planes. The three- and 
two-layer crystals of cadmium chloride and iodide CdCl, and CdI, are constructed 
of alternate layers of full and empty octahedra (Fig. 270a and b), while the crystal of 
molybdenite MoS, is composed of alternating layers of full and empty trigonal prisms 
(Fig. 270c). These crystals, just like the layered monoclinic crystals of mica and 
gypsum CaSO, . 2H,O, have well defined cleavage along the lattice layers. 


Crystals with Three-dimensional Coordination 


If the bonds are uniformly distributed within the space lattice of the crystal then 
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there may be no cleavage planes and the fracture surface may be conchoidal as in 
quartz a-SiO, and corundum a-Al,QO3. 

Crystals of complex compounds such as BaSO,, K,Fe(CN),.3H,O and others 
are made up of structural elements of different kinds. The simple ions K*, Rb”, 
Ba**, Cl” have spherical symmetry. The complex ions SOj7?, Fe(CN)¢*, SCN~ 
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Fic. 270. Layer-type structures: (a) cadmium chloride; (6) cadmium iodide; (c) molybdenite. 
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and others have more complicated and varied shapes and various point symmetries. 
This also applies to the molecules H,O, NH; etc. which can also be structural elements 
of a crystal. Crystals of complex compounds have structures of various types; 
molecular, layer or coordination, but in spite of the extra complexity there may still 
be a relation between cleavage and structure since the cleavage planes are such that 
they divide but do not cut through the structural elements. This is shown in Fig. 271 


cleavage planes 
parallel to (110) 


cleavage planes 
parallel to (001) 


(001) projection (001) projection 


Fic. 271. Cleavage planes and the structure of the barite crystal. 


in which the traces of the cleavage planes are shown dotted on projections of the 
crystal structure of barite BaSO,. 

In conclusion, consider crystals of the coordination type with simple structures. 
Metal crystals with f.c.c. structures Cu, Ag, Au, Pt, Al and others, as has already been 
said, have extensive plasticity and cleavage does not occur. Metals with b.c.c. struc- 
ture—Cr, «-Fe, W and so on when deformed by impact at low temperatures have 
perfect cleavage on the cube plane {100} this being in contradiction to Bravais’ rule 
since the most densely packed and consequently most widely spaced planes are {110}. 

The diamond crystal exhibits cleavage on the octahedral {111} planes which 
agrees with structural ideas since these planes intersect the minimum number of bonds. 
In the sphalerite crystal «-ZnS, zinc atoms and sulphur atoms occupy the same sites 
as the carbon atoms in diamond, but the cleavage planes are the rhombic dodeca- 
hedral planes {110} and not the octahedral planes as would be expected from Bravais’ 
rule. The difference from diamond is explained by noting that in zinc sulphide the 
bonds between the atoms are partially ionic and it is thus necessary to take account 
of electrostatic interactions between them. In zinc sulphide, the {111} planes which 
are filled with zinc atoms alternate with planes composed entirely of sulphur atoms. 
As a result of the partially ionic character of the bond these planes carry surplus 
negative and positive charges and attract each other with stronger forces than the 
{110} plancs which are nearer together but which each contain an equal number of 
zinc and sulphur atoms and are thus electrically neutral. Fig. 272 shows the projection 
of the sphalerite structure on the cube face. The traces of the cleavage planes are 
shown dividing electrically neutral planes of {110} type. The rule of maximum inter- 
planar spacing is really satisfied for sphalerite if one corrects for ionic interaction 
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since from the countless number of planes which satisfy the condition of electrical 
neutrality, the planes of {110} type have the largest interplanar spacing. 

In crystals of composition AB, the planes may be filled according to a sequence 
AB | BAB | BAB|BA.... In this case the cleavage planes pass between planes with 


OlZn o5S 


Fic. 272. Cleavage planes and the Fic. 273. Cleavage planes and the 
structure of sphalerite. structure of rutile. 


the same letters. This is supported by the cleavage of fluorite CaF, on {111}, cuprite 
Cu,O on {111} and rutile TiO, on {100} and {110}. Fig. 273 shows the projection 
of the structure of rutile and the traces of the cleavage planes which divide planes 
with the same structure. Jonic crystals of the CsCl type, just like crystals of NaCl 
type, exhibit cleavage on the cube faces {100} while, judged by the magnitude of the 
interatomic spacing and electrical neutrality, the cleavage planes should be {110}. 
This example shows the necessity of taking fuller account of the interaction 
between the particles of the crystal if one is to establish the connection between 
structure and cleavage. It also shows that simple criteria such as the Bravais rule or 
that for the total charge on a plane are insufficient. 


4. Plasticity of Crystals. Slip 


Slip Systems 


When crystals are subjected to mechanical forces above the yield stress, they 
acquire permanent deformations. Plastic deformation of crystals is in many cases, 
accompanied by the appearance of visible slip traces. 

Investigation of the positions of slip lines and changes in the external shape of 
crystals shows that plastic deformation takes place by slip displacement on several 
crystallographic planes in definite crystallographic directions. The slip planes and 
slip directions in crystals are the planes and directions with least resistance to slip. 
The slip plane (Ak/) and slip direction | mnp | form a slip system in which the condition 
for parallelism gives hm+kn+lp = 0. The indexes of the slip planes and slip direc- 
tions can be determined by X-ray and optical means. 

In single crystals of close packed metals the slip planes are the planes with the 
densest packing of atoms and with the largest distance between them. The slip direc- 
tions are the directions with the minimum interatomic spacing, that is the planes with 
the densest atomic packing. Table 74 gives the slip systems for various crystals and 
also values of to the critical shear stress. 

In crystals of b.c.c. metals (iron, molybdenum) the slip directions are clearly 
defined as (111) and are the directions of densest atomic packing; there are no clearly 
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Table 74 
Slip Systems and Critical Shear Stresses 
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Slip system 


Crystal Lattice type 


{hk]} 
{111} [110] 
face-centred {111} [110] 
cubic {111} [110] 
{111} [110] 
hexagonal (0001) {100} 
close-packed (0001) Hoo! 
(110) (112) {11 
body-centred (123) un 
cubic 
a | a 
100) (110 001 0-16 
tetragonal Hol Oh Hol 
cubic {110} [101] 0-20 
rhombohedral (0001) [100] 
hexagonal (0010) [100] 


defined slip planes. The same can be said of the crystal of white tin, the structure of 
which still further departs from close packing of spheres. In the ionic crystal of 
sodium chloride the slip direction is <110> which is composed of ions of one sign. 
The slip planes are {110} which are among those with electrical neutrality. From 
amongst the crystals of simple substances with chain and layer type structures only 
tellurium and bismuth have significant plasticity. The slip elements for these crystals 
correspond to their structures. In the chain-type crystal of tellurium the slip planes 
are parallel to the axes of the chains; in the layer-type crystal of bismuth the slip plane 
is parallel to the plane of the layers. The slip directions coincide with the directions 
of the shortest spacings. In tellur1um these directions are parallel to the axes of the 
chains. 

The number of possible slip systems depends on the symmetry of the crystal. 
Thus in bismuth and tellurium there are three slip systems. In bismuth these systems 
are formed from one slip plane (0001) and three slip directions of <100) type, and 
in tellurium from three slip planes {1010} and one slip direction (100) in each of 
them. Fig. 274a shows, on a stereographic projection, the positions of the slip 
elements in a hexagonal crystal with one slip plane I and three slip directions 1, 2 and 3 
(as is the case for magnesium, zinc, cadmium and bismuth). Possible slip systems are 
I-1, 1-2 and I-3. The stereographic projection in Fig. 274b shows the slip elements 
for a hexagonal or rhombohedral crystal with three slip planes of the type {1010}— 
I, IY, If and three directions of slip 1, 2, and 3 (the case of tellurium). Possible slip 
systems are I-I, II-2, and II-3. Fig. 274c shows the stereographic projection of slip 
elements of a f.c.c. metal. The normals to the slip planes are I, II, III, IV (threefold 
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axis of symmetry) the slip directions are 1, 2,...6 (twofold axis of symmetry). The 
twelve possible slip systems in this crystal are as follows 


1,6; 11,5; 11,6; IV,5 
Il; 11,2; U,3; IV,4 ... [16.19] 
1,2; 13,3; 4; IV,1. 


The active slip system is that for which the shear stress is a maximum. This depends 
on the type of stress and the orientation of the pole of the applied forces relative to 
the crystallographic axis. 

Consider the simplest case of uniaxial extension or compression. Let the tensile 
force F form an angle ¢ with the normal to the slip plane N and an angle W with the 
slip direction 7 in this plane (Fig. 275). Then the shearing stress on the slip system 
(N, T) is 


F 
T= = cos @ cos W. ... [16.20] 
0 


Fic. 274 
Stereographic projections of slip sys- 
tems: 


(a) magnesium; 
(6) tellurium; 


(c) copper. 
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r [oot] [10] 
Fic. 275. Resolution of Fic. 276. Motion of the specimen axis under 
the tensile force into shear extension (arrow a) and compression (arrow b) 
and normal components. of a crystal with f.c.c. structure. 


The maximum value of the slip stress is that for the plane and direction which form 
an angle with the stress axis which is nearest to 45°. Formula [20] enables us to 
determine the critical shear stress for various systems of slip as a function of the 
point F (which marks the direction of the shearing force on the stereographic pro- 
jection) and to determine the system with t = T,,,,- On the projection we can find 
the operative system geometrically by drawing the line of intersection of the sphere 
with the cone of maximum stress (the cone with angle at 45° to an axis coincident 
with the direction of the force F). This line is a circle. Analysis of the possible 
variants leads to the following rule for finding the operative slip system in the fic.c. 
lattice. | 

On Fig. 274c describe a spherical triangle in which lies the direction of the tensile 
stress. (This may be any of 48 equivalent triangles, for example OI3.) Now find two 
neighbouring triangles, the vertices of which are two- and three-fold axes of symmetry 
(Fig. 276), that is, the points 4 and IV which then define a system with maximum 
shear stress. 


f 
f F 
a 
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a b ¢ 
Ff 
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f f b 
r F 
Fic. 277. Changes in the orienta- Fic. 278. Changes in the orientation of 


tion of a crystal during extension, a crystal during compression. 
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Changes of Crystal Orientation during Deformation 


Deformation of crystals is accompanied by changes of orientation. This is shown 
in Fig. 277a while Fig. 277b shows how pure slip causes the ends of the specimen to 
move further away from the stress axis. As a result, a couple is formed which pro- 
duces local bending in zones adjacent to the clamped ends of the crystal. These bends 
produce changes in the orientation of the middle part of the crystal as a result of 
which the active slip directions move closer to the stress axis. In Fig. 276 this change 
of orientation of the crystal is shown by the little arrow a. In compression (Fig. 278a) 
the slip plane tends to set itself perpendicular to the compression axis (Fig. 2785) and 
in consequence the normal to the slip plane moves closer to the compression axis. 
Changes in the orientation of a crystal by compression are shown in Fig. 276 by the 
little arrow b. Thus, we can determine the slip system from changes of orientation of 
a crystal in two experiments (compression and extension). 


Hardening Mechanisms 
The force which has to be applied to a crystal to initiate slip is from [20] given by 


_ ToSo 
~ cos @ cos W 


In otherwise similar conditions this force depends on the orientation of the crystal. 
Fig. 279 shows the dependence of the force F on the angle @¢ of inclination of the slip 
plane and on the product of the cosines in [2/]. This curve is found to agree with 
experiment. The dependence of the tensile force F on the orientation of the crystal 
(the flow stress remaining unchanged) can be called orientation hardening. In fact, 
this phenomenon is not accompanied by any hardening of the crystal. 

If we think of the critical shear strength ty as analogous to the force of friction 
then we may expect it to increase with increase of external hydrostatic pressure P. 


2. [16.27] 
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Fic. 279. Dependence of the critical Fic. 280. Dependence of the critical 
shear stress on the crystal orientation. shear stress for antimony on the external 
pressure. 


Experiments on the extension of zinc and magnesium crystals at pressures up to 
100 atm. gave no measurable effect. This result was interpreted as showing that there 
was an essential difference between resistance to slip in a crystal and a force of friction. 
Leaving aside the correctness of the above analogy we may note that in these experi- 
ments the pressure range was small compared with the internal pressure in condensed 
systems arising from the effect of cohesive forces. In Bridgman’s experiments much 
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higher pressures were used and showed that there was a significant effect of pressure 
on the shear stress. This can be called pressure hardening. Fig. 280 shows a curve 
obtained for antimony: notice the complex character of the curve to = To(p) which 
passes through a maximum (assuming that this maximum is not connected with 
peculiarities of the experiment). At 30,000 atm. paraffin has much the same viscosity 
as metals at normal temperatures, while graphite at 12,000 atm. begins to behave as 
an abrasive material. This unusual behaviour of graphite at high pressures is under- 
standable if we remember that the C—C spacing in the atomic nets of graphite 
(1:41 A) is less than the C—C spacing in diamond (1-54 A). This is evidence that the 
strength of the bonds between the carbon atoms in graphite is greater than in diamond 
and agrees with the fact that at normal temperatures and pressures, graphite is a more 
Stable modification of carbon than is diamond. The layer structure of graphite is the 
reason for its unique mechanical properties at ordinary pressures, but because of the 
high coefficient of compressibility in the direction perpendicular to the layers, those 
properties become less marked at high pressure. 

The critical shear stress t2 depends on temperature. Fig. 281 shows this depen- 
dence for the hexagonal crystals magnesium and cadmium slipping on their basal 
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Fic. 281. Dependence of 7) on temperature for magnesium and 
cadmium. 


planes. As the temperature is lowered the resistance to sheer increases, though not by 
much. For example the strength of cadmium increases by less than a factor of four 
when the ternperature is lowered from a melting point down to 20° K. The plasticity 
of metallic crystals is retained right down to the lowest temperatures. This increase 
in the critical shear stress t) of crystals as the temperature is lowered can be called 
thermal hardening. 

A change in the chemical composition of a crystal produced by introducing 
impurity atoms into the crystal lattice, as in solid solutions, may lead to a large 
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Fic, 282. Dependence of 7) on alloy concentration for a eutectic 
and two solid solutions. 
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increase in the critical shear stress. This can be called alloy hardening. Fig. 282a 
shows the change of t) in crystals of zinc as a function of cadmium and tin content. 
When the concentration of cadmium in solid solution is progressively increased, the 
critical shear stress rises continuously. The hardening effect of tin atoms is observed 
only in the region of small concentration, since the equilibrium diagram of the zinc-tin 
system is of the eutectic type with small solubility. When the tin content is increased 
above the solubility limit, the tin atoms no longer go into solid solution and thus have 
no effect on the properties of the solid solution. Fig. 2825 shows the hardening 
produced by alloying in the case where a continuous range of solid solutions are 
formed (the silver-gold alloys). The maximum hardening occurs for alloys with 50°% 
of each of the components. 

Plastic deformation destroys the regularity of the crystal structure and leads to 
large increases in the critical shear stress. Fig. 283a shows curves of the dependence 
of the critical shear stress of aluminium on the amount of deformation at various 
temperatures. The initial value of to is determined by the points where the curves 
intersect the ordinate axes. The curves showing the hardening effect of mechanical 
deformation on aluminium can be described approximately by parabolic equations 
tT = T)+c,/d. Fig. 283b shows the hardening curves for zinc at various temperatures. 
These curves, unlike those for aluminium, are better expressed by a linear law. 
Hardening resulting from plastic deformation is called work hardening. 
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Fic. 283. Dependence of 7, on temperature for aluminium and zinc. 


Hot and Cold Working 


The dependence of the hardening curves on temperature and the reduction of the 
hardening effect at higher temperatures, show that in plastic deformation of crystals 
there are two types of process taking place and that these act in opposite directions. 
Deformation of crystals leads to the accumulation of residual strains and internal 
stresses which increase with the amount of deformation. An increase of temperature 
is accompanied by an increase in thermal energy of the atoms and an increase of their 
mobility and this leads to some reduction of the internal stresses and strains in the 
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lattice. The influence of temperature in neutralising the effects of plastic deformation 
increases as the temperature is raised. At sufficiently high temperatures this softening 
which is produced by thermal agitation may almost completely cancel out the effects 
of work hardening. We may thus distinguish two temperature regions: the low 
temperature region where the effect of thermal agitation is small, and the mechanical 
hardening of the crystal, which is connected with a metastable state of the lattice, may 
be retained almost indefinitely. This region is thus described as cold working. The 
high temperature region, where thermal agitation leads to complete removal of the 
effects of mechanical working is called the region of hot working. Hot and cold 
working of metals and alloys is extensively used in metallurgical processes. 


The Energy of the Internal Stresses 
In plastic deformation of metals, the internal energy increases by an amount 
AU = 6A—<dQ. ... [16.22] 


Here 6A is the work done by the external forces to produce the deformation and can 
be measured from the stress-strain curve. The second term 6Q is the heat produced 
during plastic deformation and can be measured calorimetrically. 

Fig. 284 shows the change of internal energy of cold worked copper as a function 
of the amount of deformation. The curve shown is related to the hardening curve 
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Fic. 284. Dependence of the rate of change of internal energy on the 
amount of cold work. 


(Fig. 283a): at small deformations when the rate of hardening is large, the rate of 
change of internal energy is also large. At large strains when the hardening curve 
becomes saturated the energy of the residual strains also tends to some limit. Values 
of the energy AU are given below for various metals: AU is about 30-70 calories per 
gm.-atom. 


Energy of Residual Stresses in Some Plastically Deformed Metals 


Metal Al Fe Ni Cu Brass 
AU cal/gm 1-1 1-2 0-78 0-50 0-49 


Under adiabatic conditions, the energy of the internal stresses is sufficient to heat the 
body by several degrees. 
Classification of Internal Stresses 


Davidenkov’s classification of plastic deformation of crystals distinguishes three 
kinds of crystal strain, to which correspond internal stresses of types I, IJ, and III. 
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Strains of first and second kind are small displacements of the atoms of the crystal 
relative to each other. Within the unit cell the corresponding atomic displacements 
are only a small fraction of the smallest interatomic spacing (of the order of 1/1000 and 
certainly not greater than 1/100). These displacements can take place without going 
far from the local potential minima which correspond to the equilibrium positions of 
the atoms, that is without transition through the potential barriers which separate 
nearest neighbours. Strains of types I and II are accompanied by internal stresses of 
elastic character. Strains of type III arise when atoms make the transitions through 
the potential barriers, that is when atoms move by distances which are not less than 
half the interatomic spacing and may be much larger. At large displacements, the 
atoms of neighbouring layers may not fall completely into the minima which corres- 
pond to the equilibrium lattice. At the end of a slip process, a fraction of the atoms 
occupy intermediate positions of equilibrium (one might say that ‘they remain in the 
passes’) which may be situated at distances from the equilibrium positions which are 
a large fraction of the interatomic spacings. Strains of type III arise as a result of 
passing through the elastic (or flow) limit. They are metastable defects in the crystal 
structure and are retained when the external forces are removed. Thus they are 
responsible for the irreversibility of plastic deformation. Stresses of type III corres- 
pond to these local strains and can be called superelastic stresses. 

The above mentioned stresses are distinguished by the size of the volumes in 
which they are operative. Strains of type I extend throughout the whole volume of 
the specimen or metal article and are uniformly distributed over the grains. Examples 
are: elastic bending of a beam or a rail and deformation of a piece of quenched metal. 
In individual parts which are small compared to the total volume of the article, but 
which contain a large number of micro-crystals, deformation is homogeneous and is 
accompanied by a change of the interplanar spacing d by Ad. Strains of type I are 
shown up by X-rays as a movement of the lines produced by a change of the angle of 
reflection Aé. 

Strains of type II are elastic strains non-uniformly distributed among the micro- 
crystals, or amongst definite parts of the microcrystals of a polycrystalline specimen. 
These strains arise as a result of plastic deformation of a polycrystal (rolling, wire- 
drawing, forging and so on). The non-uniformity of deformation is a result of the 
crystallographic character of plastic deformation of individual crystals and of their 
different relative orientations in the polycrystal. Strains of type II extend over regions 
which contain a large number of unit cells. They can be detected by broadening of 
X-ray lines since the diffraction spots from the individual uniformly deformed parts 
of the microcrystals are displaced by angles +A0@;, which can be of either sign corres- 
ponding to extended and compressed parts and changes of interplanar spacing + Ad;. 
Strains of type I can be thought of as oriented strains of type II which extend over 
larger groups of microcrystals. 

Strains of type III extend over a volume of several unit cells, and to them there 
correspond atomic displacements which destroy the regularity of the lattice. Strains 
of type III are shown up as a weakening of the X-ray line intensity by amounts which 
are similar to those due to thermal vibrations. The difference is that lattice disorder 
produced by thermal vibrations has a dynamic character and the instantaneous dis- 
placements of atoms from their positions of equilibrium change continuously with 
time, with the centres of vibration of the atoms forming a regular lattice in space. 
Displacements of the atoms connected with stresses of type III have a static character 
and to some degree correspond to the state of a lattice as produced by thermal agita- 
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tion but frozen at some moment of time. Centres of thermal vibration of a deformed 
lattice are fixed in space but do not form a completely regular lattice. 

In Fig. 285 lattice strains of yet another kind are shown schematically. When the 
angle of bending is large, elastic bending changes into plastic and this is accompanied 


Fic. 285. Model of lattice strain produced by plastic bending. 


by slip which results in the crystal being broken up into a number of elastically bent 
packets with a corresponding reduction in the total elastic energy of bending. In each 
elastically bent packet there are stresses of type II, while on the boundaries between 
the packets where the largest departures from regularity of the structures are concen- 
trated there are stresses of type III. The number of atoms in neighbouring packets 
per unit length along the boundary is different, being arranged like the graduations 
on a vernier. 

We can estimate the magnitude of internal stresses from X-ray data on deformed 
lattices. The energy of elastic stresses is determined by the formula 


2 Ad\? 
AU =434E* =4E (**) , ... [16.23] 
where Ad is obtained from the line displacement for stresses of type I and by the line 
broadening for stresses of type II. Calculation, using formula [23], gives a value 
AU = 0-015 cal/gm for stresses of type II in copper. This is only a few percent of the 
energy stored in a deformed metal. The energy of type III stresses can be estimated 
by a formula which is similar to that for the heat which goes to raise the temperature 
of a body by AT. This is 


AU’ = $cAT, ... [16.24] 


where c is the specific heat, and the coefficient 4 arises since in calculating the energy 
of static stresses we must take account only of potential energy. The effective tempera- 
ture AT is determined by comparing the weakening of the intensity of a line as a result 
of plastic deformation with the weakening produced by raising the temperature. 
Calculation using formula [24] gives a value for AU’ which agrees in order of magni- 
tude with the energy of the internal stresses measured calorimetrically. This shows 
that internal stresses of type II contribute only about 2°% of the total stored energy 
while stresses of type III contribute the remaining 98°%. 


The File Model 


Consider the dynamics of slip in a crystal. Assume that the crystal is ideal and 
that slip takes place simultaneously on all slip planes (the file model). In this case the 
initial critical shear stress, as given by Frenkel is 


To = Gio; eee [16.25] 


where G is the shear modulus and dp is the elastic deformation at the onset of slip. 
Take 4) = 0-1 of the interatomic spacing and G = 3-5x 10° kg./cm? (for zinc) and 
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we obtain t) = 350 kg/mm?, which is several orders of magnitude greater than the 
experimental value. Thermal agitation lowers the critical shear stress but even at 
absolute zero, the critical shear stress is about a thousand times less than the value 
obtained from the ideal crystal model. 


Dislocations 


Suppose that in a crystal there are defects of vernier type (Taylor, 1934), such that 
the number of atoms in one part of the crystal is greater than the number of atoms 
opposite them in another part. Fig. 286a shows the arrangement of atoms in an ideal 
lattice and the periodic variation of potential energy along a given conventional row, 
for example, BB 


U = 2A cos 2n =. ... [16.26] 


Fig. 286b shows the arrangements of atoms in the damaged region, where it is 
assumed that there are similar arrangements of atoms on all parallel lattice planes 


4 Oo——O-—O—-0- ——0-—0 Al A O—O0—O0—-O—0—0—0—-0 —0 ff 
8 O—-O-——-O—-0—o-——0 8 8 O—0-—-O—-0><—-0-—0-—0—-0 8 


C O—O0—-—0--—-0 ——0-—-0 0 C O—-O—-0-——-0-—--0-——0- 0-0 0 


AW, er 


Fic. 286. Potential energy curve: (a) in an ideal crystal; (5) in the region 
of a dislocation. 


and that there is a defect in the crystal produced by the introduction of an additional 
half plane. The intersection of the edge of the half plane with the plane of the drawing 
is indicated by across. This type of defect is called an edge dislocation. The potential 
energy curve for the parts which contain respectively N and N+1 atoms is of the beat 
frequency type 
x ({N+1 xf N 
-_— —~{—_ +A 2n — | —— ]. ..» | 16°27 
U A cos 2n* (77) cos = (wa) [ ] 
In the centre of the dislocation there is a shallow unoccupied minimum separated 
from the neighbouring minima by small barriers. The shape of the potential curve 
shows that the dislocation can diffuse by thermal fluctuations along the slip plane. 
When shearing forces are applied to the crystal, the curve of potential energy, as is 
shown in Fig. 287, becomes asymmetrical 
x-d (N+1 x{N 
"= —— | ———_ ]+A cos 2a - {| —— ], .. + | 16.28 
U"” = Acos2n - (5) ; (wa) [ ] 
as a result of which the dislocation undergoes a directed displacement corresponding 
to plastic slip of one part of the crystal relative to the other. The magnitude of the 
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local minima in the centre of the dislocation is much less than in an ideal lattice and 
this corresponds to a lowering of the critical shear stress necessary to move the dis- 
location in the slip plane. The difference from an ideal crystal is that in the defect 
crystal which includes dislocations, slip proceeds not by the simultaneous movement 


f 
—» 


Fic, 287 


Potential energy curve in the 
dislocation zone under the in- 
fluence of a shearing stress. 


of all the atoms on the slip plane but by small groups of atoms moving in turn. This 
corresponds to motion of a dislocation within the crystal lattice. 

Calculation of the energy of an edge dislocation gives a value of the order of 
10~> erg/cm length. The additional energy in 1 cm® of a deformed metal AU ~ 10 
cal/em? = 5x 10’ erg/em>. Hence 1 cm? of deformed metal contains ~5 x 10'* cm 
of dislocation line or on its faces ~2 x 10? dislocations emerge per cm”. Taking the 
atomic diameter as 3 A there are 10! atoms per cm? and consequently 10° atoms to 
each dislocation. Each dislocation is connected with the displacement of a large 
number of atoms, so the total number of displaced atoms in a plastically deformed 
metal will be large and this agrees with X-ray results which show that at large defor- 
mations one can on the average consider every eighth atom in the lattice to be dis- 
placed. The excess energy of a deformed metal can be identified with the energy of 
the dislocations. 

We may distinguish two types of edge dislocations and call them positive and 
negative (Fig. 288). Positive dislocations are those such that the upper half of the 
crystal is in tension and the lower part in compression. In negative dislocations the 
positions of the tensile and the compressive parts are reversed. It is not difficult to 


+ - - 
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Fic. 288. Positive and negative dis- Fic. 289. Ordered arrangement 
locations. of dislocations. 


see ihat dislocations within a crystal must interact with each other: when dislocations 
of the same sign come close together the displacement energy of the atoms increases 
since parts with deformations of the same sign (tension or compression) overlap each 
other. Thus dislocations of the same sign repel each other and conversely dislocations 
of opposite sign attract each other since, when they become closer together their 
energy of interaction is reduced. When dislocations of opposite sign merge, stresses 
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of kind III are relieved and the lattice is healed. Quantitative calculations of the 
dependence of the energy of dislocations on the distance between them shows that 
dislocations interact with each other with a force which is reciprocally proportional 
to the distance between them 1/r. In equilibrium and in the absence of external forces 
dislocations tend to form an ordered array within a crystal (Fig. 289). 

The resistance of the crystal to shear is connected with repulsion of dislocations 
of the same sign in the same slip planes and the attraction of dislocations of opposite 
sign in different slip planes. Work hardening of the crystal is explained by increase 
of the density of dislocations and increase of the forces of interaction between them. 
Consider now a crystal with one slip system. Let there be n, active slip planes per 
unit length along the normal and on each of these planes let there be n, dislocations. 
The dislocation density in this case is N = n,n,. When dislocations move along the 
slip planes this produces displacement of individual slip packets. Let L be the mean 
free path of a dislocation in a crystal. When all the dislocations on a given plane 
move, the slip packet moves by A/ = an,L, where a is the interatomic spacing. Since 
the width of the packet is 1/n, the total shear in the crystal is 


A = Aln, = an,n,L = aNL. ... [16.29] 


If the number of effective slip planes in the deformation process remains constant, 
then 7, = const. and the mean spacing between dislocations on the slip planes is 


... [16.30] 


The resistance to shear in a crystal is determined by the force of interaction between 
the dislocations which is reciprocally proportional to the mean spacing between them 


... [16.37] 


In this case the shearing stress is proportional to the shear. When the number of 
effective slip planes is increased, slip is proportional to the total number of dislocations, 
that is, for a uniform distribution of dislocations throughout the cross-section of the 
crystal n, =n, = JN. 

In this case the mean spacing between dislocations is 


const 
wt 


rR ... [16.32] 


and instead of [37] we obtain 


€ ; 
t=-=c/N = lt ... [16.33] 


which gives a parabolic dependence of the shear stress on the shear strain. 

The difference between the laws of hardening for hexagonal and cubic close- 
packed metals is connected with differences in the mechanism of deformation. One 
such difference is that when single crystals of hexagonal metals are extended the 
pattern of visible traces of slip planes is developed almost as soon as the extension 
begins, whereas in the face-centred cubic metals new traces of slip planes appear 
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continuously as the extension increases. The reason for this difference is that in the 
hexagonal metals there is one slip system while in the f.c.c. metals there is usually 
double slip, even in the early stages. 

Comparison of the theoretical hardening curves with experiment enables us to 
show that L—the mean free path of dislocations—is about 10°* cm. This is the same 
as the mean dimensions of mosaic blocks in metals. Thus we may suppose that the 
boundaries of mosaic blocks are impassable obstacles for dislocations and act as 
collectors for them. 

An important problem in the theory of plastic deformation of crystals is the 
origin of dislocations. Now the energy associated with dislocations greatly exceeds 
the mean energy per atom of thermal agitation, so dislocations cannot arise from 
thermal fluctuations. Alternatively if dislocations were easily formed by thermal agi- 
tation they would just as easily be destroyed by it, so there would be no mechanical 
hardening. We must thus assume that there is a certain number of dislocations within 
a crystal when deformation starts. However when plastic deformation takes place, 
the movement of dislocations and their departure into the mosaic block walls must 
continuously decrease the number of dislocations. This would quickly lead to exhaus- 
tion of the supply of dislocations and to a rate of hardening much larger than is observed 
by experiment. Dislocations must thus arise during the process of plastic deformation, 
the energy being supplied by the external forces. The mechanism of formation of 
dislocations depends on non-uniform loading conditions even in the case of an ideal 
crystal. Ifacrystal were absolutely hard then a stressed state could be instantaneously 
distributed throughout the entire crystal giving rise to a state of uniform stress. Now, 
stresses are distributed throughout a crystal by elastic waves with finite velocity. 
Inevitable non-uniformities in applying pressure to the surface of the crystal and also 
inevitable non-uniformities and defects in the crystal such as cracks, impurities, crystal 
boundaries, density fluctuations etc., which have existed in the crystal since it was 
formed, all lead to the formation of defects of the type of edge and screw dislocations. 

Recently it has been possible to give direct evidence of dislocations in a way 
which supports the correctness of the model (Fig. 2865) put forward 25 years previously. 
Fig. 290a shows an electron microscope picture from a thin crystalline plate of platinum 
phthalocyanide on which the traces of planes (d = 12 A) of platinum atoms can be 
seen. This picture also shows an edge dislocation which appears as the sudden end 
of the trace of one of the atomic planes. The corresponding region is shown schemati- 
cally in Fig. 290b. Still greater resolving power can be obtained by forming Moiré 
figures in the electron microscope. These are formed when two thin crystalline 
platelets with slightly different lattice spacings are superposed. Fig. 290c shows 
a Moiré electron micrograph from superposed Au and Pd films. The dislocations 
shown are similar to those revealed in platinum pthalocyanide by direct electron 
microscopy. 


5. Mechanical Twinning 


External forces applied to crystals may produce an irreversible deformation 
different from slip. This type of deformation arises from the appearance of macro- 
scopic uniform regions of the crystal with orientation very different from the orienta- 
tion of the original lattice. Fig. 291 shows twinned regions formed when single metal 
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Fic. 290. Electronmicrograph of a dislocation. 


(a), in pththalocyanine: the layer spacing is about 12A. (J. W. Menter). 

(b), Schematic drawing of the dislocation shown in (a). 

(c), Electronmicrograph of a dislocation shown by a Moiré pattern of overlapping 
(111) Au and Pd films. The Moiré spacing is about 35A and corresponds to an 
effective magnification of about 400,000. (D. W, Pashley, J. W. Menter and 
G. A, Bassett). 


Fic. 291. Mechanical twins, formed when single metal crystals are 
extended. 
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crystals are extended. Whether extension of a crystal leads to slip or twinning depends 
on the conditions of the experiment. If the slip plane is unfavourably oriented 
relative to the tensile stress then increase in the external load leads to a large increase 
in the elastic stored energy. As a result of orientation hardening, this energy cannot 
be got rid of by means of plastic slip and in some crystals the energy is released by 
rotating the lattice into a new position and the formation of a mechanical twin. As 
experiment shows, the twinned part of a crystal is a mirror image of the lattice of the 
original crystal in some plane called the twinning plane. The twinning plane is a 
crystallographic plane usually with small indices. 

The mechanism of twinning is different from the mechanism of slip. Consider 
this, taking as example twinning of a simple translational lattice. Fig. 292a shows the 


Fic. 292. Atomic movements: (a) in slip; (6) in twinning. 


movements of atoms in simple shear (slip) along the slip direction t. The displace- 
ments of the slipping points relative to each other in this case are integral multiples 
of the lattice periods na, along the slip directions. Here n is a whole number measuring 
the slip of neighbouring points and taking the required value. Fig. 2925 shows atom 
movements in shear twinning taking place along the twinning direction 7. In this case 
neighbouring atomic planes are displaced relative to each other by a strictly deter- 
mined amount ma,, which is less than the lattice period along the twinning direction 
a, (m = constant <1). 


Fic, 293. The structure of a twin in calcite. 


In crystals with a layer-type structure containing several particles in the unit cell 
(CaCO, is such a crystal) the formation of a twin, except by parallel motions, requires 
it to be possible for structural elements to rotate. Consider, as was first done by 
Gogoberidze, the simplest molecular crystal (Fig. 293). As well as displacements of 
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the centres of the molecules along the twinning direction there is also rotation of the 
molecules round axes lying in the twinning plane perpendicular to the twinning 
direction. 

In hexagonal metals such as zinc there is one slip plane (0001) and six twinning 
planes {1012}. If ordinary slip is impossible or prevented, then twinning takes place 
and this is accompanied by the formation of minima on the stress-strain curve corres- 
ponding to the relief of stresses. When a twin is formed plastic deformation takes 
place by slip. 
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APPENDIX 2 
SEMINAR PROBLEMS 


1. Why are there only three types of chemical binding? 

2. Why do triatomic molecules have different configurations viz: H,O—a 
triangle; CO,—symmetrically arranged on a straight line; N,O—unsymmetrically 
arranged on a straight line? 

3. Why does the BF, molecule have the shape of a plane equilateral triangle 
while that of NH, is a pyramid? 

4. Why do some monovalent elements (hydrogen, the halides) form diatomic 
gases while others (the alkali metals, copper, silver and gold) form metal crystals? 

5. Why do silicon and germanium have only one crystalline modification of the 
diamond type while their homologue carbon has two modifications—diamond and 
graphite ? 

6. What is the reason for the great difference in the properties of the two modifi- 
cations of carbon? 

7. What is the reason for the great difference between the chemistries of carbon 
and silicon? (Carbon, as is well known, is the basis of the organic compounds from 
the ‘animal and vegetable kingdoms’, silicon is the basis of the silicates from the 
‘mineral kingdom’.) 

8. Why do the melting points of the halide crystals increase with increase of 
atomic number while the melting points of the alkali metals fall with increasing 
atomic number? 

9. Why are the elements of the second period, Li, Be, B, C, solids with increasing 
melting points at room temperature while the following elements N, O, F are gases? 

10. Why are things different in the third period? Phosphorus and sulphur, the 
homologues of nitrogen and oxygen, are solids while chlorine the homologue of 
fluorine is still a gas. 

11. What is the reason for the ‘anomalies’ in the density of water and ice? 

12. Why in the series of homologous compounds H,O, H,S, H,Se, H,Te does 
water have ‘anomalously’ high boiling and freezing points? The differences are res- 
pectively of the order of 150° C and 100° C. 

13. Why does ‘heavy’ ice melt at a higher temperature than ‘light’ ice? 

14. Why are the unit cells of metallic hydrides somewhat larger than those of 
the corresponding deuterides ? 

15. Why do the melting points of the metals in the fourth period first increase 
from potassium to chromium, then beginning with iron fall markedly? 

16. What is the reason for the large difference in the melting points of the two 
neighbouring elements: gold (1063° C) and mercury (— 39° C)? 

17. What substance remains liquid at absolute zero? How can it be crystallized ? 

18. Why does bismuth contract on melting? 
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19. Why when the graphite crystal is heated, does it expand along the principal 
axis and contract in the perpendicular directions while, in contrast, the tellurium 
crystal under the same conditions contracts along the principal axis and expands in 
the perpendicular directions? 

20. Why is the electrical resistivity of copper several times less than that of the 
neighbouring elements, nickel and zinc? 

21. Why are there such great differences in the electrical properties of homologous 
elements: diamond is an insulator; silicon and germanium are semiconductors; white 
tin and lead are metals which can be made superconducting? 

22. Why do impurity atoms, even in large (10°% or more) amounts, make com- 
paratively little difference to the electrical resistivity of metals while in semiconductors 
0:01°% of impurity may change the conductivity by a factor of 10°? 

23. Why does a rock salt break under a load of about | kg/mm? while the cal- 
culated value of its strength is 200 kg/mm? 

24. Is it theoretically possible to produce a material with a strength of 1 
tonne/mm?? 

25. What is the physical nature of the high elasticity of rubber which can be 
extended elastically to 10 times its natural length? 

26. Is it possible to make a ferromagnetic alloy from non-ferromagnetic com- 
ponents? Could one make a superconducting compound from non-superconducting 
components? What are the principles on which such compounds are made? 

27. What is the nature of the high values of the dielectric constants of ferro- 
electrics? (¢ may reach values of the order of tens of thousands.) 


APPENDIX 3 
SOLUTIONS TO THE PROBLEMS 


Chapter 2 


1. The filled p-subgroup possesses radial symmetry. In fact 
Wap, =SAr) sin Ocos $; Wap, =Sfi(r) sin Osin gd; Wap, = f(r) cos 8; 


where f,(r) is the radial part of the wave function. The total electron density is 
mr) = | Wap |? = Sa (0) 
and depends only on r. 
2. The table would have a trapezoidal form with a sequence of periods 2, 8, 32, 50. 
The first four periods would be completely filled. In the fifth period the 5s, 5p, 5d and 
5f-subgroups would be filled. The 9 cells of the 5g-subgroup in atoms of element 


Z = 100 would have 8 electrons. The total spin moment of these atoms is S = 8Mg, 
and the total orbital moment L = 4Mg. The resulting moment J = | S—L| = 4Mg. 


Chapter 3 


1. E, = 1 = 10:1 eV, where J is the ionisation potential of the hydrogen atom. 


2. (a) dmv? = E, = 2:6 eV = 42x 10°!” erg; m= Mmg = 53-2x 10774 g.; 
vy = /2E,/m = 4 km/sec; (6) T = 2E,/3k = 20,000° K. 


Chapter 4 


1. Let A, and A, be two protons a distance R from one another (Fig. 1), B an 
electron moving in a circular orbit of radius r which is such that the electron is the 
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same distance r, from both nuclei. The Coulomb attraction force between the electron 
and each of the nuclei is f, and the Coulomb repulsion force between the nuclei is F: 


f = —e*/r? = —4e? cos? a/R?; F = e?/R?, .. (7 
where r,; and R are connected by the relationship 
4R =r, cosa. ... [2] 
The equilibrium condition for the nuclei takes the form 
F = fcos a. ... [3] 
From [/] and [2] we find 
R® = 2r?; hence R = r,*/2 = 1:26r;. oo. [4] 
From [2] and [4] we obtain 
cosa = R/2r, = 2°77 = 0:63; a = 51°. ... [5] 


The condition of dynamical equilibrium for the electron is given by equating the 
centripetal force to the Coulomb attraction: 


mv*/r = 2f sin a. ... [6] 
Since r = r, sina, we have from [6] 
mov*r = 2e* sin? « = 0:94e? ... [7] 


(for the hydrogen atom the analogous relationship has the form mvuzry = e?). 
We now introduce the Bohr quantisation condition 


mor = nh/2n. ... [8] 
Dividing [7] by [8], we obtain the orbital velocity of the electron, 
v = 4ne? sin? a/nh = vy 2 sin? « = 0-940q. 22. [9] 
Introducing [9] into [8], we find for the radius of the molecular orbit 
r = n*h?/8n?me? sin? a = rp/2 sin? « = 1-06rg. ... [10] 
The equilibrium distance between the nuclei is 
R = 2rcot « = (cot a/sin? «)ry = 1-72ry = 0-91 A. ... C17] 
The kinetic energy of the electron is 
K = 4mv? = 4mv7,. 4 sin®° a = Ky. 4sin® a = 0:88Ky. 2. [12] 
The potential energy of the molecular ion is 
U = —2e7/r,+e?/R = —(e?/2r,)(4 cos a—1)/cos a = 


(4e” sin °a) (cosa —+) 
~ rn sin? « cos 


[13] 


The trigonometrical factor. 
(cos «—1/4)/(1—cos? «) cos a = (277/3-2>7)/(1-27*4/*) 27-77 = 1. 


CP2H 


Consequently, 
U = —(e?/ry) 4sin® « = Uy. 4 sin® a = 0-88U,; ... [14] 


(it is worth noting that since the hydrogen atom obeys the virial theorem} Ky = 
—4U,, so also does the molecular ion H>). 
The total energy of the Hz ion 


E =1U = 0°88 Ey ... [15] 


is less in absolute magnitude than the energy of the hydrogen atom. So in the Bohr 
approximation the ion Hj is unstable and must dissociate into a hydrogen atom 
and a proton. 


2. Suppose that both electrons are moving in the same circular orbit and are 
diametrically opposite to one another. We shall use the same symbols as in the 
preceding problem for the parameters of the molecule H,. We write the equilibrium 
condition for the nuclei thus: 


e?/R = (2e?/r?) cos « = (e?/r7) . (R/r;), oo. [J] 
whence 
R=r, and « = 60°; ... [2] 


consequently the shape of the molecule corresponds to a regular rhombus turning 
about an axis passing through the nucleus. The equilibrium condition for each 
electron, taking into account the force of repulsion between the electrons, is: 


mv? /r+e?/4r? = (2e?/r?) sin a. ... [3] 
Hence 
mv?r = (e7/4)(3°/2- 1-1) = 1-05e?. ... [4] 


Using the Bohr quantisation condition (see [8] in the preceding problem), we obtain 
v = (2ne?/nh) . (3°/7—1)/4 = vy. (39/7 —1)/4 = 1-050q. [5] 


From [5], together with [8] in the preceding problem, the radius of the molecular 
orbit is 


r = nh/2nmv = ry 4/(3°/27—1) = 0-95ry. ... [6] 
The internuclear distance is 
R = (2/,/3)r = (8/31/2(39/2 —1))ry = 1-09ry = 0°58 A. ... [7] 
The kinetic energy of the two electrons is 
K = mv? = (e7/4)(3°/?—1) = (e?/ry) . (39/2 —1)7/16 = (e?/ry) x 1:10... . [8] 


+ As is shown in mechanics, if the potential energy is a power function of the distance between 
the particles, U = U(r‘), then it is related to the kinetic energy by 
sU =2T, 
where the bar denotes mean value. This relationship is known as the virial theorem. From the virial 
theorem it follows, in particular, that if the particles interact according to 
(a) Coulomb’s law, then s = -1; K = -430; E = iU, 
(6) Hooke’s law, then s = 2; K = U; E = 2U. 
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The potential energy of the molecule is 
U = —4e?/r,t+e?/R+e?/2r = (e?/R)\3—37>*) = —(e?/8ry)(3—37*)(3? 37%). 
Hence we obtain 
U = —(2e?/r_)(33/? —1)?/16. ... [9] 


Equations [8] and [9] show that K = —4U, which is a consequence of the virial 
theorem. The total energy of the molecule 


E =43U = —(e*/ry)(3°/?—1)7/16 = —(e?/ry) x 1°10 ... [10] 
is 10’% greater in absolute magnitude than the total energy of the two hydrogen atoms 
2Eq = Uq = —e?/ry. 

So the H, molecule is stable in the Bohr approximation. Its binding energy is 
AE = E-2E, = 0-27 = 2:7 eV. 


The results of the calculation for the H, molecule are in qualitative agreement with 
experiment, but quantitatively there is a considerable difference. 


(AE cp = 4:7€V; Roxy = 0°74 A). 


Chapter 5 
1. (a) Z=2; ®)Z=4. 


2. q = n/2,/3 = 0-91. 


Chapter 6 
1. (a) R=aj/2; (b) R= av/3/4. 


2. p = ZMmy,/v,, where Z is the number of particles in the formula, v, is the 
volume of the unit cell, / is the molecular weight, and m, the mass of the hydrogen 
atom. 


Chapter 7 


1. (a) y = (1/4)(a/r)? = 2/2 = 0-71; (6) y = Hajr)® = 4/3,/3 = 0-77; 
(c) y = (1/8)(a/r)? = 8/3,/3 = 1-54; (d) y = (1/4)(@/r)° = 2. 


[o 0) 
2. The series A = )_ v,/r; converges rapidly if the summation is taken not over 
i=] 


the coordination spheres but over electrically neutral volumes of the crystal (Evjen’s 
method), that is over volumes which contain equal numbers of positive and negative 
charges. The smallest of them is the unit cell. The next in size will be a cube with 
edge twice the unit and containing 8 cells. In the structure of CsCl the ions are 
arranged at the nodes of a body-centred cubic lattice. The coordinates of the nodes 


474 CRYSTAL PHYSICS 


[[AkI]] of this lattice are all simultaneously either even or odd integers. The even 
nodes contain ions of one sign, and the odd nodes ions of the other sign. The distances 


3 
of these nodes from the node taken as origin are given by the relationship r= x h?. 
i= 


The number v, of nodes situated at the same distance from the origin is equal to the 
recurrence factor p, which is defined as the number of nodes which are equivalent 
from the point of view of symmetry. The coordination numbers v,’ relative to the 
electrically neutral volume are equal to the v; for the nodes lying inside the volume. 
For nodes lying on the faces, edges or at the vertices of the volume, they are respec- 
tively 2, 4 and 8 times less. These numbers satisfy the relationship 1+) v,;’ = 2n>, 
where n = 1,2... is the length of the edge of the unit cube in the CsCl lattice. 

Below are the values of v;’ for a cube of side 2a (ions with coordinates [[311]] 
lie outside this cube). 


hkl; 111 200 220 311 222 
r? = Lh? 3 4 8 11 12 
Vv, =D; —8 6 12 —24 8 
Vv; —8 3 3 0 1 


If in calculating the Madelung constant we limit ourselves to the first volume, for 
which n = 1, then the corresponding series consists of a single term 


Acc: = —(1/8) x 8/4/3 = —0°58. 
For the volume with m = 2 we obtain 
Agcy = —8/./3+3/./4+3/,/8+1/,/12 = —1:°77, 


which is already near enough to the correct value. 


3. The energy of formation of ions from atoms is the algebraic sum of the 
ionisation potential and the electron affinity: 


Na*+Cl” = —5:1+ 3:7 = — 1-4 eV. 
Na’ +Cl* = +0:2—13-0 = —12-8 eV. 


Na+ci} 


When the ions approach to a distance of 2-5 A, which is the interionic distance for the 
NaCl molecule found spectroscopically, the Coulomb energy of interaction is the 
same in both cases. 


U=eV= e = e(4:8 x 107 *°)/(2:5 x 1078) = ex 19x 107? c.g.s. units = 5-7 eV. 


This energy is greater than the work done to form the ions in the first case and is 
considerably less than it in the second. Thus the ionic molecule is unstable with 
respect to disintegration into neutral atoms. The energy of dissociation of the ionic 
molecule Na*Cl™ into neutral atoms is 4-6 eV. 


Chapter 9 


1. In order to calculate the elastic coefficient we shall assume that the electric 
field is directed perpendicular to the plane of the orbit. As a result of the action of 
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the field the plane of the orbit will be displaced a distance X relative to the nucleus 
and the distance of the electron from the nucleus will be increased to r = ,/a2 +X’. 
The restoring force fis equal to the projection of the Coulomb force on the direction 


of the field: 


f = Foos a = (e?/r*) x (X/r) = (e?/r7)x, 
whence 
k = er? = e/ Yap +H". 


Since in ordinary fields the deformation X of the hydrogen atom is small compared 
to the radius of the orbit ao, it follows that to a sufficient degree of accuracy k = e?/a}. 
Introducing this into the value of « given by [9.6], we obtain 


Oy © ay = 015x107 74 cm’. 


2. The equation of motion for a bound electron is m¥+m@?x = eE,e"'*'. The 
solution of this equation is 


eE, Cos wt 
m(@;—a@o) 


The variable dipole moment associated with the forced oscillations of the i-th 
electron is 


3. The surface charge density o is P cos 6; the area of the annular zone dS is 
2nr? sin 6d8. From considerations of symmetry the resulting field must be parallel 
to the polarisation vector, and so we take the sum of the components of the elementary 
depolarising fields along P. In this case 


P 
E, = | “2 cos” 6 2nr? sin 0d0 = $nxP. 
0 


4. We choose our Z-axis in the direction of the polarisation and find the Z-com- 
ponents of the fields of the elementary dipoles at an arbitrary point of the system 
chosen as origin. The position of the j-th dipole is given by the radius vector r,, 
forming an angle ¢,; with the Z-axis. The potential of the dipole is 


1 i\  e(rj-r,) _ el,;cos¢; _ p,; cos 9; 
cee Can; ) een | en rn 
rp UY vi j j 
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The radial and tangential components of the field are respectively 

7 pt = 2% 1%) _ Pysin dy 
J or ° j Ot r; 06; r; 


the Z-component of the field is 


E; = Ecos ¢,—E; sin $; = ~ (2 cos” ¢,—sin” ¢,) = 53 cos? ¢,;—1). 
; 


J 


The resulting field of the system of dipoles 1s 


. 3(p.r.)? — p*r? 
E, = ¥ Pi (3cos? ,—1) = YP Ssh, ri 
iv; j Pj; 


From considerations of symmetry and uniformity E, = E, = 0. 


5. The points of the cubic complex are obtained by reflections in the planes of 
symmetry and rotations about the axes of symmetry of the cube. The coordinates 
<<mnp»» of the points in the complex are found from the coordinates [[mnp]] of an 
arbitrarily chosen initial point by carrying out all possible permutations of the indices 
and of their signs. Permutation and sign-changing of the first two indices give the 
coordinates of 8 points: 


mnp, mnp, mnp, mnp [7] 
nmp, imp, nmp, nmp \ oo 


Double cyclic permutation of the indices increases the number of points to 24. 
Changing all the signs exhausts all the possible combinations and shows that the 
general cubic complex has multiplicity 48. All the points of the complex have p; = 
const and lie on a single coordination sphere r? = m*+n?+p* = const. 

We take an arbitrary straight line with indices [hk/] and a straight line [mnp] 


passing through the point [[mnp]] of the complex. The cosine of the angle between 
these straight lines is given by the formula 


hm+kn+Ip - 
SRE +P [mm +n? + p* —_ 


The values of the numerator in [2] corresponding to the points [/] are 


cos Pinnp 


13] 


hm+kn+Ip, —hm+kn+lp,  hm—kn+Ip, —hm—kn+lIp 
hn+km+lp, hn—km+lp, —hn+km+lIp, —hn—km+lIp 


The sum of the squares of these numbers is shown in the first line: 


npm 4(h?n* +k?p? +h2p? +k?n? +21?m?) 
pmn 4(h?p? +k?m*+h?m?+k2p? +21?n’) 


[4] 


mnp 4 (h?m?+k?n? +h?n? +k?m? +2I*p?) | 


The last two lines are obtained by cyclic permutation of the coordinates of the points. 
The sum of all the terms in [4] gives 


8 (hom? +h? n? + hp? +k em? + ken? +k2p? + Pm? +Pn24+ lp). 2... [5] 
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The expression in brackets is equal to the square of the denominator in [2]. Thus 
24 
¥) COS” Panp = 8. 
i=1 


Thus for a cubic complex, independently of the direction of orientation of the 
dipoles, 


(cos? Pmnp)mean = 4, 7ee [6] 


For points with cubic symmetry in cubic crystals, all the coordination spheres have 
cubic symmetry and relation [6] holds for them. Consequently, it also holds for any 
set of cubic complexes. For the corresponding points of a cubic crystal in general 
(cos? ¢$;)mean = 1/3. From equation [J] of the solution to problem 4, E, = 0. 


6. In electrostatic units the applied potential difference will be 
V, = V = 1000/300 = 3-33 c.g.s. units. 
From the piezoelectric tensor for quartz we have 


rai, = div = 6°8 x 3-33 x 1078 cm = 22°6 A; Pog = N11 = — 22:6 A: 
roa = dy XV, = —1:8 x 333x107? = 0-013". 


7. In point group 2 there is a twofold rotational axis, the direction of which we 
shall take as the X3-axis. A rotation of the crystal through 180° about the X,-axis 
is described by the following scheme which gives the cosines of the angles between 
the coordinate axes in their initial and final positions: 


xi xi x} 


X14 —| 0 0 
x,| O-1 0 
X3 0 0 1 


The components of the tensor must be the same before and after the rotation: 
di,, = d,;. Consider now whether the component d,,, vanishes. From considera- 
tions of symmetry d;,, = d;,;. We apply the formulae for transforming the com- 
ponents of a tensor, 


a? 
ding = CmiCnkCot4 mno 


Ain = C4404 0y1dyy4 0g 902 49Cy dy ay $4 40310434131 + 
$04 404402 44y 42404102102 14y 22 +04 10310214132 + 
$04 104103 9dy 49 +04 102403102504 103103141334 
$3404 4041914 $02 4C21Cy 1294 +02 4C31C41d231 + 
$0944 4C214a 4.2 + C2102 1021992 + C2103 102144232 + 
+ 0340410314913 + 021024031293 +6210310314233+ 
$5404 40144544 $03 4C24Cq 10594 +03 305 104 14331 + 
$05 4C1 10214542 +035 4C2 10214322 + C3103 10214332 + 
+ 340410314313 +.C31C21C3 14323 +0310 40314333. 


From the scheme of cosines it follows that 


Ciy = C22 = — C33 = 15 Cy2 = Cay = C23 = C32 = C31 = C13 = 0. 
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Substituting the values of the cosines in the transformation formula, we obtain 
dij, = —d111. This relationship taken with the one above shows that di1, = 411, = 0. 
From the transformation formulae we obtain by a similar method the result that for 
crystals with symmetry 2 a number of the other components of the tensor vanish 
and the piezoelectric tensor takes the form 


ti La t33 to3 t31 tre 
Px 0 0 0 Ay, 15 0 
Py 0 0 0 dy4 dys 0 
Pz ds ds. d33 0 0 d36 
Chapter 11 
1. From [11.6] with c = 1 
2L _2 x 81-2 


13-5 
—_~“"7_“°"* = 13 = “eV V. 
Waa = = kcal/mole = 13-5 kcal/mole 54 eV = 0-6e 


2. The maximum solubility temperature 7,, is found from [//./1] with c = 0-5: 


Taking logarithms in [J/./1] gives In(1—c)/c = p(1—2c), where p = 2U,,/kT. 
From the equation 


Cc 1 
(“= =) Te C2 
p= ae | ny, ss = 2. 
1—2¢ J c=1/2 —2 sacs C) |e=1/2 


Consequently, 
2zU kT,, RT, 1100 
_ . _ m —_— m _ ~ k fw 
Tn 3 U,, > =n" DD kcal/mole ~ 0:1 kcal/mole ~ 0-004 eV. 


The energy of mixing, which is equal to the difference in energy between the hetero- 
geneous and homogeneous bonds, is thus less than 1% of the energy of either type 
of bond. 


Chapter 12 


1. (a) We cut the pseudocubic cell AuCu into halves each of which is body- 
centred tetragonal with a,,/ 2 = 4,, Cy = a,, where a, is the length of the edge of the 
initial cell. We denote the sites at the centres of the cells by «, and those at the vertices 
by 8. When they are arranged in order the coordination number z = 12 splits into 
two subgroups 8+4 


Nag = N,paz 25D2 4+ Ngpgzgpg s+N pez pg = 


= 4 Np4p +4 No4o 4+4 Np80 = N (17 +07+4po) = N (1+2po). 
Nap = NaPz22P2+NgppPp+NaPezaPp+N,peZeDg = 
= 4 Np4o+4 Np4o+4 Np8p+4 No80 = 4N (p?+0?—po) = 4N (1—po), 


APPENDIX 3 
where 


P = Pz = Pg; O = pa = pp =1—p. 
Introducing in place of p the degree of order s, we obtain 
Nag = Mpg = yn(L—s"); my = 4n(345"). 
(6) Nas = Na(8p2$+4pg) = 3Np2 (pe + pp): 
Npp = Na (8pz4+4p5) = 3N pz (pa + Pp): 
Nap = Na (8p2+4pp)+Ne4pg = 3N [pe (2p. + pp) + Pe Pp l- 
The probabilities are expressed in terms of the degree of order as follows, for c, = 3/4: 


Pa =4(3+5); pr =4(1—5); pp =43(1+3s); pf = 3 (1-5). 
Consequently, 


Naa = pg n (9-5); Nga pg hn (1—s”); nag = $n (3457). 
2. (a) c4<4. All the B sites are occupied by B atoms while of the «-sites c,N 
are occupied by A atoms and (4—c,) N by B atoms. 
Nap c4Nx 8+(4—c,) Nx4 xX 2c, = 2 NC 4 (3—2c,). 
(6b) (1) c,<1/4. A atoms occupy c,N of the a-sites: n4g = c4N°12 = 12nc,; 
(2) c,>1/4. Part of the B-sites, AN, = c,N—(1/4) N = (c,—1/4) N is occupied 


by A atoms. The concentration of A atoms in the f-sites is AN ,/(3/4) N = (1/3)(4c,— 1); 
1— 
the concentration of B atoms, CA 


IN = 3(1—cy,). 


Ngp = 4 NX12x4(1—cy) +3 NX4 (4e4—1) x12 x4 (1—c,). 
Hence 


nazg= nc, (1—-—c,). 


3. Consider the concentration range 0<c <4. 


N4 =4N(1+s)c; N? =4N[1—(1+s)c]; N# =4N(1-s)c; 
Ne =4N[i-(1-s)c]; 


Nas = 4Nc? (1—s*); nag = 4N[(1—c)7]3\ nap = 8N [c(1—c)+c7s7]. 
The internal energy of the alloy is 


U=4N [cU,,4+(1—c) Upgt2c (1-—c) U,]+8Ne?s?U,+C. 
The entropy is 


S = —}4 Nk {(1+s) cln (1 +s) ¢+(1—s) cln(1—s) e+ 
+[1—(1+s)c] rn f1-(14+s)]+[1-CU-s) c] m[1-(l—s) cJ}+C’. 


The equilibrium equation is 


(i+s)[1-(1—s)c]  32csU,  8cT, 4U, 
_—_—_________ CO  sC_. F,7 h T, = -—— 
In G—fi-dtse] kT j 


ik 
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The gradient of the tangent to the logarithmic curve at the origin is tan @ = 2/(1—c); 
and equating it to the gradient of the straight line, we obtain 


T,(c) = 4T, (4) ¢(—e). 


This is the equation of a parabola. 


Chapter 13 


1. Taking account of viscosity, the rate of formation of nuclei of crystallization 
in a condensed phase is given by 


4o0T _S (x) 
Cw oven Q+h "9 [erat tol } =e KT | a [7] 


where Q is the activation energy for diffusion, o is the surface tension at the boundary 
between the nucleus and the mother-phase, TJ, is the temperature of crystallization and 
q is the latent heat of crystallization. Introducing the new variable x = 7,/T, the 
function in the exponent in formula [7] becomes 


x 2 x? 
fo) = x| 0+a(*,) | = Oxt+— i} ... [2] 


a -5(). By 


From the condition for a turning point we have 


where 


3ax? 2ax> _ 
(x—1)? (x—-1> 


f' (x) = 9+, 
whence we obtain the equation 
ax* 3—x) = Q(x-1).3 [4] 
gin) 


(x-9)° 


Fic. II 
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Fig. II shows the graphical solution of equation [4] for the case where Q ~ a. The 
order of magnitude of a is obtained from [3]: 


160° 
am wi w4heV (o =80erg/cm?; g = 80 cal/cm?). 


Putting Q ~ 2a calculation from equation [4] gives the result that the minimum of 
the function f(x) lies near to x = 2-2. Hence the temperature corresponding to the 
maximum rate of formation of nuclei is 


T,, = 0°45 To. 


We may note that the curve c = c(T) has a maximum even if there is no viscosity. 
Putting Q = 0 in [4] we obtain T,, = 0-33 Tp. 


2. (a) gq = 80 cal/cm?; 
o273° = 75 erg/cm?; 
o263° = 76-5 erg/cm”, 
when AT = 1°, r, = 12x10~° cm 
when AT = 10°, r, = 1:2 107° cm 
AF, = 450 x 107}? erg 
(b) T> = 1083°C = 1353°K; 
o = 1100 erg/cm?; 
g = 51 cal/gm = 430 cal/cm?, 
for AT = 10°, r, = 17x107° cm. 


3. If collisions between the growing crystals are neglected, the crystallization 
kinetics are described by the integral equation 


u(t) = 1-2 p* | wou-orae ..- [7] 


where 
p* = 12ew’. ..- 22] 
Equation [/] is a second-order integral equation of the Volterra type 


b(t) =f(D+A | K(t,2) 6(2) de, By 


0 


the solution of which is expressed by the series 


p(t) = bo (1) +4G, (+4762, (D+...42"O, O+-.-, .+ [4] 


where 


bo(t) =f; dy41) = | K(t,2) $,(0)dt. 5 
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Applying formula [5] to equation [/] we obtain 


u(t) =1 uo() = 
4 4 4,4 
u(t = u,() = —2F 
2 (44\2 4p*t*)? 
U, (t) = 6 . 472 (1) = ( ) coe [6] 
6" (t4)" oy (4 0*t" 
u,(t) = Gn! Au, (t) = nt 


and substituting these values from [6] into [4] we obtain the solution of equation [7] 


a A no 17] 


u(t) =1- 


This solution can be written in a more compact form. Using the series expansions 
for the hyperbolic and trigonometrical cosines we find that their product is 


x? x* x® x8 x2 x* x® x8 
cosh x cosx ={ 1+—+—+—+-—4+...](1-—-—->+ -= - = 


21°41 6! Bi 21 41 6! 8! 
4x* (4x*)? 


Comparing [7] and [8] shows that equation [7] can be written in the form 


u(t) = cosh pt cos pt. 


4. (a) For the two cases we are interested in 


o=e “lS (p= 1). ...f] 


For ease of calculation it is convenient to measure the time by three different scales: 
in degrees of arc, f°; in radians ¢,,, and in t’ = (2/7) t,,4. The detailed calculations 
are given in the table. 


u,=coshtcost; u 


t° trad | 0:638troq | ©S t° | cosh?’ uy bead 
0 | 0:00 0:00 1:00 1:00 1:00 0:00 
30 | 0°52 0:33 0°87 1:14 0-99 0:08 
50 | 0°87 0:56 0°64 1-41 0:90 0:58 
60 1:04 0-67 0-50 1:60 0:80 1-20 
70 1-22 0:78 0-34 1:85 0:63 2:22 
80 1:40 0:89 0:17 2°14 0-37 3-80 
90 1-57 1-00 0-00 2°51 0:00 6:05 
100 1-74 | — — — 9-18 
110 1-92 — — — 13-6 


we 
‘[_) 
le) 
tO 
ON 
| 
| 
PTT || 
| 
we) 
ON 
Wr 
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ij—u 
LG —- -— ~~ a 


08 
06 
04 


T u—cos t cosh t 
(Gayler and Sachs) 

1 u=exp (—f:4) 
(Kolmogorov) 

02 


Cad 


£0 20 JO 


Fic. III 


The results of the calculation are given graphically in Fig. III. 
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(b) In case I the time for complete crystallization is t, = 2/2 = 1:57. In case II 
the process of final crystallization goes on indefinitely. If the end of crystallization is 
taken to be the time when 0-999 of the total volume has crystallized then u,, = 0-001 
gives t,’ = 2-54, a time which is 1-6 times greater than in Case I. Beginning at ¢ = 1:04 
(or 0-4t,’) curve I rises rapidly above curve II. At this time the volume which has 


crystallized is about 20% of the total. 
(c) In case I 


tr n{2 


c 
N(t,) =c | cos pt cosh ptdt = <| cos x cosh xdx, where x = pt. 
O 


In the formula for integrating by parts 
| uv’ = uv— | u’D, 
put wu = cos x, v’ = cosh x so that u’ = —sin x and v = sinh x and we obtain 
| cos x cosh xdx = cos x sinh x— | sin x sinh xdx. 
If we take u = cosh x; v’ = cos x so that uw’ = sinh x; v = sin x we obtain 
| cos x cosh xdx = sin x cosh x+ | sin x sinh xdx. 


Combining [3] and [4] gives 
m2 
cos x cosh xdx = 4[cos x sinh x+sin x cosh x]@/* = 0-100. 
0 


and substituting this value in [2] we obtain 
N(t,) = 0-100 - 
In case IT 


N(t,) = N(o) =c fer 6dr, 
O 


(2) 


- [3] 


- [4] 


[5] 


- [6] 
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The value of this integral can be found in Jahnke and Emde’s ‘Tables of Functions’, 


= 0-065 —. ... [8] 


5. As in the three-dimensional case the non-crystallizing part of the unit area is 
u(t) = exp (—cQ) 
where 


t 


Q = | s(t)dt = 4w? | e-n?ae = 4w?t?, 


0 
Putting this in the formula for u(t) we obtain 
u(t) = exp (—4 cw???) 


where c is the number of nuclei forming in unit time on unit area of a two-dimensional 
melt. 


6. The kinetics of crystallization are determined by the rate of formation of 
nuclei c, the linear rate of growth w and the time f. The dimensions of these quantities 
are: (a) Three-dimensional case 


[ce] =L°T'; [w) =LT'; [4 =7. 


A dimensionless parameter which determines the kinetics of crystallization can be 
constructed with the form 


a = cPwi{” = [9-3PTT~P-4, 
and from it we obtain the two equations 
q= 3p; r=ptq = 4p. 
Putting the values of qg and r into the equation for « gives 
ao = cPwiPt4P — (cw t*)?. 


This dimensional analysis can be seen to agree with the exact result (see [/3.23]) 
which was that the kinetics of crystallization are determined by the product cw°?*. 
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(6) Two-dimensional case: 
[ce] =L°°T'; [w]) =L7T"!; [4] =T. 
a = cPwith = [2-2PTT~P-4, 
q= 2p; r=p+q= 3p 
ot = cPw*Pp?P = (cw?t)?, 


which agrees with the full calculation given in problem 5 above. 


t 
(a) Ww, = Wo (1-") (b) v, = 4nwWo {-%) r’dr 
0 


(for a spherical nucleus), where w, is the rate of growth of a plane crystalline front. 


7. 


Chapter 14 


1. (a) The coefficients we want are characteristic of three basic thermodynamic 
processes: 
volume expansion for an isobaric process 


1 foV 
a= 5 (Fr) ... [J] 
volume compressibility for an isothermal process 
1 fav 
= —__{ __ wee [2 
and thermal elasticity for an isochoric process 
1 fdop 
=—(._]. 3 
P (i) 4 3] 
The parameters p, V and T are connected by the equation of state for the body: 
S(p, V, T) = 9. -++ [4] 
Hence 
V = V(p,T). 2. [5] 


Now use the formula for differentiating a composite function 


Z=Z[x(y), y, “], ... [6] 


which depends on variables x and y and a parameter u: 


(5). ~ Gs), (a).*(3). 


em | 


7] 
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In formula [6] put: 
Z=V; u=V; x=p; y=T, 


and we obtain from [7 | 


(cr), “o= (a, (71), +(5r), [8] 
(=r), = -(as), (S4), 2 


Substituting [/] to [3] into [9], gives the required relationship: 


Hence 


a = Byp. ... [10] 
(b) The equation of state for an ideal gas is 
pV = RT, ... [17] 
from which we have 
1 1 1 
= _}; = -} =, ... [12 
a=—5 8B y AF [12] 


It is easy to see that relationships [ /2] satisfy [0]. 


2. The entropy of the system is 


_6Q_ 1 Pp 
dS = = d+ dV, 2. (7) 


since from the first law of thermodynamics 
6Q = dU+pdV. ... [2] 


Using the equation of state ([4] in the preceding problem), we can express the internal 
energy as a function of the two parameters, U = U(V, T). We find the total differen- 


tial of this function 
0U 0U 
dU =( 22 _ Lee 
(; ’), av+( r), ar 3] 
and substitute it in [7]: 


1 foU 1 /oU p 
dS = — T+) (<<) +2] av. _ 
r(er), +750), +7] ag 


The condition for dS to be a total differential is 


afi ou) _ afiau\ p 
wl Tar), 7 oF aes el BI 


Carrying out the differentiation, we find 


(sr), a (7). ... [6] 
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Putting in formula [7] of the preceding problem 


Z=U; u=p; x=V; y=T, 


(sr), (ar), en), (62), 


Differentiation of the internal energy with respect to the temperature gives 


(= _ (22 ov\ y 
oT), \aT), °\aT), 
7) _ (82) 9 _ 
st), = (sr) ~ Eve 


Substituting [8] and [9] in [7] and then using [6], we obtain 


oU Op 
Cy—Cy = AV [o+(2), = aVT (7), = aypVT. 


Using [/0] of the preceding problem, we obtain finally 


we find 


3. The specific volume of iron v = A/p = 56/7-°9 = 7:1 cm?/mole; 
Cy— Cy = 0-7 cal/mole.°K. 


RB7e° hy 
4. C, = np where = oT 


5. (a) The null expansion condition for a uniaxial crystal has the form 


2 4 22 2 
O11 (Ci3 +023) +%33C33 = 0. 


Since c?,-+c33+¢c7, = 1, we have 


O11 


2 
C33 e 
011 —-%33 
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[7] 


[8] 


19] 


av 


- [2] 


(b) We denote by @ the angle between the desired direction and the principal 
axis of symmetry of the crystal. Then c,; = cos 6, and formula [2] can be written 


in the form 


tan? 0 = —033/044. 


13] 


Since tan @ must be real, it follows that the condition for the existence of a direction 
of zero expansion is that the coefficients of thermal expansion should have different 


signs. 


CP2 I 
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(c) In the calcite crystal the null expansion directions form a circular cone with 
internal angle 20 = 64° 43’, and with axis parallel to the threefold symmetry axis of 
the crystal. 


6. The volume expansion coefficient f is connected with the linear coefficients 


by the reJationship 
ay +20, = B. .<. LZ] 


Assuming for simplicity that a linear law holds, we obtain 
6 = ¢ (1 +0140 At) = c [1—-(«, —a,) At]. 
al); alo (1 +o L At) alo 


Hence Cy — Oo) = . ..- [2] 


From equations [/] and [2] we can determine the required coefficients. 


7. The direction of one of the principal axes of the ellipsoid OX, is parallel to 
the monoclinic axis [010] of the crystal. To determine «,, we have to measure the 
thermal expansion along the monoclinic axis. The two other principal axes of the 


Fic. IV 


ellipsoid, OX, and OX, lie in the monoclinic plane (010) (Fig. IV), where a and c are 
the axes of the crystal. The angle y determines the position of the thermal expansion 
tensor relative to the crystallographic axes. 

Take an arbitrary direction OX, lying in the monoclinic plane and forming an 
angle ¢ with the c axis. The coefficient of linear expansion along this axis, a, is con- 
nected with the axes «,, and a3, of the thermal expansion tensor by the relationship 


053 = Ci3%114 +0330. ...{Z] 
Denoting the angle between OX3 and OX; by ¢, we obtain 


Ori +33 Oy, — O33 


033 = d,, Sin? +a, cos? d = 5 


cos 2¢. .» [2] 
Since 
T 


d = C+W)—5, eee [3] 


APPENDIX 3 489 


it follows that 


ws, = Za 39 4 San O99 (cos 2 cos 2—sin 2é sin2y). ... [4] 
We introduce the notation: 
4 (a1, +033) =A; 4(a,4,—033) cos 2W = B; 4(a4,—-a33)sin2gy=C. ... [5] 
Then equation [4] can be written in the form 
A+B cos 2€+C sin 2€ = «33. ... [6] fD 


By measuring the coefficients of linear expan- 4{ 8 
sion «3, and the angles € for three directions 4 
lying in the monoclinic plane, we can obtain 
three equations correspondingto[6]andfrom J 
them determine the quantities A, B and C. 
After that, on solving the system of equations 

[5], we find the quantities which define the 
thermal expansion tensor 


B 
——; a3; = A~-—__; 
cos 2 "33 cos 2 0 


C 


01, = At 50 60 70 60 90 100 


1 x105 


Chapter 15 
1. Taking logarithms in [75.2], we obtain 


10 
Q 1 Hf experimental 


A 
Equation [/] is a straight line in the variables 4, ‘ 
1/T and In D. From the gradient of this line 0 
we obtain Q, and from the magnitude of the Fic. V 


ordinate at the origin we obtain A. 


1/T D cm2/day log D log D In D | 
93x 1075 13x 1077 711 —689 | —15:9 
85x 107S 5-0x 1077 7-70 —6:30 | —14:5 

5-15 


78-5 x 1075 1-4x1075 


In Fig. V the line has been drawn from experimental points (with known error). 
From the graph 


B13: 0° 
Q _ OB _ 137x10" _ 32:3 x 10°; 


QO = 64:6 kcal/mole; 
In A = (In D),->) = OB = 13:7; 
T 


log A = 0-434 x 13-7 = 5:95; 
A = 89x 10° cm?/day. 
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2. (a) T °K (O/RT)x0°-43 D_ cm?/day. 
300 20:5 1-8 x 107° 
438 14 5x107? 
600 ~10 58x 107° 


(b) From the transport equation for a substance in a stationary process we find 
that the time ¢ necessary for the transport of a mass m is t = mdx/Dsdc. Putting 
m= 1, S = 1, dc = 1, we obtain ¢ = 5x10’ days, or 1-4x 10° years. For the non- 
stationary case the value of the concentration c at a distance x from the boundary of 
separation at time f¢ is given by the expression} 


x 


2/Dt 


2 _y? 
c=4¢y | | e” dy. 


Using the value of the error integralt, we find from this that after the given interval 
of time the concentration of radioactive lead at a depth of 0-1 mm is given by c = 0-45. 


} R. Barrer, ‘Diffusion in and through Solids’. Cambridge U.P. 1951. 
} H. B. Dwight, Tables of Integrals and other Mathematical Data, 4th ed. Macmillan, New York, 
1961. 
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Curie-Weiss law, 265, 267, 315, 322 


Davidenkov’s classification of internal stresses, 
452ff 
Debye theory of specific heat, 389ff 
Defects, crystalline, 424ff 
dislocations, 368, 455ff 
interstitial atoms, 423ff 
vacancies, 423, 412 
Deformation: 
elastic, 432, 434ff 
hot and cold, 452 
plastic, 433, 445ff 
Diamagnetism, 313ff 
of atoms, 319 
of electron gas, 320 
of metals, 321 
universality of, 318 
Dipole moment: 
of heteropolar molecules, 129 
of the water molecule, 133 
Dielectric constant, 234, 247ff 
Diffusion, 421 ff 
atomic mechanism, 424ff 
activation energy for, 424ff 
in electrolytes, 429 
measurement of, 423 
surface, 369 
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Diffusion (cont.) 

uphill, 427 

volume, 421 
Dislocations: 

edge (linear), 455 

formation of, 458 

screw, 374 
Dispersion forces, 101 
Dispersion of elastic waves in crystals, 394ff 
Distribution of elements, SOff 
Domains: 

ferroelectric, 294 

ferromagnetic, 325 
Donor-acceptor bond, 134 
Dulong and Petit’s law, 214, 381 


Effect: 
Barkhausen, 326 
de Haas-van Alphen, 316 
Hall, 45, 225 
Effective mass, 44 
Einstein-de Haas experiment, 325 
Einstein’s theory of specific heat, 384 
Elasticity of crystals, 434ff 
Cauchy’s relations, 438 
generalised theory, 440 
strain tensor, 437 
stress tensor, 435 
Electrets, 235, 253 
Electron compounds: 
in crystal chemistry, 185 
theory, 229ff 
Electron diffraction, 168 
Electron micrographs of molecular structures, 
137, 368, 458 
Electron theory of metals: 
classical, 212 
quantum, 217ff 
Electrical resistivity : 
anisotropy of, 299 
dependence on deformation concentration 
and temperature, 300 
of metals, 212, 298 
of solid electrolytes, 296 
Elementary particles, 47 
Elements, chemical, periodicity of properties, 69ff 
electron structure, 76 
Energy: 
activation, 423 
binding energy of electron, 83 
cohesive, 197ff 
free, 334 
internal, 333 
of internal stresses, 452 
of a quantum oscillator, 384 
Energy bands, 223ff 
Entropy, 334 
Equilibrium diagrams, 342ff 
Expansion: see thermal expansion 
Extrinsic conductivity, 233 


Fedorov groups, 152 
Ferrites, 330 
Ferroelectrics, 50, 235 
Ferromagnetism, 325ff 


Fluctuations, 372 
Formation of crystals, 365ff 
Free energy, 334 


Glassy state, 367 
Goldschmid table of ionic radii, 192 
Groups: 

Fedorov, 152 

point, 144 

Shubnikov, 154 

space, 144 
Growth of crystals, 365ff 
Gyromagnetic anomaly, 325 
Gyromagnetic ratio: 

orbital, 60, 318 

spin, 47 


Hall constant, 45, 225 
Hamiltonian operator, 1ff 
Hardening: 

alloy, 451 

thermal, 450 

orientation, 449 

pressure, 450 

work, 451 
Heat of sublimation: 

of molecular crystals, 203 

of the elements, 464 
Heteropolar bond, 86, 129ff 
Heusler alloys, 177, 317, 318 
Hill’s equation, 42 
Holes, 225, 233 
Homopolar bond, 86, 108, 125 
Hooke’s law, 408, 434ff 
Hund’s rules, 66, 327 
Hybridisation of electronic states, 6, 121 
Hydrogen: see also atom of hydrogen, 55ff 

bond, 105 

molecule, 111 

molecular ion, 108 

wave functions, 61 


Insulators, 224, 234 
Interstitials, 423ff 
Internal energy of a system, 333 
Internal potential of a crystal, 214 
Internal stresses: 
classification, 452ff 
energy, 452 
Ionic binding, 86, 129, 203ff 
Ionic model of a metal, 208 
Jon microscope, resolution of atomic structure, 
137 
Ionic radii—table, 192 
Ionisation potential of atoms, 82 
Isotopes, 49 
influence on the physical properties of crystals, 
49 
Isotopic effects in crystals, 50, 101 


Kolmogorov’s theory of the kinetics of crystal- 
lisation, 378 

Kurnakov temperature, 350; see also tempera- 
ture, ordering 
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Latent heat of crystallisation, 371 
Landau’s theory of diamagnetism of free elec- 
trons, 320 
Laplacian operator, 3 
Lattice, Bravais, 148, 152 
Laws: 
Bouguer, 409 
Curie-Weiss (dielectric), 267, (magnetic), 322 
Dulong and Petit, 214, 381 
Fick, 422 
Goldschmid, 192 
Gruneisen, 414 
Hooke, 408, 417, 434ff 
Lambert, 409 — 
Lorenz-Lorentz, 250 
Mendeleev, 68 
Neumann-Kopp, 261, 381 
Ohm, 213, 298 
Planck, 29 
Stefan-Boltzmann, 394 
Vegard, 175 
Weidemann-Franz, 213, 407, 411 
Legendre’s equation, 33 
Long range order, 352, 353ff 


Madelung constant, 204 
Magnetic moment: 
of atoms of transition metals, 328 
of the electron, neutron and proton, 47 
orbital, 59 
Magnetic structure, 329 
Magnetic susceptibility, 313 
of the elements, 467 
Magnetisation, 313 
Matthieu’s equation, 40 
Mendeleev’s law, 68ff; see periodic system 
Metals, 74, 233 
alkali and alkaline earth, 76 
rare earth, 79 
transition, 77 
Metalloids, 85 
position in the periodic table, 74 
Metastable phases, 349 
Mobility of ions in solid electrolytes, 296ff, 429ff 
Molecule: 
diatomic, 111 
hydrogen, 111 
lithium, 111 
polyatomic, 119 
oxygen, 116 
water, 120 
Molecular ion of hydrogen, 108 
Morphotropy, 189 


Neutron spectroscopy, 284, 329 
Nucleus: 

atomic, 48 

of crystallisation, 365ff 

two dimensional, 373 


Octet rule, 170 

Order, 350ff 
long range, 352, 353ff 
of a solid solution, 177 
short range, 353, 361 ff 
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Packing fraction, 161 
Paramagnetism, 313, 321ff 
at low temperatures, 324 
Langevin theory, 321 
of the electron gas, 322 
of the transition metals, 323 
Weiss theory, 322 
Partition function, 385 
Pauling’s table of ionic radii, 192 
Periodic system, 68ff, 74ff 
properties of elements, 461 ff 
Permeability, 314 
Phase equilibrium, 333ff 
Phase transitions, 347ff 
eutectic, 348 
first and second order, 351 
Phonons, 307, 394 
Piezoelectrics, 235, 253ff 
Planck’s law, 29 
Plane: 
glide, 140 
slip, 446 
twinning, 459 
Plasticity of crystals, 44Sff 
critical stress for, 448 
slip, 445 
theory, 455 
Polarisability, 235ff 
Polymorphism, 164ff 
Polytypism, 161, 189, 368 
Positron annihilation, 216 


Quantum numbers, 58 


Radii: 
atomic, 168ff, 192 
correction for coordination, 192, 201 
correction for multiplicity of bond, 192 
ionic, 192, 195 
molecular, 170, 192 

Rose, fracture, 441 


Scattering of electron waves in a crystal, 220 
Schrédinger equation: 
electron in a periodic field, 39 
free particle, 10ff 
for central forces, 30 
harmonic oscillator, 27ff 
hydrogen atom, 55, 108 
particles in a potential well, 20ff 
rigid rotator, 46 
time dependent, 2, 7 
time independent, 4 
variational method for solution, 92 
Self-diffusion: see diffusion 
Semiconductors : 
energy schemes, 225 
n- and p-type, 233 
Slip, 445ff 
systems, 446 
Solid solutions: 
distorted structures, 175 
equilibrium diagrams, 342ff 
interstitial, 184 
ordered, 177, 342ff 
substitutional, 174 
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Solubility, 340ff Symmetry groups: 
Space groups, 144, 152 point, 144ff 
distribution of crystals among, 153 space, 144, 152ff 
Space lattice, 140 
Specific heat, 380ff Temperature: 


Curie (dielectric), 258 
Curie (magnetic), 322 
Debye (characteristic), 383 
Kurnakov, 350ff 
ordering, 350ff 

Tensor: 
deformation, 437 
elasticity, 437 
stress, 436 
thermal expansion, 412 


and structure, 383 

classical, 381 

molecular crystals, 384 

of the electron gas, 219 

quantum theory of, 384ff 

temperature dependence, 382 
Spiral growth of crystals, 361, 368 
Spontaneous: 

magnetisation, 325 

polarisation, 294 


- ne Tensile strength, 441 
Senate a Thermal conductivity, 402ff 
theoretical, 208, 442 uence “i on irradiation, 404 
practical, 208 ’ 
Structural coefficients, 243 of non metals, 402 
Structural sums, 200 theory of, 407 
Structures: and Umklapp processes, 410 
binary compounds, 185 Thermal expansion, 411ff 
chain type, 156, 170 and crystal structure, 414 
close-packed spherical, 156 temperature dependence, 414 
coordination, 156, 164 tensor, 412 
diamond-like compounds, 188 theory, 417ff 
electron compounds, 185 Translation operators, 136ff 
elements, 164 Tunnel effect, 19 
ionic compounds, 191 Twinning, 458ff 
layer type, 156, 170 Umklapp processes, 410 
molecular, 155 Unit cell. 149 
solid solutions, 173ff ? 
with directed bonds, 155 Vacancies, 421, 425 
Sum of states, 385; see also partition function Van-der-Waal’s forces, 101 
Superconductivity, 168, 300ff Virial theorem, 472 
theory, 311 
Superperiodicity, 161, 189 Wiedemann-Franz law, 213, 407, 411 
Symmetry, 136ff Work function, 215 
of atoms and molecules, 145 Work hardening, 451ff 


of crystals, 144 
of elements, 138 


operations, 136 Zero point energy of an oscillator, 29 
Symmetry axes, 138 of isotopic crystals, 50, 101 


X-ray spectrum, 126 


